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Preface 


This book began life as the intended first part of a larger work with the 
provisional title God and Infinity. While it will still be used by me as a 
starting point for further work in the philosophy of religion, the book 
has grown into a final product thatis more or less entirely independent 
of that starting point. What it does is to explore various issues about the 
infinite that emerge in many different areas of philosophy and whose 
resolution ought not to be tied to the details of those particular areas 
of philosophy in which particular versions of those issues arise. For 
those who are not interested in philosophy of religion, this is all that 
you need to know by way of introduction; you can now happily proceed 
to the book proper. However, those who are interested in philosophy 
of religion may like to know a little bit more about the reasons that I 
had for starting to work on this book. The remainder of this Preface 
is for you. 

When I completed my book on ontological arguments (Oppy 
1995c) [immediately commenced work on the next stage of the larger 
project announced in the preface of that earlier book: an examination 
of cosmological arguments for and against the existence of various 
deities. My plan was to follow the structure of the discussion that I pro- 
vided of ontological arguments in Oppy (1995c), namely, to obtain 
an exhaustive taxonomy of cosmological arguments discussed in the 
philosophical literature and to use a thorough discussion of all of 
the key concepts that are used in those arguments as a basis for criti- 
cism of those arguments. Since a thorough discussion of cosmological 
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arguments would require a thorough discussion of time, causation, neces- 
sity and contingency, infinity, sufficient reason, and contemporary cosmology — 
and maybe other topics as well — it is perhaps predictable that I even- 
tually came to realise that a comprehensive discussion of this kind 
is not something that I could ever carry out. While I am convinced 
that it is a mistake to try to discuss arguments about the existence of 
God without paying attention to wider philosophical debates about 
the concepts that are employed in those arguments, I now suspect 
that a frontal assault on cosmological arguments — of the magnitude 
that I initially envisaged — may be beyond the reach of any individual 
researcher. 

In view of these difficulties, I decided to try a different approach. 
Rather than divide up discussion in philosophy of religion according 
to the received topics, I decided to choose one of the key concepts 
that figures in cosmological arguments, and then to see how that con- 
cept is treated both in wider philosophical debates and in other areas 
of philosophy of religion. If this approach is fruitful, then it can be 
repeated using some of the other key concepts that figure in cosmo- 
logical arguments — and, perhaps, over the long term, something like 
the project that I initially conceived might eventually be completed. Of 
course, ifwe approach the subject matter in this way, then the results of 
discussion of particular topics are provisional: What we say about cos- 
mological arguments from the standpoint of considerations about the 
infinite will not exhaust what there is to say about cosmological argu- 
ments when other considerations are taken into account (and likewise 
for the other topics to which we give attention). On the other hand, 
there are advantages to approaching the subject matter in this way: In 
particular, questions about the consistency of the application of the 
concept of infinity across a range of different subjects in philosophy of 
religion come clearly into view in a way that is not possible if we stick 
to more orthodox ways of dividing up our subject matter. Moreover, a 
suitably extensive examination of the use of the concept of infinity in 
a range of wider philosophical contexts helps to concentrate attention 
on the costs and benefits of particular choices that one might make in 
particular domains in the philosophy of religion. 

According to the plan suggested by the remarks that I have just 
made, I decided to write a book divided into two parts. The first part— A 
Primer on Infinity — would be an attempt to discuss wider philosophical 


Preface xi 


views about infinity that, in one way or another, bear on discussions of 
the infinite in the context of philosophy of religion. The second part — 
The Infinite in Philosophy of Religion — would then apply the discussion of 
the first part to a range of topics in philosophy of religion. In particular, 
the second part of the book would focus on the role that the concept 
of infinity plays in traditional monotheistic conceptions of God and 
the attributes of God, and on the role that the concept of infinity plays 
in traditional monotheistic arguments for the existence of God. 

While I would like to be able to say that this work is part of a larger 
project, I think that the most that I can reasonably claim is that it is 
clearly part of a possible larger project. Moreover, it is also worth noting 
that work on a similar plan might be conducted using the concepts of 
time, causation, sufficient reason, design, person, goodness, cosmol- 
ogy, and so forth as their foci. I see no reason to suppose that such 
work would not turn up interesting results concerning the consistency 
and broader philosophical adequacy of treatments of these topics in 
orthodox philosophy of religion. 

Part of my interest in philosophy of religion stems from the convic- 
tion that it must be possible to convince reasonable religious believers 
that traditional monotheistic arguments for the existence of God are 
worthless. Hence, not surprisingly, one of the subsidiary goals for the 
projected larger work is to make some contribution to the case for 
supposing that reasonable religious believers ought to recognise that 
the arguments for the existence of God provide no reason at all for 
reasonable nonbelievers to change their minds. However, another part 
of my interest in philosophy of religion stems from the conviction that 
it must be possible for reasonable nonbelievers to hold that there are 
reasonable believers, that is, from the conviction that it is not the case 
that all religious believers are, ipso facto, the subjects of certain kinds 
of failings of rationality. Hence, not surprisingly, another of the sub- 
sidiary goals for this projected larger work is to make a plausible case 
for the claim that there are conceptions of the infinite that can be inte- 
grated successfully into relatively orthodox monotheistic conceptions 
of the world. 

Perhaps it is worth noting here that there are prima facie plausible 
arguments that support the contention that there is no conception of 
the infinite that can be successfully integrated into relatively orthodox 
monotheistic conceptions of the world. 
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If we are strict finitists —- and thus reject all actual and potential 
infinities — then we are obliged to say that God is finite, and that the 
magnitudes of the divine attributes are finite. But what reason could 
there be for God to possess a given magnitude to degree N rather than 
to degree N+ 1? More generally, how could a finite God be the kind of 
endpoint for explanation that cosmological arguments typically take 
God to be? 

If we are potential infinitists — that is, if we reject all actual infinities 
but allow that some entities and magnitudes are potentially infinite — 
then it seems that we will be obliged to say that God is potentially 
infinite and that the magnitudes of the divine attributes are potentially 
infinite. But what kind of conception of God can sustain the claim 
that God is susceptible of improvement in various respects? If God 
possesses a magnitude to degree Neven though God could possess that 
magnitude to degree N + 1, surely God just isn’t the kind of endpoint 
for explanation that cosmological arguments typically take God to be. 

Ifwe are neither strict finitists nor potential infinitists, then it seems 
that we must be actual infinitists, that is, we must suppose that God 
is actually infinite and that the magnitudes of the divine attributes 
are actually infinite. But is there a conception of the infinite that can 
sustain the claim that God is actually infinite, and the claim that the 
magnitudes of the divine attributes are actually infinite without under 
mining the kinds of considerations to which orthodox cosmological 
arguments appeal in attempting to establish that God exists? Indeed, 
more generally, are there conceptions of the infinite that can sustain 
the claim that God is actually infinite, and the claim that the magni- 
tudes of the divine attributes are actually infinite tout court? Moreover, 
if there is a conception of the infinite that can sustain the claim that 
God is actually infinite, can this conception of the infinite also sustain 
the idea of an incarnate God, and the idea that there is an afterlife in 
which people share the same abode as God? 

Perhaps some theists will claim that we are not forced to choose 
among the three options outlined above. Even if these options are 
unattractive, why not say instead that we can say nothing positive about 
God - so that, while we can say that God is neither finite nor potentially 
infinite, we cannot say that God is actually infinite; or that we can speak 
only analogically about God — so that we cannot say, literally, that God 
is either finite, or potentially infinite, or actually infinite; or that God 
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so exceeds our limited comprehension that we should not expect to be 
able to talk sensibly about whether God is finite, or potentially infinite, 
or actually infinite; or... ? 

I think that there are several reasons why one should not take any 
of these options. On the one hand, if we are interested in the standing 
of arguments for the existence of God, then we need to be able to 
give literal content to the claim that God exists. If there is no literal 
content to give to the claim that God exists, then there is no contest: 
Nontheists win by default. An argument for the conclusion that “well, 
there’s something but I can’t make any literally true claims about what 
itis like and, indeed, I haven’t the least understanding what it is literally 
like” is hopelessly crippled before it begins. And, on the other hand, if 
we are interested in the doxastic credentials of theism — can there be 
reasonable belief that God exists? — then, again, we need to be able to 
give literal content to the claim that God exists. Perhaps one can believe 
that “well, there’s something but I can’t make any literally true claims 
about what it is like and, indeed, I haven’t the least understanding what 
it is literally like,” but it is very hard to see how one could have reasons 
for holding such a belief. Moreover, of course, if one is going to take 
any line of this type, then one has to take the line consistently: It is not 
good taking this line here — in order to avoid a confronting objection — 
while elsewhere supposing that there are positive, literal claims about 
God that one is perfectly well placed to make. Any theology based on 
these kinds of assumptions should be very brief: 

Since all that this brief introduction aims to do is to make it seem 
plausible that there is a prima facie interesting question to address, I 
shall leave further discussion of this argument to the future. When I 
return to consider it further, I shall be able to draw on the following 
examination of the role of the concept of infinity in a wide range of 
philosophical discussions that have no obvious connections at all to 
the philosophy of religion. While I do not insist that the role of the 
concept of infinity in these other areas determines the role that the 
concept can play in philosophy of religion, I do insist that one cannot 
ignore these other discussions when one turns to the philosophy of 
religion: There is a single concept of the infinite that is required to have 
application outside the philosophy of religion, and no concept that is 
inadequate to those external applications can be deemed adequate 
for the purposes of philosophy of religion. 
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Controversy about the infinite is more or less ubiquitous in philoso- 
phy. There are very few areas of philosophy where questions about 
the infinite do not arise; and there are very few areas of philosophy 
where questions about the infinite do arise, and where there is no 
serious dispute about how those questions should be answered. Fur- 
thermore, questions about the infinite are foundational in many areas 
of philosophy: There are many quite fundamental parts of philosophy 
in which the most basic questions that arise are concerned with the 
role of the infinite in those parts of philosophy. 

Obviously enough, questions about the infinite arise in the most 
fundamental parts of logic and philosophy of mathematics. One of the 
most fundamental observations that one can make about the natural 
numbers — the numbers that are generated when one starts counting 
from one, adding one unit each time — is that there is no last or greatest 
natural number: for any number to which one counts, one can go fur- 
ther by adding more units. This observation is one of the fundamental 
sources of theorising about the infinite, and its consequences extend 
far beyond the domain of the philosophy of mathematics. 

While there are serious questions about the development of con- 
cepts of the infinite in logic and mathematics, there are far more 
immediate problems about the development and application of con- 
cepts of the infinite in other realms. Indeed, there are many puzzles 
and arguments across a wide range of different subject matters that are 
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intended to make difficulties for the suggestion that concepts of the 
infinite can find application outside the domains of logic and mathe- 
matics. 

In chapter 1, we begin with a survey of some puzzle cases that are 
intended to make trouble for the suggestion that concepts of infinity 
can find application outside the realm of logic and mathematics. After 
noting afew elementary distinctions among different kinds of concepts 
of the infinite, we provide a catalogue of seventeen arguments — and 
puzzle cases — that have been proposed in order to try to establish the 
conclusion that it is absurd to suppose that certain concepts of the 
infinite do find legitimate application outside the realm of logic and 
mathematics. We shall suppose that these arguments and puzzle cases 
do present a prima facie challenge to those who defend the claim that 
the relevant concepts of the infinite could find legitimate application 
outside the realm of logic and mathematics, and we shall go on to 
consider how this challenge might be met. 

However, before we undertake this task, we turn — in chapter 2 - 
to a brief survey of mathematical treatments of the infinite that are 
needed for serious philosophical discussions of the infinite. Some of 
the topics of discussion in chapter 2 — for example, standard theories 
of number and standard theories of analysis — are required in order 
to provide an adequate discussion of some of the puzzles mentioned 
in chapter 1; other topics discussed in chapter 2 — such as set theory, 
Cantor’s paradise, and various kinds of nonstandard number systems — 
are required only for later chapters in the book. Since the presentation 
is quite compressed, and the material under consideration is not all 
straightforward, some readers may prefer to skip over this chapter 
and to come back to those sections that they find are essential for 
understanding of later parts of the book. While there is nothing in 
this chapter that is gratuitous, some readers may decide that they can 
understand the subsequent material well enough without wrestling 
with all of the mathematical details. 

In chapter 3, we turn to a discussion of the arguments and puzzles 
that were set out in chapter 1. The aim of this discussion is to consider 
how someone who wants to maintain that concepts of the infinite could 
find application outside the realm of logic and mathematics could 
respond to these arguments and puzzles. While the general view that 
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is defended is that these arguments and puzzles cause no serious diffi- 
culties for those who maintain that concepts of the infinite could find 
application outside the realm of logic and mathematics, the details of 
the discussion vary considerably from one case to the next. Sometimes, 
it turns out that an allegedly impossible scenario really is impossible for 
reasons that are relevant to the question of the application of concepts 
of infinity outside the realms of logic and mathematics: No one should 
think that concepts of infinity could have that kind of application to the 
extramathematical realm. Other times, it turns out that an allegedly 
impossible scenario is impossible for reasons that have nothing to do 
with the question of the application of concepts of infinity outside the 
realms of logic and mathematics: There are many different ways in 
which a scenario that involves infinities can be problematic without in 
any way impugning the possibility that concepts of the infinite can find 
application outside the realm of logic and mathematics. And, yet other 
times, an allegedly impossible scenario turns out not to be impossible 
at all: If concepts of infinity could have certain kinds of application 
outside the realm of logic and mathematics, then the world would be 
a strange and different place — but there is a vast difference between 
strange and impossible. 

Having completed an initial tilt at questions about the application 
of concepts of infinity outside the realm of logic and mathematics, we 
then turn our attention to particular subject matters in which questions 
about the infinite have particular importance. We begin, in chapter 4, 
with an examination of the role of concepts of infinity in theories of 
space and time. Our initial point of departure is Zeno’s paradoxes of 
motion, and some sophisticated questions about measures and metrics 
that are prompted by consideration of Zeno’s paradoxes. The remain- 
der of chapter 4 is taken up with considerations about the role of the 
concept of infinity in more contemporary theorising about the nature 
of space, time, and spacetime. We consider the arguments from Kant’s 
first antinomy of pure reason concerning the finitude or infinitude 
of space and time; the range of views that one might take about the 
mereological structure of space and time, focusing in particular on 
the question of whether there are spatial and temporal atoms (points 
and instants, respectively); the suggestion that the obtaining of results 
from the carrying out of infinitely many distinct operations in a finite 
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amount of time might be finessed in general relativistic spacetimes; 
and some questions about the classification of singularities in general 
relativistic spacetimes. 

In chapter 5, we turn our attention to questions about infinities that 
arise in the physical sciences. The first part of the chapter is devoted 
to a discussion of three case studies: one concerning the existence 
of hotter than infinite temperatures in physically realised systems; a 
second concerning the role of renormalisation in quantum field the- 
ory; and a third that considers the way in which considerations about 
infinity have borne on attempts to explain why the sky is dark at night. 
The remainder of the chapter is then taken up with some more gen- 
eral considerations about the ways in which infinities can enter into 
physical science, including some fundamental considerations that are 
relevant to attempts to address the question of whether it is possi- 
ble for there to be physically instantiated infinities of one kind or 
another. 

The next subject taken up — in chapter 6 —is the role of the concept 
of infinity in theories of probability and decision. The chapter begins 
with an elementary exposition of orthodox theories of probability and 
an examination of the different kinds of additivity principles that one 
might include in a theory of probability. Attention then turns to deci- 
sion theory and, in particular, to an examination of the various differ- 
ent ways in which considerations about infinity might be introduced 
into decision theory. After providing some general reasons for sup- 
posing that the construction of infinite decision theory is fraught with 
difficulties, we conclude the chapter with a discussion of three cases — 
the two-envelope paradox, the St. Petersburg game, and the puzzle of 
Heaven and Hell - that can be taken to support the contention that 
there is no acceptable account of reasoning with unbounded utility 
functions. 

Chapter 7 takes up mereology, the general theory of part/whole 
relations. Our main interest in this chapter is twofold: On the one 
hand, we consider principles of composition and arguments that are 
intended to show that we should be wary of unrestricted claims about 
the existence of infinite fusions; on the other hand, we consider some 
claims about infinite divisibility and the existence of mereological 
atoms. Other topics addressed in this chapter include the arguments 
in the second Kantian antinomy of pure reason, the question of the 
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bearing of considerations about vagueness on arguments for the exis- 
tence of infinite collections, some reasons for supposing that indistin- 
guishable quantum mechanical particles are not mereological atoms, 
an argument for the conclusion that there is no such thing as ‘the 
universe’, and some further considerations about the connections 
between the concept of continuity and the concept of a mereological 
atom. 

Having completed our tour of individual extramathematical subject 
matters in which questions about infinity are of particular importance, 
we turn — in chapter 8 — to a consideration of some more fundamental 
philosophical questions about our understanding of the infinite. We 
begin with some general philosophical considerations — concerning, 
for example, distinctions between actual and merely potential infini- 
ties — and then move on to a brief survey of philosophies of pure 
mathematics and, in particular, of attempts to explain how it is that we 
are able to understand the classical mathematical concept of infinity. 
After endorsing Lavine’s proposal that we arrive at the classical con- 
ception of infinity by a process of extrapolation from finite mathematics, 
we move on to a discussion of philosophies of applied mathematics. 
The chapter concludes with some remarks about Skolem’s paradox 
and the concept of an infinitesimal quantity. 

The last chapter of this part of the book takes up some questions 
about infinite regresses and the uses and abuses of principles of suffi- 
cient reason. Part of the aim of this chapter is to exhibit a circle of con- 
cepts — partial sufficient reason, completed infinity, infinite regress — whose 
application to particular cases is a point of serious contention. More 
generally, this chapter attacks the suggestion that there are acceptable 
strong principles of sufficient reason and defends the claim that defen- 
sible principles of sufficient reason are so weak that it is implausible 
to suppose that they possess serious metaphysical bite. 

While there are some places where the book is polemical — in par- 
ticular, this is true of chapters 3 and 9 — it should be emphasised that 
the primary purpose is to gain a clear view of the ways in which the 
concept of the infinite is used and of the challenges that confront any 
attempt to gain an adequate understanding of the employment of this 
concept. Rather than argue for a particular philosophical account of 
the infinite, I have taken as a primary goal the exhibition of the costs 
and benefits of adopting any of the rival accounts of the infinite that 
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have been endorsed by contemporary philosophers. When, in subse- 
quent work, I come to consider the role of the concept of infinity in 
philosophy of religion, I shall be interested in considering how matters 
stand on each of the accounts of the infinite that finds serious support, 
and not merely in the question of how things stand on the account of 
the infinite that I am myself most inclined to accept. 


Beginnings and Puzzles 


There are many different ways of organising discussions of the infinite. 
We begin by distinguishing among different kinds of problems of the 
infinite: 


(1) There are problems of large infinities — collections with at least 
denumerably many members — and there are problems of small 
infinities (or infinitesimals) — quantities that are nonzero and 
yet smaller in absolute magnitude than any finite quantity. 

(2) There are problems of denumerable infinities — collections that 
are, in some sense, equinumerous with the natural numbers — 
and there are problems of nondenumerable infinities — typically, 
though not always, collections that are, in some sense, equinu- 
merous with the real numbers. Many of the problems about 
nondenumerable infinities are related to problems about 
infinitesimals and connect to questions about the understand- 
ing of continuous quantities. 

(3) There are problems about theoretical (or abstract) infinities — 
infinite collections of numbers, sets, propositions, properties, 
merely possible worlds, or the like — and there are problems 
about physical (or actual, or instantiated) infinities — infinite col- 
lections of physical objects, infinite values of physical quantities, 
and the like. Of course, there are some entities whose classifica- 
tion is problematic, given this distinction: For instance, should 
we say that spacetime points are physical objects, or should 
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we Classify them as merely theoretical entities? Indeed, more 
generally, there are serious questions about whether we should 
suppose that there are numbers, sets, propositions, properties, 
merely possible worlds, spacetime points, and so on. 


Many of the best-known problem cases concern large, denumerable, 
physical infinities. The following are some examples. 


1. Al-Ghazali’s Problem: Suppose that past time is infinite, and that 
the solar system has persisted unchanged throughout that infi- 
nite time. Then both Jupiter and the earth have made infinitely 
many rotations about the sun — that is, they have made the same 
number of rotations about the sun. And yet, for every rotation 
that Jupiter makes, the earth makes thirteen rotations — that is, 
the earth must have made thirteen times as many rotations as 
Jupiter. But surely, this is a contradiction. And so, surely, we can 
conclude that it is incoherent to suppose that past time is infi- 
nite — and, moreover, surely we can conclude that there cannot 
be large, denumerable, physical infinities.! 

2. Hilbert’s Hotel: Suppose that there is a hotel — Hilbert’s Hotel - 
with an infinite number of rooms, each of which is occupied by 
one or more guests. Suppose further that a new guest turns up 
at reception. Then the proprietors of Hilbert’s Hotel can easily 
accommodate the new guest: They just move the guests in room 
1 to room 2; the guests in room 2 to room 3;...; the guests in 
room N to room N+ 1;...; and house the new guest in room 
1. But this is absurd! Given that the hotel was already full, there 
is no way in which any further guests could be accommodated 
unless already accommodated guests doubled up. Even worse, 
if infinitely many new guests arrived, it would be possible to 
accommodate them in the full hotel; just move the guests in 
room N to room 2N, for each N, and then accommodate the 
newly arrived guests in the odd-numbered rooms. And worse 
again, if the infinitely many people in the odd-numbered rooms 
check out, then there are still just as many — because infinitely 
many — people left in the hotel; but if the infinitely many people 


1 Al-Ghazali’s problem is mentioned in Craig (1979a: 98) and Mackie (1982: 93). Brown 
(1965) attributes a very similar argument to Bonaventure. 
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in rooms 4, 5, 6,..., N, N+ 1,..., check out, then the hotel is 
all but emptied, even though no more people have left than 
under the previously described circumstances. The absurdities 
that surface in this story provide compelling reason to suppose 
that there cannot be large, denumerable, physical infinities.” 

3. Craig’s Library: Suppose that there is a library that contains 
an infinite collection of books, with a distinct natural number 
printed on the spine of each book. (We shall consider later 
the question of how this printing task might be realised.) Then 
the total number of books in the library is equal to (and not 
greater than) the number of books that have even numbers on 
their spines and to the number that have prime numbers on 
their spines (since the total collection of books, the collection 
of books that have even numbers on their spines, and the collec- 
tion of books that have prime numbers on their spines is each 
a denumerably infinite collection). Moreover, it seems that it is 
impossible to add an extra book to the collection, since there 
is no distinct number that could be placed on the spine of the 
extra book. And what happens if all of the odd-numbered books 
are taken out on loan? Surely, the missing books would occupy 
an infinite volume of space on the shelves — and yet, when we 
push the remaining books together, the shelves will remain full! 
Once again, the absurdities that arise in this story provide good 
reason for supposing that there cannot be large, denumerable, 
physical infinities.* 

4, Tristram Shandy: Suppose that Tristram Shandy writes his auto- 
biography at the rate of one day per year — that is, that it takes 
him one year of writing to cover one day of his life. If it is possi- 
ble for Tristram Shandy to have been writing from infinity past, 
then it is possible for Tristram Shandy to have finished his auto- 
biography by now. But there is no way that Tristram Shandy 
could have completed his autobiography by now. For suppose 
that there was a day on which he stopped writing. Since it takes 


* Hilbert’s Hotel is introduced in Gamow (1946: 17); Craig (1979a: 84-6) has initiated 
considerable recent discussion of this case. 

3 Craig’s Libraryis first discussed in Craig (1979a: 82-6). Subsequent discussions include 
Smith (1987). 
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him about 365 days to write about one day, the last day that he 
could have written about was not the day on which he stopped 
writing. But in order to complete his autobiography, he must 
write about the day on which he stops writing. So it seems that 
it could not have been the case that Tristram Shandy has been 
writing since infinity past; and so it seems that there cannot be 
large, denumerable, physical infinities.* 


. Counting from Infinity: A man counts: “10, 9, 8, 7, 6, 5, 4, 3, 


2, 1, 0, done! I’ve counted all of the natural numbers back- 
wards; I’ve been counting from infinity past, and I’m finally 
done. Thank goodness that’s over!” Before we can consider the 
question of whether we have — or could have — reason to believe 
that what the man says is true, we need to consider the question 
of whether we so much as understand what the man is saying. 
Many people have followed Wittgenstein in supposing that what 
the man says is not so much as intelligible: We cannot give any 
content to the suggestion that someone might have “counted 
backwards from infinity”. But if that’s right, then we have the 
strongest possible reason for denying that there can be large, 
denumerable, physical infinities.° 

Other well-known problem cases involve both large, denu- 
merable, physical infinities and small, denumerable, physical 
infinities. The following are some examples. 


. Infinite Paralysis: Suppose that Achilles wants to run straight 


from A to B but that there are infinitely many gods who, unbe- 
knownst to one another (and to Achilles), each have a reason 
to prevent him from so doing. The first god forms the fol- 
lowing intention: If and when Achilles gets halfway, to paral- 
yse him (instantaneously). The second god forms the follow- 
ing intention: If and when Achilles gets one-quarter of the 


* The first Tristram Shandy puzzle occurs in Russell (1903: 358-60). It is discussed by 
Diamond (1964), among others. The very different puzzle presented in the main text 
is due to Craig (1979a: 98). There has been extensive recent discussion of this case. 
See, e.g., Sorabji (1983), Conway (1984), Small (1986), Smith (1987), Eells (1988), 
Craig (1991a), Oderberg (2002a; 2002b), and Oppy (2002c; 2003). 

> T suspect that this puzzle has an ancient origin. Wittgenstein considered various ver- 
sions of it. There are more recent discussions in: Dretske (1965), Bennett (1971), 
Craig (1979a), Moore (1990), and Oderberg (2002a). 


Beginnings and Puzzles 11 


way, to paralyse him (instantaneously). The Nth god forms 
the following intention: If and when Achilles gets 1/2%th of 
the way, to paralyse him (instantaneously). All the gods have the 
ability to carry out their intentions. Achilles cannot make any 
progress without violating the intention of at least one of them — 
indeed, without violating the intention of infinitely many of 
them. Yet if he is unable to move, it is unclear why: Until 
he makes some progress, none of the gods will have actu- 
ally paralysed him! (Remember, the intentions of the gods 
are all conditional in form.) On the assumption that we can 
make sense of the idea that there are gods with the ability to 
paralyse people (instantaneously), it seems that the apparently 
absurd conclusion of this story — that someone can be ren- 
dered immobile by a nested sequence of (conditional) inten- 
tions on which no one has acted — provides compelling rea- 
son for rejecting the suggestion that there can be both small, 
denumerable, physical infinities and large, denumerable, phys- 
ical infinities. (Note that the number of gods in this exam- 
ple involves a large, denumerable, physical infinity, while the 
lengths that Achilles would traverse before being paralysed 
involve both a large, denumerable, physical infinity — the num- 
ber of lengths — and a small, denumerable, physical infinity — 
the successively decreasing magnitudes of the lengths.)® 

7. Stick: Suppose that an infinitely divisible stick is cut in half at 
some point in time; and that each half is in turn cut in half, half 
a minute later; and that each quarter is cut in half, a quarter of 
a minute after that;...; and each 1/2” th part is cut in half one 
1/2" th ofa minute after that;.... At the end of the minute, what 
will be left? No answer to this question seems appealing. First, we 
might say that we are left with infinitely many infinitesimally thin 
pieces. But it seems very doubtful that we can even make sense of 
this idea. In particular, when we ask about the identification of 
the particular infinitesimal that “measures” the thickness of the 
pieces, there seems to be no sensible answer that can be given. 
Second, we might say that we are left with infinitely many pieces 


5 This case was introduced by Benardette (1964: 259-60). It is discussed by Moore 
(1990), Priest (1999), Yablo (2000), and Perez-Laraudogoitia (2003). 
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of zero thickness. But that violates the very strong intuition that 
you can’t decompose something of finite thickness entirely into 
elements of zero thickness, even if there are infinitely many such 
elements. Third, we might say that we are left with infinitely 
many finitely thin pieces of equal thickness. But that clearly 
won't do: Infinitely many finitely thin pieces lumped together 
should make a whole with infinite thickness. No other answer 
to the question suggests itself. So it seems that we have here 
compelling reason to reject the suggestion that there can be 
small, denumerable, physical infinities. (This time, the number 
of cuts — and presumably the number of cutters — involves a 
large, denumerable, physical infinity. Moreover, the time inter- 
vals in which the cuts are made involves both a large, denumer- 
able, physical infinity — the number of time intervals — and a 
small, denumerable, physical infinity — the successively decreas- 
ing magnitudes of these time intervals.) ” 


. Spaceship: Suppose that there is a spaceship that, after trav- 


elling in a straight line for half a minute, doubles in speed; 
and, after a further quarter of a minute, doubles its speed 
again;...; and after a further 1/nth of a minute doubles its 
speed again;.... Where will the spaceship be at the end of the 
minute? Since no answer to this question seems appealing — 
since, for instance, we can’t so much as make sense of the idea 
that the spaceship will be infinitely far away, and travelling at 
infinite speed — it seems that we have here compelling reason 
to reject the suggestion that there can be both small, denu- 
merable, physical infinities and large, denumerable, physical 
infinities. (This time, the speed in this example is a large, denu- 
merable, physical infinity, while the time interval involves both 
a large, denumerable, physical infinity — the number of time 
intervals — and a small, denumerable, physical infinity — the suc- 
cessively decreasing magnitudes of these time intervals.)® 


. Thomson’s Lamp: There are reading lamps equipped with but- 


tons that, if pressed, switch the lamp on if it is off, and switch 
the lamp off if it is on. Suppose that one of these lamps is 


7 Benardete (1964: 252) and Moore (1990: 5, 26, 138, 214) discuss this case. I do not 
know where it originates, but it is surely very old. 
8 Moore (1990: 70-1) discusses this case. 
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initially on. Suppose, further, that the switch is pressed once 
during the first minute, once during the next half minute, once 
during the next quarter minute, ..., one during the next 1/2” th 
minute,..., and so on. After two minutes, the switch ceases to 
be pressed. Plainly, at the end of two minutes, the lamp is either 
on or off but not both. Yet it seems that the lamp can be net- 
ther on nor off: For, at the very least, it seems entirely arbitrary 
to suppose that the lamp is on, and it seems entirely arbitrary 
to suppose that the lamp is off. Supposing that there can be 
both large and small denumerable, physical infinities leads us 
into direct conflict with modest and plausible principles of suffi- 
cient reason: The lamp can be on at the end of the minute only 
if there is a sufficient reason for it to be on; and the lamp can 
be off at the end of the minute only if there is sufficient reason 
for it to be off. But there is no sufficient reason for the lamp to 
be on at the end of the minute; and there is no sufficient reason 
for the lamp to be off at the end of the minute. So we have good 
reason to reject the contention that there can be both large and 
small denumerable, physical infinities.° 

10. Black’s Marble Shifter: Suppose that, between two trays of infi- 
nite length, there is a machine with a mechanical scoop. Initially, 
the left tray is lined with marbles, regularly spaced at a distance 
of one metre; the right tray is empty. The left tray incorporates 
a conveyor belt that brings distant marbles towards the scoop; 
the right tray is lined with a sticky substance whose stickiness 
increases with distance from the machine. When the machine 
is started, it uses the first minute to pick up a marble from 
the left tray and throw it a distance of one metre into the tray 
on the right; it uses the next halfminute to pick up the second 
marble from the left tray and throw it a distance of two metres 
into the tray on the right; it uses the next quarter-minute to pick 
up the third marble from the left tray and throw it a distance 
of three metres into the right tray; ...; 1t uses the next 1/2N7! 


° There are many different versions of this problem: Instead of turning a switch on and 
off, one might step forwards and backwards, or pick up and set down an object, or open 
and close one’s mouth, etc. The initial case was introduced in Thomson (1954). It is 
discussed in Benacerraf (1962), Chihara (1965), Grimbaum (1968); (1973a), Thom- 
son (1970), Craig (1979a), Berresford (1981), Moore (1990), Earman and Norton 
(1996), and McLaughlin (1998). 
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minutes to pick up the Nth marble from the left tray and throw 
ita distance of Nmetres into the right tray; .. . After two minutes, 
the machine comes to a halt. The left tray is empty, and the right 
tray is lined with marbles, regularly spaced at a distance of one 
metre. Given that there can be large and small denumerable, 
physical infinities, it seems that the described scenario ought to 
be possible, and yet surely it is absurd to suppose that what has 
been described here is possible. So we have been given good 
reason to suppose that there cannot be large and small denu- 
merable, physical infinities.!° 

Pi Machine: If there can be large and small denumerable, phys- 
ical infinities, then, at least in principle, we can construct a 
machine to print all of the digits of the decimal expansion of 
pi. Here is how it works: The machine prints the first digit of 
the decimal expansion of pi in the first minute; the second 
digit of the decimal expansion of pi in the next half-minute; the 
third digit of the decimal expansion of pi in the next quarter- 
minute;...; the nth digit of the decimal expansion of pi in the 
next 1/2”th minute;.... After two minutes, the machine halts — 
and every digit in the decimal expansion of pi has been printed. 
To avoid certain kinematical inconsistencies, we can suppose: 
(i) that the heights from which the press descends to the paper 
to print the successive digits forms a geometrically deceasing 
series that converges to zero; and (ii) that the widths of the suc- 
cessive numerals to be printed converge to zero in such a way 
that all of the digits can be printed in a single horizontal line 
on a finite strip of paper. However, even if we can avoid all kine- 
matical inconsistencies in this story, it surely remains the case 
that it is absurd to suppose that there could be a machine that 
can print out all of the digits of the decimal expansion of pi in 
finite time — and so this story provides yet more reason to sup- 
pose that there cannot be both large and small denumerable, 
physical infinities.!! 


10 This example is due to Black (1951). It is discussed in Taylor (1951), Watling (1952), 


Griinbaum (1970), Craig (1979a), and Earman and Norton (1996). 


1 This puzzle is introduced in Griinbaum (1968) and discussed further in Grinbaum 


(1973a). 
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12. Goldbach Machine: If there can be large and small denumer- 
able, physical infinities then, at least in principle, we can con- 
struct a machine that will check unresolved conjectures in num- 
ber theory. Here, for example, is how our machine could be 
used to check the Goldbach conjecture — that is, the conjecture 
that every even number may be represented as the sum of two 
prime numbers. In the first minute, the machine checks (by 
exhaustion) whether 2 is the sum of two primes; in the next 
half-minute, the machine checks (by exhaustion) whether 4 is 
the sum of two primes; in the next quarter-minute, the machine 
checks (by exhaustion) whether 6 is the sum of two primes; .. . ; 
in the next 1/nth minute, the machine checks (by exhaustion) 
whether 2(”+ 1) is the sum of two primes; .... If, atany time, the 
machine finds an even number that is not the sum of two primes, 
then it prints an ‘X’ and stops. After two minutes, the machine 
will definitely have stopped: If the print-out is blank, then Gold- 
bach’s conjecture is true; otherwise, the conjecture is false. But 
surely it is obvious that there cannot be a machine that can 
resolve Goldbach’s conjecture in this way; indeed, aren’t there 
fundamental theorems in logic that prove that there can be no 
such machine? Whence we may conclude that there cannot be 
both large and small denumerable, physical infinities.!” 

13. Ross Urn: Suppose that we have a machine, an infinitely large 
urn, and an infinite collection ofnumbered balls. In each period 
of operation, the machine puts some balls into the urn, and 
takes others out. We describe three different cases: 


(a)At one minute to twelve, balls numbered | through 10 are placed 
in the urn, and ball 1 is withdrawn. At half a minute to twelve, balls 
numbered 11 through 20 are placed in the urn, and ball 2 is withdrawn. 
Ata quarter minute to twelve, balls numbered 21 through 30 are placed 
in the urn, and ball three is withdrawn. ... At 1/2”th minutes to twelve, 
balls numbered 10n + 1 through 10(n-+ 1) are placed in the urn, and 
ball n+ 1 is withdrawn.... 

(b)At one minute to twelve, balls numbered | through 9 are placed 
in the urn, and a zero is added to the label of ball 1, so that it becomes 


12 This puzzle is also introduced in Grinbaum (1968), and discussed further in 
Griinbaum (1973a). 
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ball 10. At half a minute to twelve, balls 11 through 19 are added to the 
urn, and a zero is added to the label of ball 2, so that it becomes ball 20. 
Ata quarter minute to twelve, balls 21 through 29 are added to the urn, 
and a zero is added to ball 3, so that it becomes ball 30.... At 1/2”th 
minutes to twelve, balls 10n + 1 through 10n + 9 are added to the urn, 
and a zero is added to the label of ball n + 1, so that it becomes ball 
10(n + 1).... (Thus, in general, this procedure differs from the pre- 
viously described procedure in that, instead of withdrawing the ball 
with the smallest number, we add a zero to the label of that ball 
instead.) 

(c)We suppose that there are labelled places inside the urn, each 
big enough to accommodate just one ball. We repeat the procedure 
described in (b), but with the requirement that the label on a ball 
must correspond to the label of the place that it occupies. Hence, for 
example, as soon as the ball labelled ‘1’ becomes the ball labelled ‘10’, 
it is moved from the place labelled ‘1’ to the place labelled ‘10’. 


What should we say about these three cases? In particular, how 
should we answer the following question: How many balls are 
there in the urn at twelve o’clock, and what are the labels on 
these balls? A little thought might well suggest that there is no 
coherent answer to be given to this set of questions — and this 
in turn might well be taken to be further compelling reason 
to deny that there can be both large and small denumerable 
physical infinities.® 

Deafening Peals: Suppose that a sequence of instantaneous 
deafening peals — that is, instantaneous peals that render one 
instantaneously deaf — are issued at one minute past twelve, half 
a minute past twelve, a quarter of a minute past twelve, ..., 1/2” 
minutes past twelve, .... Suppose that, before any of the peals 
is issued, that is, at twelve, one has perfect hearing. At any time 
after twelve, it seems that one must be deaf. But what could be 
the cause of one’s deafness? For any peal, there are earlier peals; 
consequently, there can be no particular peal that makes one 
deaf. But if there is no particular peal that makes one deaf, then 
surely one is not deaf. This case surely makes it very plausible 


13 This puzzle was introduced in Ross (1988). There are discussions of this puzzle in 
Allis and Koetsier (1991; 1995), Holgate (1994), Van Bendegem (1994), and Earman 
and Norton (1996). 
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to suppose that there cannot be both large and small denumer- 
able, physical infinities. 4 

15. Invisibility: Suppose that a man is encased, on all sides, from 
head to toe, in a sequence of opaque capsules. The innermost 
capsule is 1 cm thick; the next innermost capsule is 0.5 cm 
thick; the third innermost capsule is 0.25 cm thick;...; the nth 
innermost capsule is 1/2”-! cm thick;.... When you look at the 
man, what do you see? If you were looking at a man encased ina 
2-cm thick opaque capsule, then there is no problem about what 
you would see. Light would be reflected from the outermost 
capsule to your eye, and, in consequence, you would be able 
to see the outermost surface of the opaque capsule. But, in the 
problem case, there is no outermost surface from which light 
will be reflected. For each capsule, no matter how thin, there are 
even thinner capsules that lie around it, and from which light 
will be reflected. Yet it must be the case that there is something 
that you see: After all, you can certainly see behind the man 
everywhere up to and including the surface that is everywhere 
2 cm from his body. Given that it is hard to see how there can 
be any coherent answer to the question of what you see when 
you look at the encased man, we have here further reason to 
suppose that there cannot be both large and small denumerable 
physical infinities.’® 

16. Infinity Mob: The Infinity Mob has decided to rub out a victim, 
but no member of the Mob wants to have the death on his 
conscience. So the members of the Mob decide on the following 
method of execution: At one minute past twelve, mobster | will 
fire a bullet into the victim’s heart; at half a minute past twelve, 
mobster 2 will fire a bullet into the victim’s heart;...; at 1/2” 
minutes past twelve, mobster n will fire a bullet into the victim’s 
heart; .... Plainly enough, the victim is alive at twelve o’clock, 
but dead at any time thereafter. Moreover, there is no particular 


14 This puzzle is introduced in Benardete (1964: 259ff.). 

15 There are many different versions of this problem: Instead of looking at a nested 
series of sheaths or capsules, one might look at a nested stack of boards (with the 
thicker boards stacked below the thinner ones), or a nested stack of pages of a book 
(with the thinner pages stacked above the thicker pages), etc. All of these versions — 
including the one in the main text — are considered in Benardete (1964: 234-84). 
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bullet that is responsible for the victim’s death: For each bullet 
that might have been the cause of death, there is an earlier 
bullet that ensures that the later bullet enters the heart of aman 
who is already dead. So it seems that the mobsters can plausibly 
claim that not one of them is responsible for the death of the 
victim — even though the victim dies in a hail of bullets, and 
in circumstances in which there is no other plausible cause of 
death. But this is surely absurd, whence it follows that we have 
yet more reason to deny that there can be both large and small 
denumerable, physical infinities.'® 

String: Suppose that we have a piece of string. At one minute 
to twelve, the string is formed into an equilateral triangle. At 
half a minute to twelve, the string is formed into a square. At 
a quarter minute to twelve, the string is formed into a regu- 
lar pentagon. ...At 1/2” minutes to twelve, the string is formed 
into aregular (n+ 3)-gon....Whatshape does the string form at 
twelve? Given the construction described, there is some temp- 
tation to say that the string must be shaped into a circle: But 
is there really any good justification for this claim? After all, 
a circle is not any kind of mgon: There is surely a categorical 
difference between the shapes that the string takes on at the 
specified moments and the shape that it has at twelve if it is a 
circle at twelve. But no other suggestion about the shape of the 
string at twelve has any appeal. So, yet again, we have here rea- 
son to deny that there can be both large and small denumerable 
physical infinities. 


The kinds of problems about infinity that we have mentioned so far 


are all problems that are designed to get us to suppose that there are 


good reasons to deny that there can be large and small denumerable, 


physical infinities — that is, denumerable collections of physical objects 


(such as hotel rooms, library books, intervals of time, marbles, or bul- 


lets; denumerable collections of physical actions (such as shootings, 


divisions, relocations, switchings, or rearrangements; physical objects, 


physical actions, and spatial and temporal intervals, with no nonzero 


lower bound on their measure; and so forth. While we shall begin 


16 This case is discussed in Benardete (1964: 259). 


Beginnings and Puzzles 19 


by considering how a friend of large and small denumerable, physi- 
cal infinities might respond to the challenges raised by these kinds of 
examples, it is important to note that there are many other kinds of 
puzzles about infinity that also need to be addressed.!” We shall get to 
these other kinds of puzzles in the later chapters of this book. 

Before we can turn to a discussion of these various puzzles, we need 
some mathematical equipment. The aim of the next chapter is to intro- 
duce standard mathematical tools that can be used to make discussion 
of infinities precise. We do not assume that these mathematical tools 
will, of themselves, afford a solution to even one of the problems that 
have just been presented. However, we do suppose that a proper grasp 
of these tools is necessary in order to reach an understanding of the 
options that are available to friends of large and small denumerable, 
physical infinities. 


'7 There are, of course, many other puzzles like the ones set out in this chapter. How- 
ever, there is an architectonic reason for exhibiting just seventeen of these puzzles: 
We thereby acknowledge the key role played by Paul Benacerraf in the development 
of the analysis of these kinds of puzzles. See, in particular, Benacerraf (1962). 


Mathematical Preliminaries 


In this chapter, I provide a very quick tour though some of the parts of 
mathematics that are relevant to the discussion of infinities of the large 
and small. The tour begins with set theory, which — according to many— 
provides foundations for the rest of mathematics. It then takes in the 
natural numbers — ordinal and cardinal — and Cantor’s theory of the 
infinite ordinals and cardinals. Next, we look at the theory of the real 
numbers, and the standard analysis of limits and continuity. Finally, 
we have a brief look at some alternatives to the standard account of 
limits and continuity, based on the notion of infinitesimals, and a very 
quick glance at the area of finite mathematics. The aim throughout is 
merely to introduce some of the mathematical tools and results that 
might be considered in a serious discussion of the infinite and the 
infinitesimal. 


2.1 SET THEORY 


As noted above, there are many people who suppose that set theory can 
provide secure foundations for all of mathematics. During the 1980s, 
some people touted Category theory as a competitor; but enthusiasm 
for this proposal seems to be on the wane. 

There are different versions of set theory. We shall look at what 
is probably the best-known, and best-loved, version of set theory, 
Zermelo-Frankel set theory (ZF for short). We shall note some alter- 


natives to, and some extensions of, ZF. 
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Following closely the presentation of Drake (1974), I shall give both 
a formal version of the axioms of ZF and an informal gloss. The lan- 
guage of the formal version is the predicate calculus. We use the vari- 
ables x, y, z,... to range over sets, and we use a, b, ¢ as constants that 
denote sets. (We also use our variables to range over individuals, and 
our constants to denote individuals. But in the development of the 
pure theory, we shall not suppose that there are any individuals.) There 
are two distinguished relation symbols: = (which represents the iden- 
tity relation) and € (which represents the set-membership relation). 
{x: & (x)} is the set of things that satisfy the condition ®. Abstraction 
terms can be eliminated; that is, they are a useful but not essential part 
of the development of the theory. The background logic in which the 
axioms are located is classical. 


Axiom I: (Extensionality) Vz(z€ x< z€ y) > x = y. Iftwo sets have 
the same members, then they are identical. 

Axiom 2: (Foundation) dy(y € x) > Ay(y ex & Ver(zexk&zE 
y)). If x has any members, then it has members that are disjoint 
from x. 

Axiom 3: (Axiom of Subsets) dy Vx(x € y<> x € a& @ (x)). For any 
set a, there is a subset of a consisting of just those members of a 
that satisfy the condition @. 

Axiom 4: (Empty Set Axiom) dy Vxx ¢ y. There is a set with no 
members. We shall call this set ‘g’. 

Axiom 5: (Pair Set Axiom) dy Vx(x € y<> x = aV x= bd). There is 
a set whose only members are aand 0. 

Axiom 6: (Power Set Axiom) Jy Vx(x € y<> d2(z€ x > ze a)). There 
is a set whose members are all of the subsets of a. 

Axiom 7: (Sum Set Axiom) Jy Vx(x € y @ dz(x Ee z&xe€a)). To 
each set a there corresponds a set whose members are exactly the 


members of the members of a. 

Axiom 8: (Axiom of Infinity) dw(g € w & Vx(x Ee wo duizewk& 
Vu(we z<> ue xV u=x))). There isa set that has g — the empty 
set — as a member, and is such that if x is a member, then so is 
x U {x}. This axiom entails that there are infinitely many sets. 

Axiom 9: (Axiom of Replacement) If ¥ (x, y) isa formula with x and 
y free, not involving b, then Vx Vy Vz(W(x,y) &W(x,z) > y=z) > 
db Vy(y € b <> Ax(x € a & Y(x,y))). Given a set a, we can form a 
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new set by replacing the members of a with other sets, provided 
that no member of ais replaced by more than one set. 


There is a further axiom that is added to ZF to give ZFC. The further 
axiom can be shown to be independent of the other axioms. It can be 
given in various forms. I shall mention some of these equivalent forms, 
but make no attempt to show that they are equivalent. 


Axiom 10: (Axiom of Choice) Vx(x € z>x 4 o & Vy(y € 2 > 
xN y= PV x=y))>Ju Vx du(x €z2>uN x= {u}). If z is 
a set of nonempty sets that are pairwise disjoint, then there exists 
a ‘choice set’ u which has exactly one member in common with 
each member of z. 


Alternative formulations of the Axiom of Choice include: 


Zorn’s Lemma: If [P,<] is a partially ordered set with the property 
that all chains in P under the partial ordering < are bounded 
above, then Phas a maximal element. 

Zermelo’s Well-Ordering Theorem: Every set has a well-ordering. 
(A set is well ordered if there is a relation on the set that is tran- 
sitive and irreflexive, that compares all of the members of the 
set, and under which every nonempty subset of the set has a first 
member under the relation.) 

Hausdorff Maximal Principle: Any chain in a partially ordered set 
is included in a maximal chain. 

Tukey-Teichmuller Lemma: Every set of finite character has a 
maximal element. (A set a is of finite character iff! x Ee a= 
Vy C x(Fin(y) > y € a), where Fin(y) iff there is no one-one map 
of y with a proper subset of itself.) 


There are various changes that we could make to our axioms. For 
instance, we could weaken Axiom | to allow individuals (ur-elements) 
other than the empty set, by requiring that Axiom 1 applies only to 
sets with members: 4z(z € x) & Vza((zE xa zEy) > x=). 

We can also omit Axiom 2, thereby obtaining set theories without 
foundation. In set theory without foundation, there can be cycles of 
membership — x € x, x € y € x, and so on. — and there can be infinite 
descents —-- + x3 € x» € x; € xo. Most of mathematics can be developed 
without Axiom 2, but many people find the resulting theory rather 
unintuitive. 
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There are various questions that are not answered by the axioms of 
ZFC. However, we need to say something about the definition of the 
ordinal and cardinal numbers in ZFC before we can describe (some 
of) these questions. 


2.2 NUMBERS 


There are various distinctions to be drawn among different kinds of 
numbers and different kinds of number systems. Perhaps the most fun- 
damental distinction, at the level of kinds of numbers, is the distinction 
between ordinal numbers and cardinal numbers. Ordinalnumbers are 
used to order sequences of things; cardinal numbers are used to quan- 
tify, to say how many things of a given kind there are. While we can 
identify ordinal numbers and cardinal numbers when we restrict our 
attention to finite arithmetic, we need to distinguish carefully between 
ordinal numbers and cardinal numbers when we turn our attention 
to transfinite arithmetic.! 

At the level of systems of finite numbers, we should at least distin- 
guish the integers (positive and negative), the rationalnumbers, the real 
numbers, and — though we shall not consider them at all — the complex 
numbers. When we turn our attention to transfinite numbers, we shall 
begin by considering the extension of the positive integers into the 
infinite (thereby obtaining the Cantorian theories of the transfinite 
ordinals and the transfinite cardinals). Later, we shall consider non- 
standard theories that can be thought of as something like extensions 
of the rational numbers and the real numbers into the domain of the 
transfinite (nonstandard models of the real numbers, internal set the- 
ory, surreal numbers, and so forth). Moreover, we shall also give some 
brief attention to the different kinds of mathematical theories that 
can be erected on the basis of the various different kinds of number 
systems. 


(a) Ordinals 


There are different ways of defining the ordinals in set theory. We 
follow Zermelo and von Neumann. We need a preliminary definition. 
A set x is transitive if every member of x is a subset of x, that is, every 


! Perhaps it might be more natural to speak of ‘infinite arithmetic’, but ‘transfinite 
arithmetic’ is the standard term. 
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member of a member of xis a member of x. Then a set xis an ordinal 
iff x is transitive and the €-relation well-orders x. The ordinals are: 
y, {gv}, {v.{go}},....We represent them by their standard names: ‘0’, 
‘1’, ‘2’,....We can prove that the ordinals as thus defined do behave 
appropriately. We note that the least infinite ordinal — w — is the set of 
all the finite ordinals. 


(b) Cardinals 


Given this definition of the ordinals, there is a natural way to define the 
cardinals. ais a cardinal number if ais an ordinal number that is not 
equinumerous to any smaller ordinal number, that is, if @ is an initial 
ordinal. (Remember: Two set are equinumerous iff they can be put into 
one-one correspondence.) The smallest infinite cardinal — which also 
happens to be the smallest infinite ordinal, @ —is customarily called Xo. 
The reason for having a distinct system of names will become apparent 
in a moment. 

You might well be sceptical about the identification of numbers with 
certain sets. No matter how you do it — and you can do it in infinitely 
many different ways! — the identification has odd consequences, for 
example, that numbers are members of other numbers. This scepti- 
cism is the main theme of Benacerraf (1965). We shall not attempt to 
take up this issue here. The important point for our purposes is that 
there are collections of sets that are isomorphic in structure to the col- 
lections of ordinal and cardinal numbers. So the sets serve all of the 
purposes of mathematicians, whether or not the mooted identification 
is plausible. 


23 CANTOR’S PARADISE 


Given the standard axioms of set theory and the definitions of the 
ordinals and cardinals, a vast domain of transfinite or infinite numbers 
opens up to us. We shall give but the briefest indication of the contours 
of this domain, beginning with an exhibition of some of the lower 
reaches of the transfinite ordinals. After reviewing the Cantorian proof 
that the power set ofa set — that is, the set of subsets of a set — always has 
greater cardinality than the set itself, we go on to look at the definition 
of arithmetical operations on the transfinite ordinals and cardinals, 
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and then consider additional axioms that might be added to ZFC in 
order to resolve certain questions and in order to generate higher 
orders of transfinite ordinals and cardinals. 


(a) Infinite Ordinals and Infinite Cardinals 


Cantor was the first person systematically to explore the infinite ordi- 
nals and cardinals. I shall make some brief and unsystematic remarks 
about his accounts of the infinite ordinals and cardinals. Much of 
this discussion presupposes acceptance of the axiom of choice. (As an 
awful reminder, we shall recall what cardinal arithmetic looks like in 
the absence of this axiom. But this will be an exception to our usual 


practice.) 

The ordinals begin as follows: 0, 1, 2, 3,..., @, @ + 1, @ + 
2,...,0 + 0 (= o.2), w.2 + 1, w.2 + 2,..., 0.3, 0.4,...... w.@ (= 
w), eee @,.....- wt... Oy scnes po posi €9 (= limit of the 
sequence @, W®, »%°,...),.... 


The cardinals are “the same” up to w (=Xo). But what is the next car- 
dinal? How far along the list of ordinals that we have already developed 
do we need to go in order to find new cardinals? Perhaps surprisingly, 
the answer is that you have to go very far indeed: All of the ordinals 
from @ to €9 are equinumerous. In fact, no arithmetic operations on 
ordinals can take us to higher initial ordinals — we need to involve the 
power set operation in some way or other. 

Cantor showed that the power set of a set — that is, the set of all 
subsets of a set — has a higher cardinality than does the set itself. (The 
assumption that the members of a set can be put into one-one corre- 
spondence with the subsets of that set leads to a contradiction.) So, 
for example, the set of sets of integers has higher cardinality than the 
set of integers (=Xo). Since the set of sets of integers can be put into 
one-one correspondence with the real numbers, it turns out that the 
set of real numbers has a higher cardinality than the set of integers. 
The standard is to represent the cardinality of the real numbers by c. 


(b) Cantorian Arguments 


It will turn out to be useful to have examined the details of a couple 
of Cantor’s proofs. 
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First, we review his method for showing that the cardinality of the 
rational numbers is the same as the cardinality of the natural numbers. 
Consider the Table 1 (in which r= > yi and s = (141i) +1). 


1 2 3 4 5 6 7 > a eee N 
1 1 2 4 7 11 | 16 | 22 | 29]... Ss 
2 3 5 12 | 17 | 23 | 30 | 38 |...) s+N+41 
3 6 9 13} 18 | 24 | 31 | 39 | 48 |...) s+2N4+3 
4 | 10 14 19 | 25 | 32 | 40 | 49 | 59 ]...] s+3N+4+6 
5 | 15 20 26 | 33 | 41 | 50 | 60 | 71 s+4N+ 10 
6 | 21 27 34 | 42 | 51 | 61 | 72 | 84 |...) s+5N+415 
7 | 28 35 43 | 52 | 62 | 73 | 85 | 98 | ...| s+6N+421 
8 | 36] 44 | 53 | 63 | 74 | 86 | 99 | 113 ]...] s+7N+28 
Nir |r+Nirt+}rt} r+] r+] r+ }r+]...) r+ NN+s 
2N|3N|}4N|5N/6N | 7N 
+1 )4+3 | +6 |+10]+415 |+21 


This table shows how to establish a mapping between the natural 
numbers that has the following properties: First, each natural num- 
ber is mapped to a rational number; second, each rational number 
is mapped onto by at least one natural number. (For definiteness, 
let’s suppose that the row number establishes the numerator of the 
target rational number and that the column number establishes the 
denominator of the target rational number. So, for example, under 
the defined mapping, 9 maps to 3/2.) This mapping establishes that 
the cardinality of the natural numbers is at least as great as the car- 
dinality of the rational numbers. But it is easy to establish that the 
cardinality of the rational numbers is at least as great as the cardinal- 
ity of the natural numbers. Whence it follows that the cardinality of 
the rational numbers is equal to the cardinality of the natural num- 
bers: There are just as many natural numbers as there are rational 
numbers. 

Second, we review Cantor’s method for showing that the cardinality 
of the real numbers is strictly greater than the cardinality of the nat- 
ural numbers. For purposes of reductio, suppose that the cardinality 
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of the reals is the same as the cardinality of the natural numbers. 
If this is so, then we can make a list that pairs off the real numbers 
between 0 and 1 with the natural numbers, as follows (where dj is the 
jth digit in the decimal representation of the ith real number on our 
list): 


L. O.di djodi3dj4dj5....din.... 
D. Odi dostoatoudos cx Woue nix 
3. 0.d31 d39 d33 d34.d35 eee d3n ooh we 


By hypothesis, every real number between 0 and | is on our list. But we 
can construct a real number R = 0.d, dod3dgds....dy...that is not on 
our list, as follows: For each digit d,, let d, = din + 1 if din € {0, 1, 2, 
3, 4, 5, 6, 7} and let d, = d,, — 1 otherwise. Since R differs from rin 
the nth digit — and since R does not end with an infinite sequence of 
9s or Os — Ris clearly a real number that is not on our list. So we cannot 
make a list that pairs off the natural numbers with the real numbers, 
contrary to the assumption that the cardinality of the real numbers 
is equal to the cardinality of the natural numbers. Since it is clear 
that the cardinality of the natural numbers cannot be greater than 
the cardinality of the reals (because the natural numbers are properly 
included amongst the real numbers), it follows that the cardinality of 
the real numbers is strictly greater than the cardinality of the natural 
numbers. 

Third, we review Cantor’s method for showing that the cardinality 
of the power set of a set is strictly greater than the cardinality of the 
set itself. For purposes of reductio, suppose that there is a set N that is 
such that the cardinality of the power set of N- that is, the cardinality 
of the set of subsets of members of N-— is the same as the cardinality 
of the set N itself. If this is so, then we can pair off the members of 
the power set of N with the members of N: For each s; € the power 
set of N, there is a unique member 7; (= /(s;)) € N, under our pairing 
function /from the power set of Nto N; and for each 7; € N, there is a 
unique member s; (= /*(7;)) the power set of N under the inverse /* 
of our pairing function / from the power set of N to N. (This inverse 
function is guaranteed to exist because, ex hypothesi, our mapping is 
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one-one.) By hypothesis, then, each s; in the power set of Nis uniquely 
paired off with an 7; € N under the mappings J and /*. But we can 
construct a member M of the power set of Nthat is not paired off with 
any member of Nunder Jand J", as follows: For each 7; € N, 7; € M iff 
7% € 5; (=1*(%)). Plainly, by construction, M is a member of the power 
set of Nthat was not paired off with any of the members of Nunder our 
mapping; and this contradicts our initial assumption that there is such 
a pairing. Since it is clear that the cardinality of a set cannot be greater 
than the cardinality of the power set of that set — just consider any 
mapping that takes the unit set of each element of the set to itself — we 
can conclude that the cardinality of the power set of any set is strictly 
greater than the cardinality of that set itself. 


(c) Arithmetic for Infinite Ordinals and Infinite Cardinals 


We define Hartog’s aleph function: x(x) = {a: a < x}, where ‘<’ 
denotes the ‘has lower cardinality than’ relation, and where x is infi- 
nite. We can then define the transfinite sequence of infinite initial 
ordinals by the following inductive definition: Xp = @; Xy41 = X(Xq)3 
&, = User Xp if A is a limit ordinal. This gives us all of the infinite 
cardinals, by our earlier definition. 

Arithmetic for ordinals is based on the following rules: 


a+0=a 

a+(B+1)=(a+)+1 

a+A=Us-, (a+ 5), if A isa limit ordinal 
a.0 = 0 

a.(B+1) = (a+ B)+a 

adr = Use, (a.d), if A is a limit ordinal 
=] 

a+! = wB.a 


a* = Us—,a°, if A is a limit ordinal 


Notice that under these definitions, + and . are neither commu- 
tative nor distributive. We have, for example, 1 + @ = @; 2.0 = a; 
2° = w.So we have some, but not all, of the usual features of addition, 
multiplication, and exponentiation reproduced in the case of transfi- 
nite ordinal arithmetic. Of course, we do not have inverse operations 
such as subtraction, division, extracting roots, or taking logarithms. 
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Arithmetic for cardinals can also be defined. (Here, again, we follow 
Drake (1974).) Ifwe do not help ourselves to the axiom of choice, then, 
following Scott, we define card (x) = {y: y~ x & Wa z~ x> p(z) = 
p(y) }, where p(x) is the rank of x (i.e., U{p(y) + 1: yex}), and give the 
following definitions: 


1. Cardinal Addition: }°i-sm; = iff, for disjoint sets (x;) jes, card 
(x;) = m;for each ieSand card (Ujesx;) = @. (Here, Ujesx;is the 
set-theoretic union of the (xj) jes.) 

2. Cardinal Multiplication: [[jesm; = 7 iff, for disjoint sets (xj) ies, 
card (x;) = m; for each ieS and card (Xjesx;) = a. (Here, Xicsx; 
is the Cartesian product of the (xj) ies.) 

3. Cardinal Exponentiation: If o, 7, and p are cardinals, then 
o” = -¢ iff for sets x, y, z with card x = o, card y = 7, we have 
card (?x) = z. (Here, wx is the set of all functions from y into x.) 


Since the defined sets are complex and lacking in nice properties, it 
is much more satisfactory to assume the axiom of choice and to define 
the cardinals in terms of the initial ordinals. For all ordinals >m, the 
cardinal operations + and x are given by: card (a) + card (f) = 
card (a) x card (6) = card (max (a, f)). Given this definition, it is 
easy to show that each of addition and multiplication for cardinals 
is commutative, associative, and distributive and that exponentiation 
is well defined. We have, for example: Xp + & 0 = X03 No X Xo = No; Xo 
+ 8) = Ny3 No X Xp = Ny; and so forth. 


(d) Additional Axioms? 


As mentioned earlier, there are various questions that are not answered 
by the axioms of ZF(C). We are now in a position to identify some of 
these questions. 


1. The Generalised Continuum Hypothesis: Is 2% = Xy41 for every 
ordinal a? Cantor’s Continuum Hypothesis gives a positive 
answer in the special case in which a=0 (ie., it affirms that 
28° = ¢=X}); the Generalised Continuum Hypothesis gives 
an affirmative answer in all cases. Godel showed that the 
Generalised Continuum Hypothesis cannot be refuted in ZFC. 
Cohen showed that the Generalised Continuum Hypothesis is 
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independent of ZFC. Many mathematicians now accept the Gen- 
eralised Continuum Hypothesis, there is no interesting alterna- 
tive, and there are many interesting results that can be proved 
if one assumes it. 

The Axiom of Constructibility. Godel called sets generated by a 
certain process (that he defined) “constructible”. The axiom of 
constructibility claims that all sets are constructible (in Gédel’s 
idiosyncratic sense). In the context of ZF, this axiom entails the 
axiom of choice, the axiom of foundation, and the generalised 
continuum hypothesis. There are interesting competitors to this 
axiom, for example, the axiom that claims that there are mea- 
surable cardinals. 

Axioms of Strong Infinity: Following Fraenkel and others, we review 
the means available in ZFC for obtaining sets of larger and larger 
cardinality. The axiom of infinity guarantees the existence of 
denumerable sets (of cardinality Xp). Using the power set axiom, 
we obtain sets of cardinalities: 2®°, 2%, .... Now, consider the set 
A= {a, Po, PPw,...} where @ is the least infinite ordinal. The 
cardinality a of its union set UA is greater than the cardinality of 
each of its members, that is, > No, > 2°°, > 2%,.... By means of 
the power set operation, we now get the sets PU A, PPU A,..., 
of cardinalities 2%, »2,.... Then we consider the set B = {UA, 
PUA, PPUA,...}: The cardinality 6 of this set is greater than 
all the cardinals considered thus far. And so on. We note (i) 
that the power set of a set of cardinality c has cardinality 2°; and 
(11) that the cardinality of the union set ofa set Dsuch that each ¢ 
€ dhas the cardinality d, is at most )>;<pd;. So a set of cardinality 
e cannot be obtained from sets of smaller cardinality by means 
of the operations of power set and union if (1) for every cardi- 
nal c such that c < e, we have c < 2°; and (ii) for every indexed 
sum )*;epd; of cardinal numbers d; such that for every t € d, 
d, < eand |D| < ¢ we have vend; < e. We say that a cardinal 
is regular if it is infinite and not the sum of < e cardinal num- 
bers each of which is < e. We say that eis inaccessible if (i) e > Xo; 
(ii) eis regular; (iii) for every c < e, 2° < e. If there are inac- 
cessible cardinals, they are very big indeed. If ZFC is consistent, 
then one cannot prove in ZFC the existence of any inaccessible 
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cardinals. However, there is (at least so far) no proof in ZFC 
that there are no inaccessible cardinals. There are lots of axioms 
that assert the existence of inaccessible cardinals that have been 
studied. 

4. Axioms of Restriction: An axiom of restriction, added to the for- 
mulation of a set theory, would say: There are no sets other than 
those whose existence follows directly from the axioms written 
down so far. Added to ZFC, this axiom would entail that there 
are no non-well-founded sets — that is, no sets in which there are 
cycles of membership or infinite descents of membership — and 
that there are no inaccessible cardinals. Friends of big infinities 
are unlikely to look fondly on axioms of restriction. 


2.4 STANDARD ANALYSIS 


What Iam here calling ‘standard analysis’ is the theory of functions on 
the real numbers that was developed during the nineteenth century 
by Weierstrass and others. We shall briefly review the definition of the 
real numbers, the simplest analyses of the notions of continuity and 
convergence, and some elementary definitions of differentiation and 
integration. We shall apply these definitions infrequently in the course 
of our subsequent discussion, but we shall frequently need to be able 
to suppose that they are understood. 


(a) Rational Numbers and Real Numbers 


It is easy to get the rational numbers from the integers: The ratio- 
nals are all numbers of the form m/n, where m and n are integers, 
n # 0. So, in the above formulation, we can just use ordered pairs 
of the sets that ‘are’ the integers in order to define the rationals. 
(Given this change, we then need to redefine the arithmetic opera- 
tions so that they apply to the new ‘numbers’ that have been intro- 
duced. But this is a straightforward matter.) Note that, unlike the 
integers, the rational numbers are dense. Between any two distinct 
rational numbers, there is a third rational number, distinct from 
each. If a/b< c/d, where a, b, c, and d are all positive integers, then 
a/b < (ad + cb) /2bd < ¢/d. 
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There are two standard means of constructing the reals. Following 
Dedekind, we can take the real numbers to be nonempty proper ini- 
tial segments of rationals that have no largest element, that is, sets of 
rational numbers {x;} ic. that have the following three properties: (i) 
there exists k € Q such that x<k for all x € {x;}ien; (ii) for each x € 
{xi}icn, there exists y € {x;}i;c¢n such that y> x; and (iii) for each x € Q, 
if x € {x;}icn, then for all y € Qsuch that y< x, y € {xi}ien. Or, follow- 
ing Cantor, we can take the reals to be equivalence classes of Cauchy 
sequences of rationals, that is, equivalence classes of sets of rational 
numbers of the form {x;}icx for which, for any &, there is an m such 
that for all n > m, | x, — Xp,| < 1/k. It is tedious but straightforward to 
show that both of these constructions provide a complete field — that 
is, an ordered field in which every nonempty subset that is bounded 
above has a least upper bound — that is unique up to isomorphism. 


(b) Continuity and Convergence 


Given the reals, we can now define a mathematical notion of 
continuity: A function f: Jt > is continuous at a point c provided 
that lim, _,, f(x) = /(c), that is, provided that, for any ¢ > 0, there is ad 
such that if 0 <|x — c| <4, then | f(x) — f(c)| <e. (This definition can 
be extended in a straightforward way to functions of more than one 
variable.) 

The definition of continuity makes use of the mathematical concept 
of a limit. We can use this concept to make sense of the limits of infinite 
sequences and the sums of infinite sequences. An infinite sequence sj, 
$9,..., $pr,--. has the limit L provided that, for any ¢ > 0, there is an 
Nsuch that |sz—L| <e, for all R > N. An infinite sequence 51, s9,..., 
Sr,...has the sum S provided that, for any ¢ > 0, there is an N such 
that (Cease) — S|\<eforal R>WN. 

Infinite sequences that have a limit under the above definition are 
said to be convergent. All other infinite sequences are divergent. There 
are different kinds of divergent sequences. Consider the differences 
among 1, 2, 3,...; 1, —1, 1, —1,...; 1, —2, 3, —4,.... (Do the second 
and third sequences have sums? If so, what are they?) The series of 
partial sums of the first sequence simply increases without limit as the 
number of terms increases. The series of partial sums of the second 
sequence oscillates between 1 and 0. And the series of partial sums 
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of the third sequence oscillates between positive values that increase 
without limit, and negative values that increase without limit.” 


(c) Differentiation 


A function f: 3t > has the first derivative f’(a) at a just in case 
lims,s0 (f(a + 5x)—f(a)) /5x = f'(a). In general, f’(x) = lims,x-.0 
(f(x + 6x) — f(x)) /dx. Intuitively, one can think of the derivative func- 
tion as the tangent function to a given function. Plainly enough, the 
derivative function can be defined only where a function is continuous; 
but the mere continuity of a function is not enough to guarantee that 
it is differentiable. The definition of differentiation admits of ready 
generalisation to functions of more than one variable and to higher 
orders (since the derivative function, in turn, may be differentiable). 
A function is smooth at a given point iff all of its derivatives — first-order, 
second-order, third-order, and so forth — are defined at that point. 
While it is sometimes very hard to calculate the derivative of a given 
function, and no less difficult to demonstrate from first principles that 
one function is the derivative ofa second, there are, I think, few further 
conceptual difficulties involved in understanding differentiation. 


(d) Integration 


Integration is the inverse operation to differentiation. Intuitively, at 
least in the simplest case, an integral is an area under a graph. If 
we begin with a differentiable function /(x), then it is a fundamental 
constraint on integration that [' : f(x) -dx = f(b)—f(@. However, there 
are several different — nonequivalent — definitions of integration. 
The simplest integral is the Riemann integral. Again, we consider 
just the simplest case of a function /: ‘t— 8. The integral of the 
function f between the points a and 48, if it exists, is defined in the 
following way. Suppose that we divide the interval [a, 5] into n equal- 
sized subintervals x;. Suppose further that /(x;) is the maximum value 


* It is worth noting that our account of divergence for sequences can be extended 
to physical magnitudes in the following way. A physical magnitude M diverges with 
respect to a variable x at a value xo just in case that is a sequence of values of x — 
X],..-, Xp,...— that converges to xo, for which the series of values of M- M(x1),..., 
M(xn),...— diverges. 


34 Philosophical Perspectives on Infinity 


that f takes in the interval x;, and the g(x;) is the minimum value 
that ftakes in the interval x;. Let F, = )>_, ((b—-@) /n)-f(x;) and G, = 
i ((b — a) /n)-g( xj). Tf limy oof, and lim, ...G, are both defined 
and limy-so./, = limy+.G, = A, then So f9)-dx = A. This definition 
can, of course, be extended to functions of more than one variable. 
Moreover, this definition of definite integrals (on specified intervals) 
also can be extended readily to the case of indefinite integrals (in 
which an integral function is defined up to a constant of integration, 
or, in other words, a family of integral functions is defined). 


2.5 NONSTANDARD NUMBERS 


The theory of analysis presented in the previous section was devel- 
oped in the nineteenth century. Unlike its precursors, it does with- 
out the notion of an infinitesimal, that is, a nonzero number that is 
smaller than any standard real number. The notion of an infinitesi- 
mal had been relied on during the early development of the differ 
ential calculus and was much criticised. In very recent times, however, 
the notion of an infinitesimal has made something of a comeback. 
We shall briefly review three recent developments of this idea: (1) 
nonstandard models for standard theories of real numbers, (2) inter 
nal set theory, and (3) the theory of surreal, or Conway, numbers. 
After that, we shall conclude with a brief presentation of some recent 
work in the area of finite mathematics, and, in particular, with the 
replication of classical mathematics in finite domains using finitary 
methods. 


(a) Model Theory 


The revival of serious interest in infinitesimals, and in the prospects for 
nonstandard analysis, begins with Robinson (1961; 1966). Robinson’s 
work draws on some of the standard results in model theory that had 
been discovered during the preceding forty or so years. So we need to 
begin by reviewing these results. (Here, we follow closely the presen- 
tation in Boolos and Jeffrey (1980: 96-195).) 

A first-order language contains the following vocabulary: the logical 
symbols — &, V, ~~, >, <<, =, 4, V, (,) -and denumerable stocks of vari- 
ables, names, function symbols, predicate letters, and sentence letters. 
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There are standard rules for constructing the sentences of first-order 
languages from this primitive vocabulary. 

An interpretation for a first-order language specifies five things: (i) 
a nonempty set — the domain, universe, or universe of discourse — that 
is the range of any variables that occur in sentences; (ii) for each 
name, an object in the domain (the designation, bearer, denotation, 
or reference of the name); (iii) for each function symbol, a function 
that, for some value of n, assigns a value in the domain to each r- 
tuple of arguments in the domain; (iv) for each predicate letter, a 
characteristic function, that, for some value of n, assigns a value in the 
set {T, F} to each ntuple of arguments in the domain; (v) for each 
sentence letter, a value in the set {T, F}. 

An interpretation for a first-order language recursively determines 
a value from {T, F} for every sentence in the language, according to 
the following rules: 


Vi~S) = Tiff VS) =F 

VS & R) = Tiff ViS) = VR) = T. 

ViSVR) = Fiff VS) = VRX)=F 

ViS— R) = Fiff VS) = Tand VR) =F 

ViS<— R) = Tiff VS) = V(R). 

V(VxGx) = Tiff Vy’ (G,a) = T for every oin the domain, where 
V' is an interpretation that differs from V at most in that it 


DOU ye Ce No 


assigns 0 to a. 

7. V(AxGx) = Fiff Vo'(G,a) = F for every o in the domain, where 
Yo’ is an interpretation that differs from V at most in that it 
assigns 0 to a. 

8. Vis=t) = Tiff Vis) = V(t). 

9. ViR4...tr) = Tiff O(V(t7) ...V(tr)) = T; where @ is the char- 
acteristic function of the n-place predicate letter Rin interpre- 
tation V, and the ¢; are terms whose denotations are V(¢;) in V. 


A model of a sentence is an interpretation of that sentence under 
which that sentence is assigned the value T. A modelof a set of sentences 
is an interpretation under which every sentence in that set is assigned 
the value T. A sentence Sis implied by a set of sentences A (1.e., A = S$) 
iff VS) = Tfor any Vthat is both a model of A and an interpretation 
of S. A set of sentences is satisfiable iff it has at least one model. (Note 
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that A implies S iff A U {~S} is unsatisfiable.) Two sentences S and 
Rare logically equivalent iff, for any V that interprets both S and R, 
WS) = V(R). 

There are many different ways of constructing a proof theory—a system 
of derivation — that has the property that a given sentence Sis derivable 
from a given set of sentences A (AF S) iff A — S, thatis, iff A implies S. 
For present purposes, we need only suppose that we have selected 
a particular proof theory that is, indeed, sound and complete with 
respect to the class of all interpretations described above. Given our 
adequate proof theory, we will have the means for showing that a set 
of sentences is inconsistent, that is, allows the derivation of an explicit 
contradiction iff that set of sentences is unsatisfiable. 

We define a theory to be a set of sentences that is closed under 
derivation: There is no sentence that can be derived from members of 
the set that is not a member of the set. The members of a theory are 
theorems. Note that we do not presuppose that some of the members 
of a theory are distinguished as the axioms of a theory, even though 
some theories can be given axiomatic presentations. 

We say that two interpretations, V and W, are isomorphic just in case: 
(1) V and W are interpretations of the same language, (2) V(S) = 
W(S) for any sentence letter S, and (3) there is a one-one mapping 
H{ from the domain of Vto the domain of W that satisfies the follow- 
ing conditions: (1) if V\N) = d, for some name d, then WN) = HA(d); 
if VF) = f, for some mplace function symbol F, then WF) = the 
function g that is such that, for any dj,..., d,, din the domain of V, 
Ka,...,dn) = diff g(H(d)),...,H(d,)) = H(d);and (iii) if VP) = ©, 
for some r-place predicate letter P, then W(P) is the characteristic 
function W that is such that, for any d),..., d, in the domain of V, 
P(d\,..., dn) = W(AH(d),..., H(dn)). If any two models of a theory 
T are isomorphic, then the theory is categorical. If any two denumer- 
able models of a theory Tare isomorphic, then the theory is aleph-null 
categorical . 

Key results in first-order predicate calculus that we are now in a 
position to state include the following. 


1. Compactness Theorem: If a set of sentences is unsatisfiable, then 
some finite subset of those sentences is unsatisfiable. 
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2. Downward Lowenheim-Skolem Theorem: If a set of sentences has a 
model with a domain of any infinite cardinality, then it has a 
model with a denumerable domain. 

3. Upward Lowenheim-Skolem Theorem: Ifa sentence has a model with 
a denumerable domain, then it has a model with a domain of 
any infinite cardinality. 

4. Arithmetic is not aleph-null categorical. 


For present purposes, the crucial result is the last: What this result 
says is that there are nonstandard models of arithmetic that have denumer- 
able domains. These models contain only countably many members, 
but they are not isomorphic to the standard model of arithmetic. What 
do these models look like? Well, the elements of these models are lin- 
early ordered by the “less than” relation. Under this ordering, there 
is an initial segment that is isomorphic to the natural numbers. Then, 
above this (according to the ordering), there is a dense collection of 
segments, each of which is isomorphic to the series of all of the inte- 
gers (i.e., negative integers, zero, positive integers). That is, there is 
a sequence of segments, each isomorphic to the integers, where this 
sequence is of the same order type as the rational numbers. (Since a 
countable union of countable sets is countable, and since the rational 
numbers are countable, there are only countably many members in 
any nonstandard model for arithmetic.) 

So far, we have achieved some understanding of the fact that there 
are nonstandard models that satisfy all of the standard claims of arith- 
metic, and of the way in which this fact can be demonstrated. Using 
more complex techniques — from set theory (as in Robinson (1966) ) 
or model theory (as in Robinson (1961)) — it can be shown that there 
are also nonstandard models that satisfy all of the standard claims 
of the theory of real numbers. Since one of the standard claims of 
the theory of real numbers is that every nonzero element has a mul- 
tiplicative inverse, it should come as no surprise that these nonstan- 
dard models of the theory of the real numbers contain both infinite 
elements and infinitesimal elements (related to each other as mul- 
tiplicative inverses). Before we turn to an attempt to say something 
about what these nonstandard models of the real numbers are like, we 
shall consider an alternative formulation of Robinson’s approach to 
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nonstandard analysis that was developed in the 1970s by Nelson (1977; 
1987) and others. 


(b) Internal Set Theory 


We start with ZFC and introduce a new, undefined one-place predicate 
2’. We shall say that a formula in our extension of ZFC is internal iff 
it contains no occurrences of » (i.e., iff it is a formula of unextended 
ZFC); else, we shall say that a formula is external. Further, we introduce 
anew, defined one-place predicate Fin: xis Fin iff there is no bijection — 
one-one map — of x with a proper subset of itself. Finally, we introduce 
three new axioms and a rule that govern the behaviour of our new, 
undefined predicate, ¥’, in the new system IST. (The simplest formula 
that contains the new predicate 2’, ’x, is to be read “x is standard” or 
“x is a standard set”.) 
First, the rule: 


Set formation in IST: No external formulae may be used in the 
definition of subsets in IST. 


Given this rule, it follows that, in IST, the axiom of subsets requires 
restatement: For any set a, there is a subset of a consisting of just those 
members of a that satisfy the condition ®, provided that ® is internal. 
We achieve this result by replacing the axiom of subsets with what we 
will call the new axiom of standardisation. 

Second, then, the new axioms: 


Transfer: Let A(x, ),..., &) be an internal formula with free vari- 
ables x, ,..., & and no other free variables. Then (VQ: 
Dh)....(Wty: Dt) {(Wx: Dx) A(x, t,..., th) > (Wx)A(xy t,..., 
t,) }. (If we have constants — names — in IST, these must be sorted 
into those that are standard and those that are nonstandard, and 
we must insist, further, that A(x, t,..., 4) contains no nonstan- 
dard constants.) 

Idealisation: Let B(x, y) be an internal formula with free variables 
x, y, and possibly others as well. Then (Vz: Xz and Fin z) [(4x) 
(Vy € z) B(x, y) <> (Ax) (Vy: Xy) B(x, y)]. 

Standardisation: Let C(z) be a formula — internal or external — with 
free variable z, and possibly other free variables as well. Then (Vx: 
d'x) (Ay: Ly) (Va Lz) (ze yo (ze x& C(z)). 
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Suppose that A is an internal sentence — that is, an internal for- 
mula in which there are no free variables — and let Ay be the sentence 
obtained by replacing each occurrence of a X'-unrestricted quantifier 
(Qv) with an occurrence of a 2-restricted quantifier (Qu: d'v). We 
call Ay the relativisation of A to the standard sets. It is easy to see that 
successive applications of Transfer establishes that A<>Ay. So, all of 
the theorems of ZFC continue to hold when they are relativised to the 
standard sets; and, in order to prove an internal theorem, it suffices 
to prove the relativisation of that theorem to the standard sets. One 
consequence of these results is that, whenever there is a unique x that 
satisfies an internal formula A(v) whose only free variable is v, then x 
is a standard set. Hence, it follows that all of the uniquely specified 
objects of conventional mathematics are — or, at least, can be inter 
preted to be — standard sets. The set of all of the natural numbers, N, 
is standard, as is the set R of all of the real numbers. In IST, there is only 
one real number system, the system R that is described in conventional 
mathematics. 

Using the new axioms of IST, it is relatively easy to show that 


1. For any set x, all of the elements of x are standard iff x is a 
standard finite set. 

2. There is a finite set fsuch that, for all standard x, x € f 

3. Let A(x, y) be a formula, either internal or external, with free 
variables x, y, and possibly others. If x and y are standard sets 
such that, for each standard element z € x, there is a standard 
element w € ysatisfying A(z, w), then there is a standard function 
fi x— y, such that, for all standard z € x, A(z, /(z)). 


From the first of these results, we see that every infinite set has 
a nonstandard element; so, for example, the set N of all the natural 
numbers contains nonstandard elements. Moreover, in understanding 
the second of these results, we recognise that any set /that contains all 
of the standard sets x cannot itself be standard. 

Using the above results, it is easy to see that all of the following 
claims are true of Nin IST: 


1. 0 is standard 
2. Forall né N, if nis standard, then n+ 1 is standard 
3. There exists a nonstandard ne N 
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4. Let A(x) be a formula, either internal or external, that con- 
tains the free variable x. If A(0O), and if for all standard n € N, 
A(n) > A(n+ 1), then for all standard n € N, A(n). 


So, on this approach, it turns out that we are to suppose that Nhas 
the structure of the “nonstandard” models that we described in our 
earlier discussion of Robinson’s work. While it is somewhat counterin- 
tuitive to suppose that the nonstandard elements were always part of 
the conventionally described numbers, there is a large pay-off for this 
supposition when we turn our attention to the real numbers. 

We begin by introducing some useful external notions for the field 
Rof the real numbers. A real number ris infinitesimaliff |r| < € for all 
é>0 (.e., iff |r| < 1/vfor some nonstandard natural number v). (So 0 
is the only standard infinitesimal.) A real number ris limited iff |r| < v 
for some standard real number v,; else, it is unlimited. It follows directly 
from Idealisation that there are nonzero infinitesimals and that there 
are unlimited real numbers. 

If x and y are real numbers, then (1) x and y are infinitely close (or 
nearly equal) — x © y — iff x — y is infinitesimal; (2) x is weakly less than 
y-x S y-iff x < y+ afor some infinitesimal a (3) x is weakly greater 
than y- x2 y-iff y S x; (4) xis strongly less than y— x < y-iff x < yand 
not x © y; (5) x 1s strongly greater than y— x > y-iff y < x. As Nelson 
(1987: 17) says, it helps to visualise the relations +, S, and < on the 
real number line. To “the naked eye”, © looks like =, < looks like <, 
and < looks like <. 

The extended real line A consists of R together with two other 
points, —oo and oo. We write —oo < x< © for all xin R For all xin R 
x 00 iff xis positive and unlimited, x < oo iff not x ¥ oo, and x > oo 
iff not x¥ —oo. So |x| < oo iff xis limited, and |x| © 00 iff xis unlimited. 
(Note that —oo and oo are not elements of R. We introduce A only to 
ease description of R. The extended reals conform to the following 


axioms: (i) —CO < x < @&; (ii) x + 0CO= OO, X+ (—CO) = —O0; (Ii) x.00 = 
oo, for x > 0; x.(—oo) = —oo, for x < 0; 0.00 = 00; (iv) C0 + CO = 00; —00 
+ (—0o) = —00; (Vv) 06.(+00) = +00; —00.(+00) = Foo.) 


Given the above definitions, it is easy to show, for example, that 
(1) x © 0 iff x is infinitesimal; (2) x ~ 0 iff for all ¢ > 0 |x| < e; (3) 
infinitesimals are limited; (4) if x 4 0, then x © 0 iff 1/xis unlimited; 
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(5) |x| © 00 iff 1/x © 0; (6) if x and y are limited, then so are x + yand 
xy; (7) if xand y are infinitesimal, then so are x+ yand xy; (8) ifx~ 0 
and || < oo, then xy ¥ 0; (9) x S yand y S xiff x& y; (10) ifx~ yand 
y* zthen x® z. 

A more demanding result that can be proved, given the earlier 
definitions, is that every limited real number is infinitely close to a 
unique standard real number. Given this result, for any limited real 
number 7, we define the standard part of r— st(r) -— to be the unique 
standard real number that is infinitely close to r. If a and b are stan- 
dard real numbers and x is the closed interval [a, b], then x is a lim- 
ited real number and st(x) € [a, 5]. Indeed, in general, if Fis a stan- 
dard closed and bounded subset of Rand x € FE, then xis limited and 
st(x) € E. 

One of the features of IST is thatit often turns out thata complicated 
internal notion is equivalent, on standard sets, to a simple external 
notion. Consider, for example, continuity. We shall say that a function 
f R= Ris continuous at a point x iff for standard fand standard x, for 
all y, if y ¥ x then f(y) © f(x). This definition is much easier to grasp 
than the standard ¢-é definition that we gave above. 

Another of the features of IST is that it often turns out that a com- 
plex proof in ZFC corresponds to a much simpler proof in IST. Given 
the theorem (proven by Powell) that every internal theorem of IST is 
a theorem of ZFG, it follows that IST can be used freely in the proof of 
conventional theorems. It is this result that explains both the interest 
in and the utility of IST. The bulk of Nelson (1977) is taken up with 
the production of examples of results that are easily proven in IST 
but whose proof is far more elaborate in conventional mathematics. 
(Similarly, the aim of Nelson (1987) is to show how easy it is to lay 
the foundations for reasonably advanced theory of probability using 
a little bit of nonstandard analysis.) Of course, as Nelson points out, 
Powell’s theorem also establishes that, for the purposes of conventional 
mathematics, one can avoid the methods of IST. 

The discussion to this point still leaves incomplete the task of 
describing a nonstandard model of the real numbers. Rather than 
attacking this task directly, let’s change tack again and describe a quite 
different approach to the construction of a field of numbers that con- 
tains both infinitesimal and infinite elements. 
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(c) Conway Numbers 


Conway (1976) provides an extraordinarily elegant construction of a 
nonstandard field of numbers. I shall first give Conway’s account of the 
construction, and then describe some of the features of the resulting 
field. There are various other ways in which Conway numbers (or, as 
they are sometimes known, surreal numbers) can be represented — as, for 
example, in the work of Knuth (1974) and Gonshor (1986). The field 
No that Conway describes is very large; its domain is a proper class. As 
Conway notes, it is possible to see this construction as a marriage of 
Dedekind’s construction of the real numbers from the rational num- 
bers and Cantor’s construction of the infinite ordinals, as discussed in 
sections 2.2, 2.3, and 2.4 above. 

The construction of the numbers is summarised in a single 
principle: If L, R are any two sets of numbers, and no member of 
L is > any member of R, then there is a number {L|R}. All of 
the numbers in No are constructed according to this principle. The 
first number that is constructed is, of course {|}, where L = R= 9g. 
This number we call 0; it turns out to have all of the properties that 
we would expect 0 to have. 

To facilitate description, we follow Conway in introducing the con- 
vention that, if x = {1|R}, then x = {x!|x*}, where x” and x* are rep- 
resentative elements from L and R. Similarly, we allow ourselves to 
write x = {a, b, c...|d, ¢ f,...}, where a, b, c,...are representative 
elements from L, and d, ¢, f,...are representative elements from R. 
We then make the following definitions: 


x> yiffno x” < yand x<no y". 

x< yiffy> x. 

x= yiffx> yand y> x. 

x> yiff x> yand not y> x. 

xt y= {xi ty, xt yi [x® + y, w+ yh 

-v = {-2|-24} 

wy = {xry + aye — xhyh, xy + ay — xyPlacty + xy® — octyl, 
xy + ayh — xehyh} 


Sa oP A hs ae 


The real-closed field that satisfies these definitions has a very rich — 
and, indeed, remarkable — structure. There are various features of this 
system that make it difficult, at least at first sight, to appreciate just 
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how rich this structure is. One point that must be noted is that, in this 
system, equality is a defined relation: There are many apparently dif- 
ferent definitions that produce the very same number. Consequently, 
we distinguish between the form {ZL |R} and the number that it “repre- 
sents”. Despite this fact, it turns out that the field that has been defined 
is a proper class. 

Following Conway, we shall think of the construction of the numbers 
as a process that happens in stages. At the first stage, as already noted, 
we get the number 0= {|}. At the second stage, we get the numbers 
1= {0|} and -1 = {|O}. At ie third stage, we get the numbers 2 = {0, 
1 |}={1)}, 3 g=101), =s={= 1/0}, and -2= ees At ve fourth 
stage, we get the nn 3={2)}, 3 5 = {1|2}, 3 ={} 3 (ih. 4 z ={0| st, 

P= {—t)0}, —$={-11- 4}, -3={-9]-1), -3={|-2}. And so 


on. At the wth a. - get ar ess as —w={|0, —1, —2, 


1 5 2 13 i 
Beh SOL bb beh SS Cb te Beeld Beh 
1-l={i,3 a z. .|1}, a= {0, 1, 2, 3,. se peenbtite a+) TEVStages We 
aed wie re -(w+1)={|0, : 2,—-3,...,-a}, 5g = 101 ob 
on Calls 5 | 4qore $2-+4+={3,7 ve) ,...(2},2+ += {2/2, me 


Is 


...},@-1={0, 1, 2, 3,...Jo},@ + 1={0, 1, 2, 3,..., o|}. At the 
ai stage, we get such numbers as w.2 = {|—w, — (w + 1), —(@ + 
2),\(@ + 3),...}, a = {0 + in in sxe fe go 10) Ly 2s Saas], 
wo —1,@ —2,0 —3,...},02={0,0+1,0+2,0+4 3,...|}. And so 
forth. Since all of the real numbers defined by Dedekind can be 


defined as Dedekind sections of the dyadic rational numbers — that 


is, numbers of the form ee where mand n are integers — all of the 
standard real numbers, including such numbers as J 2, e, and z, are 
defined by the wth stage. One of the square roots of w is {0, 1, 2, 


3,...|@ . }. Numbers such as 3./ (@ + 1)—7/o are eventu- 


ally constructed. 
Proving that No forms a totally ordered field requires some work. 
Conway shows that the definitions of order, equality, addition, nega- 
tion, and multiplication yield all of the standard properties and that 
order, equality, addition, negation, and multiplication interact as they 
ought. Conway notes that we can define y = {0, [1+(x" — x) y/]/x*, 
LL + (2% — x) v8] xh [1 + (xc! = x) 9] foe’, [1 + (x? — x) 9] /x?}, and show 
that yisa number such that xy = 1. Thus, division can also be defined 
for No. With more work, it can be shown that there is a good sense 
in which No contains both the real numbers and the standard infinite 
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ordinals. It can also be shown that every number has a unique ‘normal 
form’ expression of the form 2’ <, wP .rg, Where @ is an ordinal, the 
yp(B <a) are nonzero reals, and the numbers yg form a descending 
sequence of numbers (and that every expression of this form denotes 
a number). 

Following the construction of No, Conway proposes that we can 
consider Dedekind sections of No itself. Following Conway out onto 
“the ice”, we consider & = [L|R], where Land Rare disjoint, and No 
is the union of Land R. If & is a gap and x is a number, then x + Eis 
the gap [x + L| x + R], — Bis the gap [—R| —L] and § is the gap 
[L’| R’], where L’ contains all numbers o!.sand R’ all numbers w".s for 
le L, r€ Rand s any positive real number. 

On is the gap [No|] at the end of the number line; 1/On is the 
gap between 0 and all positive numbers; oo is the gap between the 
reals and the positive infinite numbers; + is the gap between the 
infinitesimals and the positive reals. (All gaps have one of the following 


two forms: }\gcon @*B.rg and \\g <q rg +@*, where in each case 
xg is a decreasing sequence and each 7 is a nonzero real number, and 
in the second case E is a gap [L’| R’] for which R’ contains all the 
xp(B <a).) 

There is much more to be said about the algebra and analysis of 
Conway numbers. However, we close here with the observation — again 
taken from Conway — that, while it would be possible to use small 
subfields of No as a vehicle for the techniques of nonstandard analysis 
developed by Robinson and Nelson, there is not much point in doing 
so: It is much easier to use the models that Robinson’s work produces 
than it is to try to carve such models out of No. On the other hand, 
it should also be noted that the normal form expressions for Conway 
numbers do suggest a way of thinking about nonstandard models for 
the real numbers: Each number should have an expression of the form 
ys eR org where the rg are standard real numbers, and the numbers 
in the model should collectively form a field. 


(d) Finite Mathematics 


I learnt about the work of Mycielski (1981; 1986) from Lavine (1994); 
I shall follow Lavine’s presentation of these ideas fairly closely. The 
basic result that Mycielski derives is that, for any set T of sentences, 
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there is another set of sentences Fin(7) that has certain important 
finitary properties: In particular, if Tis a consistent theory, then Fin(T) 
is a theory in which every finite set of sentences has a finite model. 
Moreover, when we turn our attention to ZFC, we can show — using 
only finitistically acceptable methods — that ZFC is consistent iff every 
finite subset of Fin(ZFC) has a finite natural model. (We explain later 
exactly how this claim is to be interpreted.) 

Suppose we begin with a theory T that is couched in the language 
of first-order predicate calculus. Then the vocabulary of Fin(7) will 
be the vocabulary of T together with monadic predicate symbols 2 ;, 
q€ Q. (Roughly, 2 ,x will be true if x belongs to a suitable indefinitely 
large — but nonetheless finite — domain of objects.) 

We shall say that a formula @g of the language of Fin(T) is regular 
iff (1) it is bounded, that is, it contains no quantifiers that are not 
restricted by the Q,; and (2) if 2, occurs with the scope of a quan- 
tifier that is restricted by 92, in g, then p< q. We shall also say that a 
formula ¢ of the language of Fin(7) is a relativisation ofa formula w of 
the language of T iff y can be obtained from ¢ by deleting all of 
the bounds or restrictions, that is, by changing (Ax: 2x) to (Ax) and 
(Wx: §2,x) to (Vx), for all variable x and all subscripts p, wherever they 
occur in @. 

Roughly, each instance of each of the following schemas is an axiom 
of Fin(T); more exactly, the predicate Fin( 7) holds of any instance of 
each of the following schemas: 


1. yc, for each constant symbol cin the vocabulary of T- 
(Vx1: 2 x1) sb (Wi: Q pXn) 2 q (x1 ...X»), for each function sym- 
bol fin the vocabulary of T, and p< 4g. 

3. (Wx: Qyx) 24x, for p< q. 

4. (Wx: Qyx1) 2. (WXy? LQ pxXn) (Wx: 29x) <> (Vx: 2,x)Q) for p< q, 
p<vy, r<s for all ssuch that 92, appears in g, g regular, and the 
free variable of g among x, x1,..., Xn. 


Intuitively, these axioms give necessary and sufficient conditions for 
the 92, to be indefinitely large, and for 2, to be indefinitely large with 
respect to 2, whenever p< q. 

We shall say that an occurrence of a quantifier in a formula is 
general iff either the quantifier that occurs is universal and it occurs 
in the formula positively or the quantifier that occurs is existential 
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and it occurs in the formula negatively. (For formulae that contain no 
occurrences of — and <>, an occurrence of a quantifier is negative iff it 
lies in the scope of an odd number of negation signs, and positive iff it 
is not negative. The extension of this definition to the excluded cases 
is straightforward but tedious.) We shall say that an occurrence of a 
quantifier in a formula is restricted iff either the quantifier that occurs 
is existential and it occurs in the formula positively or the quantifier 
that occurs is universal and it occurs in the formula negatively. Finally, 
we shall say that a formula ¢ in the language of Fin(T) is semi-regular iff 
(1) every quantifier in g is bounded bya {2,; (2) for all q, if 2, occurs 
in the scope of a quantifier bounded by 2), then p < g and (3) for 
all g, if 2, occurs in the scope of a quantifier bounded by 92, and 2, 
is the bound of a quantifier, and the occurrences of the quantifiers 
bounded by 2, and 2, are of distinct types — that is, one is general 
and the other is restricted — then p< gq. 

Fin(T) consists of Axioms (1) to (4), together with semi-regular 
relativisations of the sentences of 7. The key results about Fin(7) are 
the following two theorems, each of which can be proven in a primitive 
recursive system that is widely agreed to be free of any non-finitary 
commitments. 


Theorem 1: If y is a sentence in the language of Tand 9’ is a regular 
relativisation of g, then g is a theorem of Tiff g’ is a theorem of 
Fin(T). 

Theorem 2: Tis consistent iff every finite subset of Fin(7) has a finite 
model. 


There two results do not guarantee that, in general, a theory Tis 
consistent iff every finite subset of Fin(7) has a finite and intuitively 
reasonable — that is, natural — model. Moreover, as Lavine (1994: 277) 
argues, it seems that one cannot get this stronger general result using 
finitistically acceptable methods. However, when we turn out attention 
to Fin(ZFC), we find that we can get this stronger result for a plausible 
definition of natural models of Fin(ZFC). 

Before we describe Fin(ZFC), we need some definitions. A set is 
pure iff it, and its members, and their members, and so on, are free of 
ur-elements. A set is hereditarily finite iff it, and its members, and their 
members, and so on, are finite. A set is an Afpsetiffitis both hereditarily 
finite and pure. 
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The vocabulary of Fin(ZFC) consists of a binary relation symbol = 
for identity; a binary relation symbol € for membership; a constant 
symbol ¢ for the empty set; a binary function symbol ; for the “union 
with singleton” function — x; y is thus equivalent to x U {y} - and the 
unary predicate symbols 92,, p € Q for indefinitely large hfpsets. 

The axioms of Fin(ZFC) consists of Axioms (1) to (4) above — the 
axioms of indefinitely large size — together with some appropriate 
axioms for identity, and semi-regular relativisations of the axioms of 
ZFC, including the definitions of g and ;. The most interesting axiom 
of Fin(ZFC) is the Axiom of a Zillion — the semi-regular relativisation of 
the Axiom of Infinity in ZFC — which says that (dx: Qox) (9g € x & (Vy: 
219) (y € x 9; y € x). Intuitively, this axiom says that the {2s are not 
transitive: There are numbers that are ‘available to us’, but that are 
not ‘available to us from below’. 

Let us say that a model of a set of sentences in Fin(ZFC) is a finite 
natural model iff the elements of the model are hfpsets, and ¢, €, and ; 
are given their intended interpretations in the model. The key result 
that can be proven, using finitistically acceptable methods, is this: 


Theorem 3: ZFC is consistent iff every finite subset of Fin(ZFC) has a 
finite natural model. 


One might have hoped to be able to show that Fin(ZFC) has a finite 
natural model. While this cannot be done, it seems right to follow 
Lavine (1994: 306n55) in observing that it is hardly in the spirit of 
finite mathematics to ask for such a model (even though it is very 
much in the spirit of ordinary set-theoretic mathematics to ask for a 
standard model of ZFC). 

One of the most interesting general points that arises is that 
the Mycielskian theory of indefinitely small quantities turns out to 
have numerous points of contact with the ideas that Leibniz used in 
developing the theory of calculus. Finite mathematics is yet another 
nonstandard way of doing analysis that delivers back the very same 
range of mathematical results and mathematical tools, though often 
in a form that is intuitively easier to grasp. 


Some Cases Discussed 


There are various different strategies that friends of large and small 
denumerable, physical infinities can pursue in the face of the prob- 
lem cases presented in the first chapter of this book. Perhaps the single 
most important strategy that friends of large and small denumerable, 
physical infinities can pursue is simply to outsmart! those who present 
these problem cases for consideration: In many cases, these allegedly 
absurd situations are just what one ought to expect if there were large 
and small denumerable, physical infinities. Another important strat- 
egy that crops up repeatedly is consideration of the effects of altering 
the order of quantifiers in an apparently problematic claim. However, 
it is important to recognise that there are other strategies that need to 
be pursued as well: Some of the details of the stories embody genuine 
confusions that need to be cleared up. No one — whether friend or 
foe of large and small denumerable, physical infinities — wants to deny 
that it is possible to tell inconsistent stories about large and small denu- 
merable, physical infinities. It is, after all, possible to tell inconsistent 
stories about anything you please. The question at issue is whether 
it is possible to tell consistent stories involving large and small denu- 
merable, physical infinities — and so the allegedly problematic cases 


' Outsmart, v. To embrace the conclusion of one’s opponent's reductio ad absurdumargu- 
ment. “They thought they had me, but I outsmarted them. I agreed that it is sometimes 
just to hang an innocent man.” Also smart, v. To argue against someone until what is 
going on in him is like what would be going on in him had he sat on a tack. “That 
smarts!” (Daniel Dennett, The Philosophers’ Lexicon.) 
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before us may need to be amended in order to remove merely extra- 
neous inconsistencies, 


3.1 AL-GHAZALI’S PROBLEM 


To discuss Al-Ghazali’s objection to large, denumerable, physical infini- 
ties, we need to begin with the distinction between ordinal and car- 
dinal numbers. Remember that ordinal numbers are used to order 
sequences of things, whereas cardinal numbers are used to quantify, 
to say how many things of a given kind there are. In finite cases, ordi- 
nal numbering and cardinal numbering ‘coincide’: No matter how 
you order the things that you count, the final ordinal at which you 
arrive gives you the cardinal number of the collection. So, for exam- 
ple, if I have six apples, I can count ‘first apple’, ‘second apple’,..., 
‘sixth apple’ in any order, and arrive at the conclusion that there are 
six apples in the collection. Moreover, in finite cases, any proper subset 
of a set must have fewer members than the set. If I take some — but not 
all — of the apples, then I must take somewhere between one and five 
apples. However, as we learned in our discussion of Cantor’s paradise, 
infinite collections are different: In infinite collections, ordinal num- 
bering gives different results depending on the order in which the 
members of the collection are taken; consequently, it is not possible 
to read off the cardinal number directly from any ordinal numbering 
(there can be no ‘coincidence’ between ordinal and cardinal num- 
bers). Moreover, according to Cantor, the principle that any proper 
subset of a set must have strictly smaller cardinality than the set should 
be given up. 

Now, consider the case that is described. There is a natural way of 
assigning ordinal numbers to the revolutions of the earth and Jupiter — 
based on the natural way of assigning ordinal numbers to succeeding 
years — according to which, in finite cases, the earth makes thirteen 
times as many revolutions as Jupiter does (i.e., according to which 
the cardinal number of revolutions of the earth is thirteen times the 
cardinal number of revolutions of Jupiter). Perhaps there are other 
(less natural) ways of assigning ordinal numbers to the revolutions of 
the earth and Jupiter according to which there can be any relation one 
pleases between the cardinal numbers of revolutions of the earth and 
Jupiter in finite cases — that is, perhaps we can gerrymander the notion 
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of ‘same time interval’ in any manner we please — but nonetheless it 
does seem straightforwardly true that the earth makes thirteen times 
as many revolutions as Jupiter (on average). 

Once we move to the infinite case, however, things are quite dif- 
ferent. Since there is no ‘coincidence’ between ordinal and cardinal 
numbers, the fact that the natural ordering entails that the cardinal 
number of revolutions of the earth is thirteen times the cardinal num- 
ber of revolutions of Jupiter in finite cases (on average) has no bearing 
at all on the question of the relation between the cardinal number of 
rotations of the earth and Jupiter in the infinite case. To answer the 
question ‘How many rotations does planet x make in infinite time?’, 
we need a notion of cardinal numbers that is appropriate in the infi- 
nite case. Cantor’s suggestion is that collections that can be put into 
one-one correspondence are the same size (i.e., have the same cardi- 
nality). Since the rotations of Jupiter and the rotations of the earth can 
be put into one-one correspondence with the integers (and, indeed, 
with one another), it turns out that — under Cantor’s criterion — the 
cardinal number of rotations of the earth and Jupiter in infinite time 
is the same, viz Xo. So, on Cantor’s account, it turns out that the earth 
and Jupiter make the same number of rotations in infinite time. 

I suppose that one might be tempted to object that, on the Canto- 
rian theory, it must be true that the earth makes thirteen times as many 
rotations as Jupiter, since 13.X%9 = Xo. But, of course, if we take this line, 
then we have just as much reason to say that the earth makes n times as 
many rotations as Jupiter (for any n € N), and just as much reason to 
say that the earth makes 1/n times as many rotations as Jupiter (for any 
n € N). Consequently, if we take this line, then there is nothing left of 
Al-Ghazali’s objection to large, denumerable, physical infinities. Since 
the cardinality of each of the sets of rotations is No, there is one strict 
sense in which the two planets make the same number of rotations in 
infinite time. But since for finite N, N.Xo = Xo, there is another (less 
strict) sense in which no sentence of the form ‘in infinite time, the 
earth makes N times as many rotations as Jupiter makes’ is false —- and 
yet there is nothing contradictory or objectionable about this fact. 

Perhaps it will be objected that there must be something more to the 
idea that the earth makes thirteen times as many rotations as Jupiter 
even in infinite time. For consider the limit as ¢ tends to infinity of the 
cardinal number of rotations made by the earth in period ¢ divided by 
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the cardinal number of rotations made by Jupiter in period /, that is, 
lim;+oo (rotations of earth in time // rotations of Jupiter in time @). 
Plainly, that limit is 13; and surely this shows that the earth makes 
thirteen times as many rotations as Jupiter, even in infinite time. 

There is no disputing that this limit is, indeed, thirteen. Moreover, it 
seems reasonable to allow that this argument can be taken to establish 
that there is a good sense in which the earth makes thirteen times as 
many rotations as Jupiter even in infinite time. But, even if so, there 
is no way that this resurrects Al-Ghazali’s objection to large, denumer- 
able, physical infinities — for, at best, we now have one sense in which 
the earth makes thirteen times as many rotations as Jupiter does in 
infinite time, and another sense in which either the earth makes the 
same number of rotations as Jupiter does in infinite time or there 
is no nonarbitrary answer to the question of how many more times 
the earth rotates than Jupiter does in infinite time. Understood in 
this way, Al-Ghazali’s objection simply involves an equivocation on the 
notion of ‘making the same number of rotations as’ — an equivocation 
that is harmless in finite cases, but not in infinite cases. (If you reject 
Cantor’s account of the infinite cardinals, then you actually have no 
justification at all for claiming that the earth and Jupiter make the 
same number of rotations in infinite time, until you provide an alter- 
native — clear and consistent! — account of the cardinal arithmetic that 
is obeyed by infinite collections.) 


3.2 HILBERT’S HOTEL 


If we suppose that signals can travel only at finite speeds, and if we 
suppose that people and hotel rooms have a constant, finite size, then 
we shall not find it difficult to respond to the allegedly problematic 
scenarios that are described in the case of Hilbert’s Hotel. 

Suppose that the hotel is, indeed, full — there are people in every 
room — and that one new guest arrives. There is surely no problem 
involved in placing the new guest in room 1, moving the guest in 
room | to room 2, moving the guest in room 2 to room 3, and so on. 
But, plainly enough, other guests will die (or move out) long before 
they are asked to change rooms. Once this is seen, we can note that — 
for this particular problem, namely, accommodating a new guest in 
a hotel that has no empty rooms — the very same strategy could be 
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used if the hotel were finite but extremely large. Of course, those 
guests who are asked to change rooms in the middle of the night will 
not be happy — but this doesn’t count at all against the feasibility of 
making accommodation time for the new guest by subtracting a small 
amount of accommodation time for each of a large number of already 
accommodated guests. 

The general point to be made here is that mere acceptance of the 
possibility of a hotel with infinitely many rooms does not commit one 
to acceptance of the possibility of manipulating all of the infinitely 
many rooms in a finite amount of time. For all that has been argued 
so far, it might be that one can accept that there can be a hotel with 
infinitely many rooms while also denying that one can accommodate 
a new guest by moving the occupants of room N to room N+ 1 (for 
all N). 

Suppose, for example, that we live on a plain that extends to infinity 
in all directions. Suppose, further, that there is a building, with rect- 
angular cross-section, which has a facade at a given location, and then 
extends to infinity from that facade. The rooms in the hotel may be 
supposed to be assembled into groups of one hundred, each governed 
by its own sub-reception. The sub-receptions, in turn, may be supposed 
to belong to groups of one hundred, each governed by an adminis- 
trative office (the first of which will thus be about 10,000 rooms from 
the facade). These administrative offices, in turn, may be supposed to 
belong to groups of one hundred, and so on.? If a guest turns up to 
the sub-reception nearest to the facade at a time at which there are no 
unoccupied rooms in the hotel, then it may well be possible to accom- 
modate this guest by slightly inconveniencing many other guests — but 
there is nothing at all in this story that forces us to allow that the guest 
can be accommodated by moving the occupants in room N to room 
N+ 1 (forall N). 

Suppose we grant that the hotel might be constructed in such a way 
as to prohibit the various manoeuvres that are taken to be problematic 
by some foes of large, denumerable, physical infinities. Plainly, it does 


2 As we ascend to higher levels of administration, the amount of control that they exert 
will plainly diminish — since it will take longer and longer for signals to pass between 
the units that are joined together) — except, perhaps, over very long periods of time. 
This does not seem to me to amount to a reason for denying that we have a single 
hotel. 
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not follow that the hotel cannot be constructed in such a way as to 
permit these various manoeuvres. For instance, we might suppose that 
the hotel is constructed according to the following plan. The hotel is 
a Skyscraper, in which each floor is half the size of the previous floor. 
Moreover, inside the hotel, things halve in size as they move up from 
one floor to the next; and the elevator — from the standpoint of those 
inside the hotel — doubles its average speed as it passes from one floor 
to the next, as do all other things that are in motion. Given these 
amendments — or, at any rate, given these kinds of amendments — such 
things as the checking out of infinitely many guests can be accom- 
plished in finite time. Of course, there are various ways in which this 
kind of story contradicts known physics — for example, it supposes that 
there is no smallest quantum of energy or matter, that there is no upper 
limit to particle velocities, that matter is stable under arbitrarily large 
accelerations and decelerations, and so forth — but it should not be 
supposed that this is a reason for denying that the envisaged scenario 
is metaphysically possible. 

I have not tried very hard to give a detailed account of a hotel 
that will permit the checking out of infinitely many guests in a finite 
amount of time. While I am fairly confident that this could be done, 
it is not necessary for present purposes. For the foes of large, denu- 
merable, physical infinities clearly face a dilemma at this point. On 
the one hand, if there is a way of carrying out such a detailed account, 
then the friend of large, denumerable, physical infinities wins by out- 
smarting his foes: There can, after all, be a hotel in which infinitely 
many new guests are accommodated, even though all rooms are full, 
via the simple expedient of moving the guests in room N to room 2N 
(for all N). On the other hand, if there is no way of carrying out such 
a detailed account, then the friend of large, denumerable, physical 
infinities wins by claiming that, despite the fact that there can be a 
hotel with infinitely many rooms, the various manoeuvres that the foe 
of large, denumerable, physical infinities takes to be impossible are, 
indeed, impossible. 


3.3 CRAIG’S LIBRARY 


The case of the infinite library is due to Craig (1979a). According to 
Craig, the kinds of questions that he raises about the infinite library 
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are sufficient to establish that there could not be a large, denumerable, 
physical infinity. While the details of the case do not raise any issues 
that do not also arise in the case of Hilbert’s Hotel, there will be some 
value in looking more closely at the details of Craig’s arguments. 

The first point that Craig makes is that we would not believe some- 
one who told us that there is a library that contains a large, denumer- 
able infinity of books. Suppose, for example, that all of the books in the 
library are either red or black, and that the books alternate in colour 
so that it is never the case that there are two red books that are adja- 
cent on a shelf, and it is never the case that there are two black books 
that are adjacent on a shelf. Craig asks: “Would we believe someone 
who told us that the number of red books in the library is the same 
as the number of red books plus the number of black books?’ If we 
believe that the library contains a denumerable infinity of red books 
and a denumerable infinity of black books — which is easy enough to 
believe if we believe that there can be a library that contains a large, 
denumerable infinity of books — then there is no difficulty at all in 
believing that the number of red books in the library is the same as 
the number of red books plus the number of black books; after all, this 
is just what consistency requires! So the question that Craig raises here 
is merely whether we could believe that there is a library that contains 
a large, denumerable infinity of books. If we take this to be a question 
about what it could be reasonable for us to believe, then it is not clear 
that it should be given an affirmative answer; it clearly requires work 
to describe circumstances in which one has good reason to believe 
that a library contains a denumerable infinity — as opposed to a very 
large finite number — of books. However, our primary question is about 
whether there could bea library that contains a denumerable infinity 
of books — and the answer to that question does not turn at all on 
whether it is possible for us to have good reason to believe that there 
is a library that contains a denumerable infinity of books. If someone 
were to say to me that there is a library that contains a denumerable 
infinity of books, I would reject their testimony, but that does not in 
any way commit me to the claim that there could not be a library that 
contains a denumerable infinity of books. 

The second point that Craig makes is that there are certain kinds of 
denumerable collections to which no addition is possible. Suppose, for 
example, that each book in the library has a unique natural number 
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printed on its spine. Then, plainly enough, it is impossible to add a 
new book to the library, subject to the condition that this new book 
also have a natural number printed on its spine, since all of the natu- 
ral numbers have already been used in the numbering of the books. 
However, it should not be supposed that this point somehow entails 
that it is impossible to add new books to the library, for we could sim- 
ply use a different system of identification for the newly added books. 
(For example, we might label the new books: ‘Al’, ‘A2’, ‘A3’,....) 
Furthermore, it should not be supposed that the correct point some- 
how entails that it is impossible to add new books to the library subject 
to the constraint that each book in the library is labelled with a dis- 
tinct natural number, unless we have some reason to suppose that it 
is not possible to remove all of the existing labels, and then to apply 
new labels to all of the books in the collection. If, for example, we 
suppose that the books in the library are arranged on a single shelf 
that stretches out to infinity, then, on plausible assumptions, there will 
be no way of relabeling all of the books in the library in finite time. 
But there is nothing in this consideration to support the conclusion 
that there cannot be large, denumerable, physical infinities. 

The third point that Craig makes is that, if it is possible to make addi- 
tions to infinite collections, then surely the library holdings increase 
when more books are placed on the shelf (or shelves). (‘We can see 
ourselves add and remove the book — are we really to believe that when 
we add the book there are no more books in the collection and when 
we remove it there are no less books in the collection?’) Here, we need 
to guard against a tempting equivocation. Given that the collection of 
books is denumerably infinite, adding a further book results in a new 
collection that is also denumerably infinite. So, the cardinality of the 
library collection does not change on the addition of a new book. But 
it does not follow from this that there was no addition to the library 
holding when the new book was added to the collection. After all, 
when we map the new holding to the old under a mapping that takes 
each book present in both collections to itself, we find that there is 
one book in the new collection that was not present in the old (and no 
book present in the old collection that is not present in the new) — and 
so, exactly as we supposed, it turns out that there has been an addition 
to the library holding! In the finite case, change in cardinality of hold- 
ing is a sufficient (but not necessary) condition for change in holding; 
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but this is not so in the infinite case. However, in both the finite and 
infinite case, there is change in holding exactly if either there is some 
book initially present but subsequently absent or there is some book 
initially absent but subsequently present. 

The fourth point that Craig makes is that, if we suppose that we 
can remove all of the odd-numbered books from the collection, then 
surely we shall need to suppose that our shelf will remain full after we 
‘push the books together to close the gaps’ once the infinitely many 
odd-numbered books are removed. This is plainly not so. If we suppose 
that we can remove and reshelve all of the books in the collection, then 
we can reshelve our initial collection with any finite amount of initial 
shelf space free. (For example, we can put book ‘1’ where book ‘N’ is, 
for any ‘N’, and then shelve the rest of the books in order, going off 
to infinity.) What happens after we ‘push the even numbered books 
together’ depends on the precise details of our ‘pushing’: We can, if 
we wish, fill the shelf; or we can, if we wish, leave any finite initial part of 
the shelf empty. Of course, as we noted previously, it might be that it is 
impossible to remove all of the odd-numbered books from our shelf - 
and it might be that it is impossible to ‘push’ all of the even numbered 
books together when the odd numbered books are removed — even 
though it is possible for there to be a library with infinite holdings. (It 
is uncontroversial that we can expand the case to make these things 
impossible; it is much more controversial whether we can expand the 
case to make these things possible. While I shall go on to insist that 
there is no good argument for the claim that these further things are 
impossible, I don’t need to rely on that further insistence here.) So 
our outsmarting response to Craig is carefully tempered: The mere 
existence of a library with a countable infinity of books does not entail 
the further consequences that Craig here finds absurd. 


3.4 TRISTRAM SHANDY 


There is already a very large literature about the “Tristram Shandy 
case’. The puzzle, in the form in which I presented it above, is due to 
Craig (1979a). Russell (1903) gave the title ‘Tristram Shandy paradox’ 
to the observation that, if Tristram Shandy were to commence writing 
now and to take one year to account for one day of his life, no part of 
his biography need remain forever unwritten, provided that he lives 
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forever and does not weary of his task. While one might think that 
limitations of memory, and so forth, would eventually defeat Tristram 
Shandy — since, as time goes by, the number of days lived but not yet 
written about continues to increase without limit — it is clear that this 
kind of consideration does not provide a reason for claiming that there 
cannot be any large, denumerable, physical infinities. In particular, it 
should be noted that this objection depends on the assumption that 
human memory is essentially finite. At least for all that has been argued 
here, we have been given no reason to suppose that it could not be the 
case that time is infinite in extension even though no human being 
lives for more than a fixed finite number of years. 

Craig’s own puzzle confronts a very different kind of difficulty. It is 
true that, if Tristram Shandy has always been writing his autobiography 
at the rate of one day per year, then he cannot now put down his pen, 
with his autobiography completed. Moreover, the reason for this is the 
one that Craig gives: Given that it takes Tristram Shandy 365 days to 
write about one day, it is impossible for him to have completed his 
account of the day on which he puts down his pen. However, given the 
assumptions in play, it is simply a mistake to suppose that, if Tristram 
Shandy has been writing from infinity past, then it is possible for him 
to have finished writing his autobiography. No matter how long we 
suppose Tristram Shandy to have been writing, there is no way that 
he can put down his pen with his autobiography completed. Since 
no sensible friend of large, denumerable, physical infinities would 
suppose otherwise, there is no genuine challenge here to be met.° 


3 There is a sense in which Craig (1991: 396) concedes the point that is argued here. 
However, he goes on to insist that it is no less problematic to suppose that Tristram 
Shandy is still writing his autobiography, having been writing in the usual way from 
eternity past — and that this new ‘paradox’ really does show that an infinite series of 
past events is absurd. (“At any point in the past or present. ... Tristram Shandy has 
recorded a beginningless, infinite series of consecutive days. But now the question 
inevitably arises: which days are these? Where in the temporal series of events are 
the days recorded by Tristram Shandy at any given point? The answer can only be 
that they are days infinitely distant from the present....What seems to follow from 
the Tristram Shandy story is that an infinte series of past events is absurd.”) Once 
again, the difficulties here cannot be sheeted back to the assumption that there is an 
infinite series of past events. If we suppose that Shandy spends each year writing about 
Christmas Day of the preceding year, then we are not prompted to consider any of 
the questions that Craig raises. On the other hand, as Craig in effect notes, it is simply 
inconsistent to suppose that Shandy is now writing about a particular past day, having 
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(To rule out one possible line of objection to this last claim, let’s sup- 
pose that we have stipulated that Tristram Shandy is nota time traveller 
and that he is not able to record the days of his life before those days 
happen.) 

There are related scenarios that might be taken to pose more of 
a challenge to friends of large, denumerable, physical infinities. Sup- 
pose, for example, that Tristram Shandy takes one year to plan one 
day of his life. If he has been writing ‘from infinity past’, then it seems 
that he can put down his pen, having planned every moment of his 
life to the instant at which he puts down his pen. As in Russell’s case — 
for which the present scenario is a kind of temporal inverse — one 
might worry that the scenario requires that there be no bounds on the 
amount of information that can be stored in Tristram Shandy’s brain — 
since, at earlier times, the days that Tristram Shandy plans are more 
distantly future. However, if this is a legitimate objection, it casts no 
doubt at all on the possibility of an infinite past; that is, it is not an 
objection to large, denumerable, physical infinities per se. 

There is another kind of worry that one might have about the related 
scenario, that seems not to arise in Russell’s original case, and that 
is urged by various commentators, including Craig himself. Suppose 
that, under the related scenario, Tristram Shandy puts down his pen at 
time T. Why does he put down his pen at time 7, rather than at some 
other time? Indeed, given that he has had an infinite amount of past 
time, surely we are entitled to the assumption that he ought to have 
been in a position to put down his pen at any earlier time (since, at 
any earlier time, it would still be true that an infinite amount of time 
had elapsed). Don’t these questions point to a genuine difficulty in 
the suggestion that it is possible that past time is infinite? 

If we suppose that Tristram Shandy won’t put down his pen until 
his planning catches up with his life, then we have an explanation of 


been writing since infinity past — ‘at the rate of one day per year’ — treating the days 
of his life in the precise order in which they occur. Adding further assumptions, we 
can generate an inconsistency from the claim that there is an infinite series of past 
events — but, of course, this is true of any other claim that you care to consider, and in 
itself does nothing towards showing that it is impossible for the series of past events to 
be infinite. What follows from (this part of) Craig’s discussion of the Tristram Shandy 
story is that, if the series of past events is infinite, then there isn’t anyone who has 
always been writing his autobiography at the rate of one day a year, treating the days 
in the order in which they occurred. 


Some Cases Discussed 59 


why he puts down his pen at time 7: It is because his writing has always 
been converging on T that he puts down his pen at T. (That is, at all 
times, it has been true that, if Tristram Shandy sticks to his writing 
schedule, then he will put down his pen at 7; having planned every 
moment of his life up until 7:) In order for him to put down his pen at 
some other time 7", his writing would need to have been converging 
on that other time. Given that his writing has always been converging 
on T, the fact that he has been writing ‘from infinity past’ gives us no 
reason at all to think that he ought to have been able to lay down his 
pen at some earlier time 7”. 

Perhaps it might be objected that the explanation just given is unsat- 
isfactory, because no reason has been given — and, moreover, no reason 
can be given — why Shandy’s writing has always been converging on T 
rather than on some other time 7’. Even if we were to accept the 
implausible suggestion that there is no way to consistently extend the 
Tristram Shandy scenario currently under examination so as to include 
an explanation of why Shandy’s writing has always been converging on 
T rather than on some other time 7”, it is not clear that this would be a 
serious difficulty for friends of large, denumerable, physical infinities. 
Why not suppose that this is a brute feature of the scenario, that is, 
a feature that has no explanation? True enough, if we make this sup- 
position, then we are rejecting certain kinds of principles of sufficient 
reason — but, at the very least, it is highly contentious whether any 
of those principles of sufficient reason is acceptable. If there can be 
brute contingent truths, why shouldn’t it be a brute contingent truth 
that Shandy’s writing has always been converging on T rather than on 
some other time 7’? 


3.5 COUNTING FROM INFINITY 


Suppose you came across an elderly person saying “..., 5, 4, 3, 2, 1, 
0, finished”, and, upon inquiry, you were told that this person had 
just finished counting backwards from one billion (without skipping 
any of the natural numbers between one billion and one). Would you 
believe them? I hope not! There are 28,800 seconds in eight hours. 
Consequently, even a very assiduous counter could not be expected 
to get through more than about 25,000 numbers a day. Hence, an 
assiduous counter would need 40,000 days — that is, about 109 years — to 
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count backwards from a billion. Since the maximum age to which 
people have lived is about 120 years, we do not even need to appeal to 
considerations about plausible desires and plausible lives in order to 
rule out the suggestion that someone has actually counted backwards 
from a billion. (Even if — most implausibly — someone had the strongly 
resilient, overwhelming desire to count backwards from a billion, there 
is very little chance that he or she would succeed in this venture.) 
Moreover, if you are sceptical about the details of this calculation, 
consider instead the claim that someone has counted backwards from 
one trillion (or from some much larger number, such as one googol): You 
won't need to search very hard to find a number Nsuch that you will 
reject out of hand the claim that someone has successfully counted 
backwards from that number.* 

In view of the above considerations, we can certainly agree with the 
judgment — often attributed to Wittgenstein — that if we came across 
a person saying “..., 5, 4, 3, 2, 1, 0, finished”, we would immediately 
dismiss the suggestion that this person had succeeded in counting 
backwards from infinity. After all, if we reject out of hand the claim 
that someone had successfully counted backwards from some num- 
ber N, then consistency alone requires that we reject out of hand the 
claim that someone has successfully counted backwards from infin- 
ity. However, these considerations also show that we cannot conclude, 
from our disposition to reject out of hand the claim that someone 
has counted backwards from infinity, that it is impossible that a being 
should succeed in counting backwards from infinity. While we reject 
out of hand the claim that someone has successfully counted back- 
wards from N, we are in no doubt about the possibility that a being 
should successfully count backwards from JN; we can describe the kinds 
of circumstances that would be required to make such an outcome pos- 
sible. Consequently, the mere fact that we reject out of hand the claim 


* Lavine (1994: 166) notes that the artist Jonathon Borossky counted to 3,265,772, and 
documented the entire process carefully. (Why did he stop at this number? Lavine 
doesn’t say.) Lavine also notes that Roman Opalka began painting consecutive details 
of “1—oo” in 1965, at that, by 1994, the last detail that he had completed was a canvas 
that included the numbers from 4,776,969 to 4,795,472. Finally, Lavine notes that, 
on July 7, 1992, McDonald’s served its 90,000,000,000th burger, having commenced 
operations on April 15, 1955. In this last case, of course, there is no one person who 
counted all of the burgers. 


Some Cases Discussed 61 


that someone has successfully counted backwards from infinity does 
not give us good reason to hold that it is impossible for there to be 
someone who counts backwards from infinity. 

Of course, even given the above considerations, it may yet be true 
that it zs impossible for there to be someone who counts backwards 
from infinity. We can divide the considerations into two kinds: those 
that would count equally as reasons for saying that it is impossible for 
there to be someone who counts forwards to infinity and those that 
turn particularly on the fact that the counting involves subtraction 
rather than addition. 

Dretske (1965) claims to prove that there are no logical or con- 
ceptual difficulties in the suggestion that someone counts forwards to 
infinity. The key assumptions that are made in the proof are (1) that if 
someone does not stop counting, then he or she does count to infinity 
and (2) that if someone stops counting, then this is because some 
‘purely contingent’ circumstance intervenes. (Examples of ‘purely 
contingent circumstances’ provided by Dretske are mental or phys- 
ical breakdown, e.g., loss of consciousness or paralysis of the vocal 
chords; loss of motivation, e.g., tiredness or loss of interest; or death.) 

The first assumption seems to me to be unproblematic. One counts 
to infinity just in case, for each finite number N, one counts past N. 
But unless one stops counting, one will eventually reach any given 
finite N. Consequently, the key question concerning Dretske’s premises 
is whether it is true that, if someone stops counting, then this is 
because some ‘purely contingent’ circumstance has intervened. If this 
premise is deemed acceptable, then the only remaining question will 
be whether Dretske’s two premises do indeed entail the conclusion 
that there are no logical or conceptual difficulties in the suggestion 
that someone counts forwards to infinity. 

As we have already noted, it is not clear that it is true that there are 
only ‘purely contingent’ limitations on the ability of agents to keep 
on counting. Suppose, for example, that there cannot be an agent 
with unlimited information storage and information processing capac- 
ities. Then, plausibly, while it may be true that, for each N, there is an 
agent who can count up to NW, it will also be true that there can be no 
agent of whom it is true that, for each N, the agent can count up to 
N. If we consider a particular agent, G, it may well be true that it is 
merely a contingent fact about G that it has the particular limitations 
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on information storage and information processing that it in fact has. 
Consequently, it may well be true that there is a good sense in which it 
is a ‘purely contingent’ matter that this agent is unable to continue to 
count beyond the point that is sanctioned by the particular limitations 
on information storage and information processing to which the agent 
is subject. Nonetheless, it is nota ‘purely contingent’ matter that it is 
not true that, for all N, this agent is able to continue to count past N: 
The agent must have some limit, even though there is no particular 
limit that the agent must have. 

The upshot of this discussion is that Dretske’s argument fails. 
Depending on how we interpret the claim that ¢f someone stops count- 
ing, then this is because some ‘purely contingent’ circumstance intervenes, we 
shall say either that the second premise of the argument is false or 
that the conclusion of the argument fails to follow from the premises. 
Of course, if we are prepared to defend the claim that there can be 
agents with unlimited information storage and information processing 
capacities, then we shall have reason to revisit Dretske’s argument.? 
(Alternatively, we might contest the claim that counting (forwards) 
makes ever-increasing demands on information storage and informa- 
tion processing. If our person is merely reading digits as they appear 
on a screen: “one, two, three, four, five, six, seven, eight, nine, one, 
zero, one, one, one, two, one, three, one, four,...”, then this kind of 
objection to the claim that there can be an agent who counts forwards 
to infinity will lapse.) 

Even though Dretske’s argument fails, there might be some other 
way of establishing that there are no logical or conceptual difficulties 
in the suggestion that someone counts forwards to infinity. Moreover, 
even if there is no other way of establishing that there are no logical or 
conceptual difficulties in the suggestion that someone counts forwards 
to infinity, it may be that there are no logical or conceptual difficulties 
in the suggestion that someone do something very much like counting 
forwards to infinity. (Compare the suggestion at the end of the previous 


5 If, for example, we are prepared to allow that an agent can be constituted by an 
infinite series of subagents, then the kind of construction that we consider in our 
discussion of the pi machine suggests ways in which we might rehabilitate a variant 
of Dretske’s position. Grinbaum (1968: 402-3) provides an interesting discussion of 
the construction of a machine — the Peano machine- that recites all of the natural 
numbers in a finite period of time. 
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paragraph.) However — as noted above — even if something very much 
like counting forwards to infinity turns out to be unproblematic, it 
remains highly doubtful whether anything like counting backwards 
from infinity is similarly unproblematic. All of the kinds of objections 
that were raised in connection with the Tristram Shandy case will arise 
here as well; we shall need a detailed examination of principles of 
sufficient reason in order to determine whether we should allow that 
it is possible that there be a creature that does something much like 
count backwards from infinity. 


3.6 INFINITE PARALYSIS 


2, 


There has been considerable recent interest in Benardete’s “paradox 
of the gods” and variants thereof. (See, e.g., Priest (1999), Perez- 
Laraudogoitia (2000; 2003), Yablo (2000).) At first sight -—and perhaps 
not only at first sight! — these cases do seem to lend strong support to 
the claim that there cannot be large and small denumerable, physical 
infinities. 

In the case of the initial scenario that we presented, one good ques- 
tion to ask concerns the mechanism by which the intentions of the gods 
will be carried out. Suppose it works like this: Each god erects a ‘force 
field’ at the appropriate radius from the point (or volume) at which 
Achilles begins. The effect of this force field is to instantaneously paral- 
yse anyone who comes into contact with it. Then we have a continuous 
volume of force field around Achilles, not including the closed vol- 
ume that ends with his outer surfaces. And the effect of this volume of 
force field is to paralyse Achilles just as effectively as the corresponding 
force field that contains no ‘internal hole’ would. (‘Paralysis’ here just 
means ‘state of being rendered incapable of motion’.) Once we allow 
that force fields, and so on, can be located precisely down to the level of 
open and closed regions — so that a force field can extend throughout 
an open region without extending through the closure of that region — 
it seems that we are bound to allow the possibility of the kinds of effects 
that are described in Benardete’s example. So this seems to be a good 
case in which the defender of the possibility of large and small denu- 
merable, physical infinities should just outsmart opponents: What else 
would you expect? (Of course, there might be some other mecha- 
nism by means of which the intentions of the gods will be carried out. 


64 Philosophical Perspectives on Infinity 


For instance, we might postulate that there is instantaneous action at 
a distance or that there is no bound on the speed with which the gods 
can act: The gods are all seeing, all-knowing, and very quick indeed. 
But, to the extent that there is anything more mysterious about other 
ways of filling out the case, it seems to me that that must be a product 
of the details of the filling out of the case — action at a distance is 
pretty mysterious! — that raises no particular difficulties for the claim 
that it is possible that there are large and small denumerable, physical 
infinities. Plainly, you can tell mysterious stories involving infinities if 
those stories involve independently mysterious objects and properties, 
but those stories give you no special reason to think that infinities are 
mysterious. ) 

Priest (1999) introduces a variant of Benardete’s case in which — as 
Perez-Laraudogoitia (2003) observes — the field of force is indepen- 
dent of position and acts only on particles at certain instants of time 
(whereas, in Benardete’s original case, the field of force is indepen- 
dent of time and acts only on particles in certain positions). Suppose 
that a particle is moving with constant velocity v when ¢ < 0. The first 
god decides to stop the particle at ¢= 1/2, wherever the particle is, if 
it is not already at rest. The second god decides to stop the particle 
at ¢ = 1/4, wherever the particle is, if it is not already at rest. ... The 
nth god decides to stop the particle at = 1/2”, wherever the particle 
is, if it is not already at rest. In this case, the particle is halted at t= 0 
at the place — wherever it is — that it has reached while moving at 
constant velocity when ¢ < 0, even though there is no particular god 
that is responsible for the halting of the particle. If we assume — as 
Priest in effect does — that the particle can be halted only if there is 
a particular god who is responsible for bringing the particle to rest, 
then this version of the story is simply inconsistent. However, as Perez- 
Laraudogoitia (2003) points out, one need not make this assumption; 
one might suppose, instead, that the particle is halted by the collective 
activity of the gods without being halted by the individual activity of any 
one of the gods. Moreover, one can apply this analysis to Benardete’s 
original case as well: We can suppose that the collected intentions of 
the gods bring about the paralysis of Achilles even though there is 
no individual intention of any one of the gods that brings about the 
paralysis. 

Perez-Laraudogoitia (2003) describes an interesting variant of 
Priest’s case that is alleged to avoid the consequence that there is a 
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discontinuous change of state. Suppose that our particle is moving, 
with constant velocity, for some ¢ < 0. The first god decides to bring 
the particle smoothly to rest, if it is not at rest already, in the interval 
[1/2, 1], no matter where the particle is at / = 1/2 and the god decides 
that if the particle is already at rest at ¢ = 1/2, then the god will keep 
the particle at rest throughout the interval [1/2, 1]. The second god 
decides to bring the particle smoothly to rest, ifit is not at rest already, 
in the interval [1/4, 1/2], no matter where the particle is at ¢ = 1/4 
and the god decides that if the particle is already at rest at ¢ = 1/4, then 
the god will keep the particle at rest throughout the interval [1/4, 1/2]. 
The third god decides to bring the particle smoothly to rest, if it is not 
at rest already, in the interval [1/8, 1/4], no matter where the parti- 
cle is at ¢ = 1/8 and the god decides that if the particle is already at 
rest at = 1/8, then the god will keep the particle at rest throughout 
the interval [1/8, 1/4]....The nth god decides to bring the particle 
smoothly to rest, if it is not at rest already, in the interval [1/2”, 1/2”—1] 
no matter where the particle is at ¢= 1/2”; and the god decides that 
if the particle is already at rest at ¢ =1/2”, then the god will keep the 
particle at rest throughout the interval [1/2", 1/2”—!]....Given that 
the gods succeed in carrying out their intentions, the particle will be 
at rest for all ¢ > 0. Since the particle has a constant velocity for some 
t < 0, the assumption that there can be no discontinuous changes of 
state in physical systems will require us to suppose that there is an ¢ > 
0 such that, in the interval (—e, 0), the particle comes smoothly to rest 
at t= 0. If we suppose that the nth: god establishes a force field where 
the particle would be if the particle continued to move with constant 
velocity until ¢= 1/2”, then the result is that the combined activity of 
the gods is to establish a force field whose sphere of activity extends 
to where the particle would be at (= —e, even though the activity of 
each god alone would establish a force field whose sphere of activity 
is restricted to where the particle would be for some ¢ > 0. 

There are various responses that friends of large and small denu- 
merable infinities might make to Perez-Laraudogoitia’s new puzzle. If 
we are serious in our determination to avoid discontinuities in physical 
quantities, then I think that we shall insist that the magnitude of the 
force field cannot be unbounded at any point. Consequently, it seems 
that we shall insist that it cannot be that there is an infinite sequence 
of feasible actions that, for each n, see the particle brought to rest 
in the interval [1/2”, 1/2”']. If there is to be an infinite sequence 
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of feasible actions, then these actions will see the particle brought to 
rest in intervals [—e + 1/2”, 1/2”"!]. for sufficiently large n; and so 
there is no surprise that the force field has a sphere of activity that 
extends to where the particle would be at t = —e. However, while tak- 
ing this course does appear to restore consistency, it also removes 
much of the charm involved in the postulation of large and small 
denumerable infinities: It is precisely because we can have an infinite 
sequence of functions, each continuous at a given point, which has as 
its limit a function that is discontinuous at that point, that large and 
small denumerable infinities have many of the charms that they in fact 
possess. 

If we were to suppose both that there can be large and small denu- 
merable infinities and that there can be no discontinuous changes, 
then it seems (as Perez-Laraudogoitia suggests) that either we shall be 
committed to ‘mysterious retrocausal influence’ or we shall need to 
suppose that the collective action of the gods is impossible even though 
there is no problem with the individual action of any one of the gods, 
nor with the collective action of any finite number of the gods. Since 
neither of these alternatives is particularly attractive — and in view of the 
considerations mentioned in the previous paragraph — it seems to me 
that there is no good reason for friends of infinities to be opposed to all 
kinds of physical discontinuities. Rather, at worst, friends of infinities 
should be prepared to discriminate, and to countenance supervenient 
discontinuities of the kind that appear in Perez-Laraudogoitia’s puz- 
zle. Whether friends of infinities might reject nonsupervenient (or 
categorical) discontinuities is a matter that we shall not inquire into 
further at this point.® 


3.7 STICK 


Suppose that the stick is made from gunk, that is, from nonatomic 
matter. Then there is no problem with the suggestion that the stick is 
composed from uncountably many nonoverlapping parts. Moreover, 


6 Perhaps it might be more accurate to speak of ‘constituted discontinuities’. The intu- 
itive idea is that, while As are wholly constituted by — or logically supervene on — Bs, 
there are discontinuities at the level of the As, but no discontinuities at the level of 
the Bs. 
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we might suppose, there is no obvious problem with the suggestion 
that the stick might actually be divided into countably many pieces, by 
the application of countably many acts of division. Given that the stick 
is of finite measure — let it be the standard metre, for the sake of an 
example — then all but finitely many of the parts will be of measure 
zero. Perhaps we might go further, and suppose that all of the parts of 
the stick are of infinitesimal measure. However, it is not clear that we 
can go on to suppose that all of the parts of the stick have identical 
infinitesimal measure (and so it is not clear that we can make sense of 
the idea that the parts of the stick are ‘halved’ infinitely many times, 
if this is understood in a very strict sense). 

If we consider the example from a standard Cantorian point of 
view, then we are supposing that the stick is cut into x9 pieces. If the 
pieces were to be all exactly the same size, then each would need to 
have measure 1/xo. But, of course, from the standard Cantorian point 
of view — and even from Conway’s unorthodox point of view — there 
is no such thing as the number 1/79. Perhaps we might try saying 
that, from a nonstandard point of view, the stick could be cut into 
I pieces of measure 4, where J is one of the infinities in Conway’s 
field of numbers, and 4 is one of the infinitesimals. (Perhaps even 
better, we might try saying that the stick is cut into J pieces, each of 
measure 7 where / is one of the infinities in Conway’s field of num- 
bers.) However, given the ‘gap’ between the finite numbers and the 
infinite numbers, it is quite unclear how there could be a fact of the 
matter that the stick had been cut into J pieces rather than J’ pieces, 
for some other infinity /’ in the Conway field of numbers; and it is 
also unclear how it could be true that the stick is cut into / pieces, 
each of measure 7 where J is one of the infinities in Conway’s field 
of numbers, unless there is a fact of the matter about which infinity 
I’ from the Conway field of numbers orders the pieces into which the 
stick is cut. Moreover — and more importantly — this proposal would 
trade on a confusion between ordinals and cardinals: If we have a col- 
lection that can be ordered by the number J from the Conway field of 
numbers, then the collection can be reorganised and ordered by many 
distinct J’ in the Conway field of numbers. So we cannot suppose that 
numbers of the form 7 assign a nonarbitrary measure to the pieces of 
the stick, if Jis merely one of the ordinals from the Conway field of 
numbers. 
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If we suppose that we can divide our metre stick into countably 
many parts of measure zero, there is a question that arises about what 
happens if we put the parts back together under a different arrange- 
ment from that with which we began. Should we suppose that, no mat- 
ter how we organise the parts, we shall always end up with a stick that is 
one metre in length, or should we suppose that we can make a stick of 
any length we choose by appropriate choice of construction? After all, 
if we had started with a stick that was two metres in length, we could 
also have divided it into countably many parts of measure zero. But, 
then, what would be the difference between the countably many parts 
of measure zero that we obtained from the one metre stick, and the 
countably many parts of measure zero that we obtained from the two 
metre stick (particularly if we suppose that there is no non-arbitrary 
way of assigning any infinitesimal measures to the pieces of the 
sticks) ? 

If we suppose that there is no distinction between infinitesimal 
measures, then it seems plausible to think that order matters: We can 
rebuild our one metre stick to any length we please, simply by cutting it 
into infinitely many parts, reordering, and reassembling. If we suppose 
that there is a distinction to be drawn among different infinitesimal 
measures, then we seem led into the difficulties raised in the preceding 
paragraphs. Perhaps, then, we should deny that a stick can be divided 
into countably many infinitesimal pieces, even if the stick is composed 
of atomless gunk, and even if we allow that it is possible for some kinds 
of infinite processes to be carried out in finite time. Of course, there is 
no obvious difficulty with the suggestion that the stick be divided into 
countably many pieces: Suppose that the stick has a diameter of 1 cm 
at one end (which we shall say is one metre from our origin) and goes 
smoothly to diameter 0 cm at our origin. We begin with a cut at 0.5 cm 
from our origin at 0.5 seconds to midday, followed by a cut at 0.25 cm 
from our origin at 0.25 seconds to midday, and so forth. Since the stick 
is thinner closer to our origin, we require progressively less force to 
cut it, and hence need less displacement of the knife to cut the stick. 
This process can end, at midday, with the knife at our origin, and the 
stick cut into infinitely many pieces. But, in this case, there is no ques- 
tion of reordering the pieces to produce a different length; it is only 
the suggestion that the stick is cut into countably many infinitesimal 
pieces that makes the original case difficult. 
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3.8 SPACESHIP 


Suppose that space is both Euclidean and infinite: From any point, 
there is no finite limit to the distance that one can travel in any given 
direction, even though any given pair of points are only finitely far 
apart. Can it be that a spaceship, beginning from a given point, and 
travelling in a single straight line, covers one kilometre in the first half 
minute, one kilometre in the next quarter minute, ..., one kilometre 
in the next 1(2”th minute,...? It would seem not, for there is no 
point, only finitely far from the starting point, which can be a limit for 
the (divergent) process that has been described. If this is right, then — 
before we turn our attention to other divergent quantities (e.g., speed, 
acceleration, force) — we already have sufficient reason to reject the 
claim that the case initially described is a logical possibility. 

Of course, this is not to say that we cannot coherently discuss sce- 
narios in which there is travel over an infinite distance. If someone 
travels at one kilometre an hour along an infinite straight line, then, 
given enough time, they will reach any given point that lies on the line 
(in the direction in which they are moving), and — as Russell noted in 
connection with the Tristram Shandy case — it will be true that, if the 
traveller does not deviate, then there is no point on the line (in the 
direction in which they are moving) that remains forever unvisited by 
the traveller. Moreover, if someone has always been travelling at one 
kilometre an hour in a straight line, then, given that they have always 
been travelling in that fashion, it can be true that there is no point 
behind them on the line along which they are travelling that they have 
not already visited. Perhaps less controversially, ifsomeone travels back 
and forth over the same one-kilometre line forever, then he or she will 
travel an infinite distance; and if someone has always been travelling 
back and forth over the same one kilometre line (since ‘infinity past’), 
then he or she will already have travelled an infinite distance. 

If we assume a non-Euclidean structure to space in which straight 
lines can form closed curves (if projected sufficiently far), then there is 
no obvious problem with the suggestion that one might travel infinitely 
far in a straight line without ever changing direction. (We can think 
of this case as a variant of the ‘less controversial’ version discussed 
at the end of the previous paragraph: Someone could go on follow- 
ing the same closed curve forever, or someone could always have been 
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following the same closed curve ‘since eternity past’.) However —as inti- 
mated above — even if we make these assumptions, we are still unable 
to accept the possibility of the scenario that we set out to discuss. True 
enough, we can make sense of the idea that the speed of the spaceship 
doubles in an interval of the form [1/2”, 1/2"+'], for any n € N. That 
is, roughly speaking, for each n € N, there is a possible world in which 
the speed of the spaceship doubles in the interval [1/2”, 1/2”+!]. But 
it does not follow from this — and is, I think, not true — that there is 
a possible world in which, for each néN, the speed of the spaceship 
doubles in the interval [1/2”, 1/2”+!]. While there is no upper bound 
on the speed that it is possible for the spaceship to attain, there is no 
possible world in which the speed of the spaceship is infinite (i.e., not 
equal to some particular finite value). 

Apart from the difficulties involved with infinite speed, there are 
also problems raised by the suggestion that there can be infinite accel- 
eration. In the example with which we began, the speed doubles in 
each interval of the form [1/2”, 1/2”+!]. Consequently, as we approach 
the end of the minute, the acceleration also diverges. Go back to the 
example of an object that shuttles back and forth ona single line. Sup- 
pose that it is initially at rest. Suppose, further, that in the first half 
minute, it moves one metre to the right, and comes to rest again; in the 
next quarter-minute, it moves one-half metre to the left, and comes to 
rest again; in the next eighth-minute, it moves one-quarter metre to 
the right, and comes to rest again. And so on. There is a clear limit for 
the location of the object as the end of the minute approaches. More- 
over, the average (mean) speed of the object throughout each interval 
of the form [1/2”, 1/2”*'] is only 0.5 metres per minute. Nonetheless, 
the acceleration diverges — and so, I think, even this version of the 
story does not describe a possible scenario. 

This is not to say that no possible scenario of this generic kind can 
be described. Consider, for example, the discussion of staccato runs in 
Griinbaum (1968; 1973b). Following the suggestion of Friedberg — 
as reported by Grinbaum (1973b: 640n2) — we can consider the 
case of someone who runs the successive distances a er (for n= 1, 
2, 3,...) at speeds (4) yr "to (Qnt2tt— 1+ 2-"])e-", where 
K= ye, T= 5) e(t) dt and g(x) = eS" for 0 < x < 1, and 
0 otherwise. There are no divergences in the speed, acceleration, or 
higher order derivatives of the motion of this runner, even though 
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there are infinitely many pauses in that motion in a finite amount of 
time during which a finite distance is travelled. 

In light of Friedberg’s construction, we can be quite confident that 
the mere requirement that there should be infinitely many distin- 
guishable accelerations does not present an insuperable difficulty for 
the spaceship example with which we began. Nonetheless, as we have 
already indicated, there are several independent considerations that 
support the conclusion that it is impossible for there to be a spaceship 
that conforms to the description presented in that example. 


3.9 THOMSON’S LAMP 


Following Grinbaum (1968: 403-5), suppose that we have a button 
equipped with an electrically conducting base that can close a circuit 
when fitted into the space between the exposed circuit elements E1 
and E2. Suppose, further, that there are consecutive downward and 
upward pushes of this switching button — alternatively closing and 
breaking the circuit — that produce displacements of the button. If 
we suppose that these pushes — and displacements — form an infinite 
series that converges appropriately to zero, then there is no obvious 
logical difficulty with the claim that a lamp connected to this circuit 
does have a determinate state at the end of the infinite series, since 
the circuit will be closed at this time. Of course, we need to make 
various contrary-to-fact physical assumptions — for example, that there 
is no electrical arcing or sparking across any space, however small, 
between the conducting button base and the exposed circuit elements 
El] and E2 — in filling out the story in this way, but there is no reason 
to suppose that, for example, contraventions of quantum-mechanical 
restrictions are anything other than broadly logical possibilities. By 
adding a further stipulation about whether the lamp is on or off when 
the circuit in question is closed, we can obtain a determinate answer 
to the question about the status of the lamp at the end of the infinite 
series of button pushes. 

There is a general moral to be extracted from the above response to 
the alleged difficulty that is posed by the Thomson lamp case. It is clear 
that there are ways of filling out the story in which there are divergent 
physical quantities. For instance, if we suppose that the switch must 
move at least a certain fixed minimum distance in order to change the 
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state of the circuit — or if we suppose that the pushes must possess a 
certain fixed minimum force in order to change the state of the cir- 
cuit — then there will be divergent kinematic and dynamic quantities: 
For example, the speed and the acceleration of the switch will both 
become infinite as the limit time is approached. Plausibly, those ways 
of filling out the story lead to incoherence. But there are other ways 
of filling out the story in which there are no divergent physical quanti- 
ties — or, at least, in which it is not obvious that there are any divergent 
physical quantities — and, for all that has been said so far, it remains 
an open question of whether those ways of filling out the story are 
coherent. Moreover — and interestingly — there is no violation of even 
allegedly modest and plausible principles of sufficient reason in those 
versions of the story in which there are no (evident) divergent phys- 
ical quantities: Grunbaum’s filling out of the story both removes any 
suggestion that there are (evident) divergent physical quantities and 
provides a sufficient reason for the terminal state of the switch and 
lamp. Consequently, the mere telling of the original version of this 
story provides no reason at all to suppose that there cannot be both 
large and small denumerable, physical infinities. 


3.10 BLACK’S MARBLE SHIFTER 


In the original version of the marble shifter case, there are various 
divergent quantities: for example, the speed of the moving tray, the 
speed of the projected marbles, the deceleration of the marbles as they 
land on the sticky tray, and the acceleration and deceleration of the 
scoop. Perhaps some of these divergent quantities could be eliminated 
without serious damage to the story, for example, by allowing that both 
trays house conveyor belts; however, it seems that it would require a 
vastly different story about marbles to end up with a case in which 
there are no divergent quantities. 

Black (1951) argues for the logical impossibility of the marble shift- 
ing machine by appealing to what he claims is a related example: 
namely, a case in which a machine transfers a single marble from 
the (otherwise stationary and empty) left tray to the right, where- 
upon it is transferred back to the left tray by an identical machine. 
Clearly, Black’s thought is that the originally described marble shift- 
ing machine is possible iff the newly described machine is possible; 
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whence, since the newly described machine is not possible, the origi- 
nally described machine is not possible either. However, it seems much 
easier to describe a logically possible version of the new machine than 
itis to describe a logically possible version of the original machine. Sup- 
pose, for instance, that the distance that each machine moves the mar- 
ble decreases according to a geometric proportion and that the weight 
(and size) of the marble decreases according to appropriately deter 
mined geometrical proportions (because, say, each contact between 
a machine arm and the marble removes an appropriately sized chip 
from the marble). In this case, there is no evident reason why the two 
machines cannot move the marble back and forth along a line in such 
a way that the back-and-forth motion of the marble converges on a 
particular point at the end of an infinite series of shifts (where the two 
machine arms will come to rest, with nothing at all to separate them). 

The closest that I can get to a coherent version of the original story 
is this: Suppose that we have an infinite line of marbles, each all but 
touching the next, and each all but touching a straight line that runs 
parallel to the straight line formed by the marbles. The first marble 
weighs | gram, the second marble weighs 0.5 grams, the third marble 
weighs 0.25 grams, and so on; the centre (of mass) of the first marble is 
1 cm from the straight line; the centre (of mass) of the second marble 
is 0.5 cm from the straight line; the centre (of mass) of the third marble 
is 0.25 cm from the straight line; and so forth. A machine, consisting of 
an arm mounted on a frictionless rod, pushes each marble in turn, with 
just sufficient force to bring the marbles to rest on the other side of the 
straight line, at the same distance from the line as they began. Each 
time that the hand on the arm pushes a marble, a suitable proportion 
of the underneath side of the arm detaches, and begins to fall to the 
ground, so that the surface area of the arm that comes into contact 
with the marbles decreases in appropriate geometric proportion as 
time advances. Clearly, the controls for the movement of the arm will 
need to admit of ‘infinite precision’; but there are various ways in 
which the story could be elaborated to achieve this degree of control 
of the movement of the arm. Given that we can coherently describe 
the motions of the arm in a way that removes all divergent quantities 
(speed, acceleration, kinetic energy, and so forth), it seems that we will 
have succeeded in describing a scenario in which an infinite number 
of marbles are shifted across a line in a finite amount of time. 
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It is interesting to note that Black (1951: 99) writes: “Every machine 
that performed an infinite series of acts in a finite time would have to 
include a part that oscillated ‘infinitely fast’, as it were, in an impos- 
sible fashion.” If this were so, then I think that we should agree with 
Black that such machines are, indeed, impossible. Moreover, if this 
were so, then we shouldn’t worry about the obvious questions that are 
raised by the initial version of the story that we considered, in which — 
as we noted above — there are obvious difficulties raised by divergent 
quantities. (How does the machine get to throw more and more mar- 
bles greater and greater distances in less and less time? How could a 
kinematically consistent catapult be designed to carry out this task? 
First, there is the problem of getting the shots off. Second, there is the 
problem of ‘winding’ the mechanism that generates the propulsive 
force. Third, there is the problem of applying the propulsive force 
to the marbles. There seems to be no hope of obtaining satisfactory 
answers to questions like these.) However, I see no reason to suppose 
that Black is right in thinking that ‘infinity machines’ must involve 
divergent quantities: Wherever we turn in stories such as the one with 
which we began, we can replace divergent quantities with convergent 
quantities, without introducing further divergent quantities in their 
wake. 


3.11 PI MACHINE 


Following Grinbaum (1973: 643) we shall suppose that a machine that 
is capable of printing an omega-sequence of digits in a finite amount of 
time conforms to the following requirements: First, the height from 
which the press descends to the paper to print the successive dig- 
its form a sequence that converges suitably to zero, and, second, the 
size — height and width — of the successive numerals to be printed also 
converges suitably to zero in such a way that all of the digits can be 
printed in a horizontal line on a single, finite strip of paper.’ Doubt- 
less, these requirements cannot be met given the laws of physics that 
actually obtain: The atomic constitution of matter, the requirements of 


7 We require that the distance travelled by the press and the quantity of paper used for 
printing are finite. So, sequences that converge to zero but sum to infinity — such as 


3 3, 7 Z ...- won't cut the mustard. 


Some Cases Discussed 75 


thermodynamics, and the requirements of quantum mechanics would 
all conspire to defeat the ‘infinite’ precision that this kind of construc- 
tion requires. However, it is at the very least an open question whether 
there is a possible world in which suitably altered laws of physics permit 
the kind of construction that Grinbaum describes. 

If we suppose that the press operates in the manner of an old- 
fashioned typewriter, then we might imagine, for example, that it con- 
sists of an omega-sequence of collections of inked keys, with each of 
the digits ‘0’ through ‘9’ in each of the collections. In turn — accord- 
ing to the requirements of the omega-sequence to be printed — one 
from each of these collections of inked keys is pressed to the paper, to 
produce the printing of a single digit. If the collections have a suitable 
initial arrangement, then it can be the case that the distance that the 
successive keys must travel in order to leave an imprint on the page 
forms a sequence that converges suitably to zero. 

Even if there is no problem with the part of the machine that is 
supposed to print all of the digits in the decimal representation of pi, 
one might worry (1) that it will not be possible to program the machine 
to compute all of the digits in a finite amount of time and (2) that, 
even if it were possible to program the machine to compute all of the 
digits in a finite amount of time, it would not be possible to arrange 
for the computations to trigger the printing of all of the digits in a 
finite amount of time. It is not clear that either of these worries is well 
founded. 

Suppose that the machine consists of infinitely many submachines, 
the nth of which is designed to compute the nth digit in the decimal 
expansion of pi. Suppose, further, that the nth submachine is attached 
directly to the collection of inked keys that will be responsible for 
the printing of the nth digit in the output. If we suppose that the 
connections between the submachines and the collections of inked 
keys are properly characterised by sequences that converge suitably to 
zero, then it seems that we can set aside worries about the triggering of 
the printing in finite time if we can meet worries about the completion 
of the computations in finite time. So, the one remaining question is 
whether we can describe a sequence of machines of which it is true 
that the nth member of the sequence computes the nth digit in the 
decimal expansion of pi in, say, 1 — 1/2" seconds, without introducing 
any divergent physical quantities. 
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At least at first sight, it might seem that there is no way that this can 
be done, since the number of computations that must be performed 
in order to compute the nth digit in the decimal expansion of pi is 
certainly not itself convergent to zero as n increases. However, even 
if the number of computations that must be performed in order to 
compute the nth digit in the decimal expansion of pi is divergent as 
n increases, it might be possible to ‘compensate’ for this fact by allow- 
ing the size of the submachines to be even more rapidly convergent 
to zero. Moreover, if we suppose that the submachines are electronic, 
then we can also allow that the speed at which the electrons travel 
increases as they get smaller: For each n, there is a finite limit to the 
speed at which the electrons travel in submachine n, but there is no 
upper limit to the speed at which electrons can travel. This kind of 
‘divergence’ is harmless, since there is no physical quantity that takes 
on an infinite value: for each size of electron, there is a finite maxi- 
mum speed at which that kind of electron can travel. Given the kinds of 
considerations just introduced, it is surely an open question whether 
we must be pessimistic about the prospects for an infinite series of 
submachines, each of which calculates more rapidly than the one 
before, but in which there are no objectionable divergences in physical 
quantities. 

Even if one were to accept that there can be a machine that com- 
putes and prints all of the digits in the decimal representation of pi 
in a finite amount of time, one might think that one could not build 
the various parts of the machine (in finite time) and that one could 
not program the machine to perform the calculation (in finite time). 
However, given what has already been said in this section, the line of 
response is predictable: There is no reason why we can’t invoke other 
kinds of ‘infinity machines’ to perform the building and the program- 
ming that is required, if indeed it is required. No doubt it is true that, 
if you have only finite initial resources, you can’t get from them to 
‘infinity machines’ in finite time; but there is no evident vicious cir- 
cularity in the thought that ‘infinity machines’ will inevitably depend 
on other ‘infinity machines’ — isn’t that just what you would expect? — 
and nor is there any evident vicious circularity in the suggestion that, 
if there are to be ‘infinity machines’, then there will always have been 
‘infinity machines’ — again, isn’t that just what you would expect? 
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Wittgenstein (1975: 166) considers the case of someone’s having 
(purportedly) written down the last digit of pi, after an eternity of 
writing, and takes this to be ‘utter nonsense, and a reductio ad absur- 
dum of the concept of an infinite totality’. However, friends of ‘infinite 
totalities’ can agree with Wittgenstein that it is absurd to suppose that 
someone might write down the last digit in the decimal expansion of 
pi, since there is no such digit. Moreover, friends of ‘infinite totalities’ 
can agree with Wittgenstein that it is absurd to suppose that some- 
one might succeed in completing the writing down of the decimal 
expansion of pi in infinite time, writing at a uniform rate, if what this 
requires is that the person set down his or her pen with no digits in 
the decimal expansion unwritten (since, again, there is no last digit in 
the decimal expansion of pi). But, despite these points of agreement, 
friends of ‘infinite totalities’ can insist that it may well nonetheless be 
possible for someone to write down the entire decimal expansion of 
pi in finite time, and they can also insist that the points that Wittgen- 
stein makes in no way constitute a reductio ad absurdum of the concept 
of an ‘infinite totality’. (Wittgenstein is also reported to have claimed 
that, if we came across a man who said “... five, one, four, one, point, 
three — finished’ and were told that he had just completed a back- 
wards recitation of the digits of pi that he had been carrying out ‘since 
eternity past’, we would immediately dismiss this suggestion as absurd. 
Bearing in mind the various qualifications introduced in our discus- 
sion of Counting to Infinity, it seems to me that there is plenty of 
room for friends of ‘infinite totalities’ to dispute this claim: It is by no 
means obviously impossible for there to be a machine — composed 
of infinitely many submachines — that has concluded a backwards 
recitation of the digits of pi, computing each digit before reciting that 
digit.) 


3.12 GOLDBACH MACHINE 


If we can make a machine that can resolve the Goldbach conjecture 
in the way described, then, plausibly, for any unresolved conjecture 
in number theory, we can make a machine to resolve that conjecture. 
Even if we have a conjecture about tuples of natural numbers, for 
any n, we can use Cantorian methods to describe an ‘infinity machine’ 
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(with infinitely many submachines) that will determine, in finite time, 
whether or not the conjecture is true. But, if that’s right, then it seems 
that, in order to allow the Goldbach machine, we must be allowing a 
machine that can decide any arithmetical statement. Yet it is a funda- 
mental result in modern logic that arithmetic is not decidable: Unless 
Church’s thesis is false, there just is no effective method for deciding 
whether an arbitrary sentence in the language of arithmetic is true or 
false of the standard natural numbers. (Roughly speaking, Church’s 
thesis says that any mechanical routine for symbol manipulation can 
be carried out by some Turing machine or other. There are a num- 
ber of different ways of making the notion of a mechanical routine for 
symbol manipulation precise — of which the notion of Turing-machine 
computability is but one — but all of the ways that have hitherto been 
countenanced have turned out to be provably equivalent.) 

There is no genuine difficulty here. What the result from modern 
logic says is that there is no finite-state machine that, for any given 
arithmetical conjecture, can answer that conjecture in finite time (1.e., 
taking only finitely many computational steps). This result is silent on 
the possible accomplishments of infinite-state machines that can carry 
out infinitely many computational steps in a finite amount of time. So, 
even before we make any careful scrutiny of the above argument, we 
can be sure that there is nothing here that can threaten the secure 
results of modern logic. 

Moreover — and perhaps more importantly — there is a mistake in 
the argument that we used to suggest that the possibility of the Gold- 
bach machine is a threat to the fundamental results in modern logic. 
Suppose it is true — as seems plausible — that, for each arithmetic con- 
jecture, there is an ‘infinity machine’ that is able to decide that con- 
jecture. It does not follow from the truth of this claim that there is 
an ‘infinity machine’ that is able to decide every arithmetic conjec- 
ture. If we suppose that there are uncountably many arithmetic con- 
jectures (of which only countably many can be stated in the language 
of arithmetic in sentences of finite length), then the mere possibility 
of ‘infinity machines’ of the kind here countenanced is not sufficient 
to entail the possibility of a machine that can decide all arithmetic con- 
jectures. (And, I would add, there are uncountably many arithmetic 
conjectures: For every nonempty subset of the natural numbers, there 
is an arithmetic conjecture about that subset.) 
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Clearly, there is room for a much more careful discussion of the mat- 
ters raised in the preceding paragraphs; however, I shall not attempt 
to undertake that kind of discussion here. I do not think that it is very 
controversial to claim that a more careful discussion will bear out the 
claims that I have just been making. 


3.13 ROSS URN 


According to Allis and Koetsier (1991), the correct answer to the of 
question of ‘How many balls are there in the urn, and what are the 
labels on these balls?’ seem to be (i) in the first case, none, even though, 


1—” minutes to twelve, there are 9n balls in the urn; (ii) in 


for each n, at 2 
the second case, infinitely many, each ball with a label that ends with 
an omega-sequence of zeroes, even though, for each n, the contents 
of the urn in this case cannot be distinguished from the contents of 
the urn in the previous case; and (iii) in the third case, infinitely many, 
each ball with a label that end in an omega-sequence of zeroes, even 
though no numbered place in the urn is occupied. 

If we suppose that any consistent story involving large and small 
denumerable, physical infinities is required to avoid divergent quanti- 
ties, then we are constrained to interpret each of the three cases so as 
to conform to this requirement. Among the difficulties that we face, 
one of the most pressing is how to describe the internal organisation 
of the urn in the third case. In the first two cases, the urn could be an 
infinite row of similarly sized boxes, each more than large enough to 
accommodate one of the similarly sized balls. (We can then imagine 
that each box has two guardians, one of whom puts in balls and the 
other of whom takes out balls (case 1), or one of whom puts in balls, 
and the other of whom paints zeroes on balls (case 2). The details of 
the putting in and taking out, and of the painting of zeroes on the 
balls, can be filled in along the lines followed in our discussion of the 
marble shifter and the printing machines, without raising any obvious 
difficulties involving divergent quantities. We can also suppose that 
we begin with an infinite sequence of perfectly synchronised and per- 
fectly accurate clocks, one attached to each of the boxes.) However, 
in the third case, if we suppose that the urn conforms to this kind of 
arrangement, then we shall find that the speed with which the balls 
are moved around diverges. 
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Here is one way that the internal organisation of the urn might be 
configured in the third case. There is an infinite sequence of sub-urns. 
Each sub-urn consists of an infinite sequence of boxes, each of which 
is only half the size of the one before. The boxes in the first sub-urn are 


labelled, in turn, ‘1’, ‘10’, ‘100’, ...; the boxes in the second sub-urn 
are labelled, in turn, ‘2’, ‘20’, 200’,...; the boxes in the third sub-urn 
are labelled, in turn, ‘3’, ‘30’, ‘300’,...; and so on. Initially, there is a 


ball and a guardian outside each box, and a guardian inside each box. 
The balls and guardians are initially so arranged that the first pair of 
guardians and ball in each sub-urn are twice the size of the second pair 
of guardians and ball, which in turn are twice the size of the third pair 
of guardians and ball, and so forth. Once a ball is placed in the urn, it 
halves in size every 2'~” minutes. Given — as seems plausible — that this 
scenario can be consistently extended to fill in missing details, it seems 
that we have ended up describing a case in which there are no balls 
inside the urn at the end of the minute: Each ball has shrunk away to 
nothing after being placed in the urn. (I assume that the guardians 
inside the urn travel with their assigned balls, and that they too halve 
in size every 2'~” minutes. This allows for the printing of zeroes to be 
carried out in a consistent manner.) 

Is there is a consistent telling of the third case according to which 
one ends up with infinitely many balls inside the urn? Perhaps we might 
try the following: Let the location of a ball be identified simply by its 
centre of mass, and suppose that the locations n, 10n, 100n, 1000n, 
and so on form an appropriate geometric sequence, so that a ball can 
be shifted from one location to the next by a corresponding geometri- 
cally decreasing force. Thus, we may think of the urn as consisting of a 
collection of sub-urns, where each sub-urn is a single box of finite vol- 
ume that can accommodate a ball whose centre of mass is at any of the 
locations n, 10n, 100, 1000n, and so on. If we suppose that the series 
of locations n, 10n, 100n, 1000n,..., converges to a location (which, 
for convenience, we shall call nw), then it seems that we can have it 
turn out that the urn ends up containing infinitely many balls, each 
with a label that ends with an omega-sequence of zeroes. While this 
case can clearly be adapted to serve the purposes of the second story — 
by maintaining the addition of zeroes, but removing the requirement 
that the balls are moved — it seems that no urn of this kind can fit 
the requirements of the first story: For there is no upper limit to the 
number of balls that would need to be accommodated in a single sub- 
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urn at some point during the procedure that is outlined in the first 
story. 

In view of the above considerations, I am at least tempted by the 
suggestion that the overall story of the Ross Urn is incoherent: There 
cannot be a single urn that accommodates all three of the stories told, 
even though, for each of the stories, there could be an urn that accom- 
modates that story. If we are to have labelled places so arranged that 
there are convergent subsequences of these labelled places, then - 
it is tempting to say — we cannot also have labelled places such that 
there is no upper limit to the number of these places that are simul- 
taneously occupied, if the occupants of the places are all of the same 
size and shape. Of course, whether or not one ought to give into this 
temptation, it is clear that there is nothing in the Ross Urn example 
to support the suggestion that there cannot be both large and small 
denumerable, physical infinities. 


3.14 DEAFENING PEALS 


According to Benardete (1964: 261): ‘If it is the case that none of the 
peals is heard by us, then how gratuitous to suppose that we have been 
struck deaf. But if we have retained our hearing unimpaired, then we 
must have heard all of the peals. But if we have heard all of the peals, 
then we must have been struck deaf by each in turn, and hence we 
should not have heard any of them. Not having heard any of the peals, 
our hearing must have been retained unimpaired, in which case we 
should have heard all of the peals.’ 

Perhaps we could quibble about the first of Benardete’s claims. I 
think that one can be struck deaf by a noise that one does not hear: 
Perhaps, for example, a vibration could damage the ear in such a 
way that no input to the audio-processing part of the brain is carried 
forward from that vibration. However, there is nothing essential to 
the example that is lost if there is point to this quibble: For what 
is puzzling about the case is that it seems that the ear is permanently 
damaged before any of the vibrations from the deafening peals actually 
reaches the ear. If there can be an infinite sequence of vibrations, each 
sufficiently large to instantaneously and permanently destroy hearing, 
arranged with the structure that Benardete proposes, then it seems 
that one would be struck deaf before any of the vibrations actually 
reaches one’s ears. 
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Perhaps one might wonder whether it is possible to arrange for the 
production of infinitely many deafening peals in the manner specified. 
If we suppose that sound intensity drops off rapidly with distance — as 
it does in the actual world — then there is some reason for suspicion 
that one will need problematic divergent physical quantities. (Either 
the sources of the peals will need to get stronger (without limit) as 
we move away from the location of the person who is to be deaf- 
ened or else we shall need to be able to produce vibrations of the 
required deafening magnitude from mechanisms that are arbitrarily 
small, which suggests that quantities such as kinetic energy and veloc- 
ity will be divergent.) However, it is not clear that this suspicion is well 
founded. Even if the sources of the peals do need to get stronger (with- 
out limit) as we move away from the location of the person who is to 
be deafened, it remains the case that the source of each peal is finite: 
There is no single mechanism that possesses a physical property that 
becomes infinite in a temporal limit. Even if we are required to be able 
to produce vibrations of deafening magnitude from mechanisms that 
become arbitrarily small, it remains the case that each of the mecha- 
nisms is finite: There is no single mechanism that possesses a physical 
property that becomes infinite in a temporal limit. 

Following a similar line of thought, one might also wonder whether 
it is possible to arrange the peals so as to avoid a divergence in the 
sum of the magnitudes of the peals at some location. Each peal alone 
is required to be deafening, that is, (at least) to be greater than a 
certain fixed finite magnitude. If — as seems plausible — a peal can- 
not be instantaneous, then the number of overlapping peals diverges 
as midday is approached ‘from above’. On the assumption that the 
peals are additive (or cumulative), it seems that there is an objec- 
tionable divergence in a physical quantity here. However, it will be 
recalled that we avoided a similar conclusion in Benardette’s related 
case of the paralysing gods — Infinite Paralysis — by assuming that each 
god establishes a force field in the interval [1/2”, 1/2”—!]. Plausibly, 
we can avoid the repugnant conclusion by supposing that the peals 
are ‘pulses’ — with ever-diminishing magnitude — that add together 
to produce a deafening peal of constant magnitude throughout the 
interval (0, 1]. 

If we suppose that there is a consistent description of the case of the 
deafening pulses, then the considerations that arise are much the same 
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as those that arose in the case of Infinite Paralysis. If there can be large 
and small denumerable physical infinities, then it is predictable that 
an infinite series of deafening peals throughout an open interval will 
produce deafness that obtains from the initial closure of that interval. 
While there is no particular peal that is responsible for the deafness, the 
collective effect of the infinitely many peals is to bring about deafness. 
While this is odd, it doesn’t seem to be so intolerably odd that one 
cannot reasonably believe that it is broadly logically possible. 


3.15 INVISIBILITY 


Hazen (1993) provides an excellent discussion of ways to answer the 
question of what it would be like to look into an ‘open serrated contin- 
uum’. Since his article is a response to Arsenijevic (1989), let’s begin 
with the latter. 

Arsenijevic asks whether it is possible for a finite brick to be com- 
posed of infinitely many, successively thinner, layers of two distinguish- 
able sorts of homogeneous matter, alternate layers being of r-stuff and 
g-stuff, say. If it is possible for there to be such a brick, then there must 
be a good answer to the question of what the brick would look like if 
it were observed ‘from above’. Arsenijevic reasons that the brick can’t 
look like r-stuff (because every layer of r-stuff is masked by a layer of 
g-stuff), and the brick can’t look like g-stuff (because every layer of 
g-stuff is masked by a layer of r-stuff). But no other answer to the ques- 
tion of what the brick would look like has any plausible motivation. 
Whence, it seems that we can conclude that there could not be a brick 
of this kind. 

Hazen (1993: 191) suggests the following response. Hypothesise 
a light-analogue composed of tophons, that is, of photon-like parti- 
cles with energy directly proportional to wavelength. Suppose that it 
is feasible to produce observable amounts of this light-analogue with 
any desired wavelength. Finally, hypothesise some laws to govern the 
interactions of tophons with r-stuff and g-stuff: (1) Tophons are spher- 
ical with diameter equal to wavelength. (2) Tophons pass unaffected 
through layers of r-stuff and g-stuff thinner than their own diameter. 
(3) When a tophon is entirely contained in homogeneous r-stuff or 
homogeneous g-stuff, it is immediately reflected. (4) Tophons have 
a detectable property of polarisation in addition to wavelength, and 


84 Philosophical Perspectives on Infinity 


tophons reflected by r-stuff are v-polarised, whereas tophons reflected 
by g-stuff are h-polarised. 

Under these assumptions, each of the infinitely many layers in our 
brick is a physically distinguishable object, since shining appropriate 
wavelengths of light-analogue on the brick and observing the polarisa- 
tion of reflected tophons will enable us to discriminate any layer from 
any other layer. Moreover, when the brick is illuminated with homo- 
geneous light-analogue — that is, light-analogue that is composed of 
tophons all of which have the same wavelength — there is no mystery 
at all about what our observer will see: On the one hand, if the wave- 
length is too small for the observer to detect (and if there is no other 
source of illumination), then the observer won’t see anything at all; 
and, on the other hand, if the observer is able to detect light-analogue 
with this wavelength, then the brick will appear to be made from the 
kind of stuff from which the light-analogue of the given wavelength is 
reflecting. 

Hazen’s suggestion can be extended in various ways. As things 
stand, we have no answer to the question of what an observer would see 
if the brick were illuminated from above by nonhomogeneous light- 
analogue that contains tophons of different wavelengths. Suppose, in 
particular, that we illuminate the brick with light-analogue that con- 
tains tophons of all wavelengths. (We suppose that the wavelengths 
are quantised, so that there are only countably many distinct kinds of 
tophons. We can also suppose, if we wish, that there is a largest tophon.) 
How should we now answer the question concerning the observations 
that will be made by one who looks down on the brick ‘from above’? 

Plainly, we can suppose, if we want, that the tophon-receptors in the 
eye-analogues in observers also have a Russian doll structure, as do the 
neuron-analogues from which the brain-analogue is composed. If we 
are prepared to go this way, then I don’t see why it would be wrong 
to allow that there is a sua generis ‘look’ that the brick has for such 
observers; after all, some of us have no end of difficulty imagining 
what it would be like to have the experiences of a mere bat! (At the 
very least, it is hard to see why an inability to answer questions about 
the experiences of such an observer should count seriously against 
the suggestion that there could be a world in which this scenario is 
realised.) On the other hand, if we don’t want to allow that the tophon 
receptors in the eye-analogues can have a Russian doll structure, then 
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we shall say that, for each observer, there is a minimum photon that 
that observer can detect — and then there will be no hard mystery 
involved in the description of what any given observers sees when he 
or she looks down on the brick ‘from above’. Either way, it is hard to 
see why we should think that there are insuperable difficulties involved 
in the supposition that there might be observers who looked down on 
an ‘open serrated continuum’. 

Given our discussion of the case introduced by Arsenijevic, it is 
straightforward to transfer our conclusions to the Invisibility case intro- 
duced by Benardete. There is no straight answer to the question of 
what would be seen by an observer who looked at a man encased in 
an ‘open serrated continuum’ of opaque capsules. Rather, there are 
various ways in which the details of the case can be extended, and 
there are different answers to the question of what is seen in different 
extensions of the case. 


3.16 INFINITY MOB 


It isn’t easy to construct a really satisfying detailed realisation of the 
story of the Infinity Mob. If we suppose that the members of the Mob 
are all about the same size, that their weapons are also all about the 
same size, and that the bullets all travel at about the same speed, then 
any possible spatial distribution of the Mob that will allow them to fire 
bullets whose trajectories conform to the requirements of the story 
(whether or not we allow the members of the Mob to fire bullets that 
pass through other members of the Mob) will have no upper bound on 
the distance between members of the Mob and the victim, and hence 
no upper bound on how long ago members of the Mob fired their 
weapons. Given plausible assumptions about what is required for the 
story as itis actually told — familiar Mobsters, familiar weapons, familiar 
ammunition, actual physics, prior agreement between the Mobsters on 
the method of executing the victim, and so on — the right thing to say is 
that this story does not describe a possible scenario. But, of course, in 
giving this response, we give no weight to the claim that there cannot 
be large and small denumerable, physical infinities; the impossibility 
here derives from a combination of assumptions, most of which have 
nothing to do with the existence of large and small denumerable, 
physical infinities. 
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There are various ways in which the story might be retold in order 
to restore consistency. Suppose, for example, the mobsters — and guns 
and bullets — can be as thin as you like and that we have an infinite 
sequence of mobsters, each twice as thin (or thick) as the next. Suppose 
that the mobsters are stacked up in a line against the victim (with 
thinner mobsters closer to the victim and thicker mobsters further 
away from the victim) . Suppose that the heart of the victim is composed 
of layers, each twice as thin as the next, with thinner layers closer to the 
surface. Suppose, further, that the victim is wearing his or her heart 
on his or her sleeve and that the heart is made of a special material 
that interacts with the mobsters’ bullets, even though these bullets 
pass straight through skin, other bodily materials, guns, and so forth. 
Suppose, next, that the rupturing of any one of the layers of the victim’s 
heart is sufficient to cause death. Suppose, finally, that the mobsters all 
fire their guns simultaneously and that each mobster shoots through 
all of the mobsters who stand in front of him. 

It might be more satisfying to suppose that the mobsters — and guns 
and bullets — can be as small as you like and that we have an infinite 
sequence of mobsters each twice as short (or tall) as the next. In this 
case, each mobster will be able to shoot over all of those standing in 
front. Nonetheless, we shall still need to have the mobsters forming a 
series that converges on the topological closure of the victim’s heart — 
and hence we won't be able to do without the supposition that the 
victim is wearing his or her heart on his or her sleeve, and so on. 


3.17 STRING 


If we suppose that it is possible that, for each n, a piece of string is 
formed into a regular n-gon at 1/2” minutes to twelve, then it seems 
to me that a piece of string that, for each n, is formed into a regular 
n-gon at 1/2” minutes to twelve will be formed into a circle at twelve. 
After all, a circle is the limit of various series of regular n-gons as the 
number of sides of those regular n-gons increases ‘to infinity’ (and 
there is no other shape that can be the limit of such series of regular 
n-gons). Hence, the difficulties that arise here principally concern the 
question of whether we can describe a mechanism that forms the piece 
of string into a regular n-gon at 1/2” minutes to twelve. 
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Suppose that we have a disk mounted on a central spindle that is 
fixed to the ground (in the position that will be the centre of all of the 
figures into which the string is formed). Around the perimeter of the 
disk, there are n equally spaced spindles of diameter D/2” for each 
length of the form L/2”, for all n > 2, n € N. Initially, there are three 
spindles in contact with the string, and they exert enough pressure to 
form the string into the shape of an equilateral triangle. In an inter- 
val [1/2”, 1/2"+1] the spindles currently in contact with the string are 
retracted (and, indeed, move to protrude an equal distance through 
the other side of the disk), and the disk drops down just far enough 
to bring the next set of spindles into contact with the string. We shall 
suppose that the disk contracts slightly, and then expands slightly (with 
the amount of contraction and expansion diminishing according to 
a geometric ratio) over the course of each interval, so that there is 
no danger that any of the spindles lies outside the string, and so that 
tension is restored to the string. Moreover, we suppose that the string 
is elastic, since the length of the string will need to increase steadily 
as the number of spindles in contact with the string increases. On the 
assumption that there is a possible realisation of the initial configura- 
tion of the spindles as described, it seems that we have managed to 
describe a scenario in which, at the end of the minute, the string will 
be formed into a circle that is just touching the outer edge of the disk. 

Even if there are no problems with the account of the mechanism 
that is to form the series of regular n-gons, one might worry about 
the physics that would be required to permit a piece of string to 
be deformable according to the specifications of the above account. 
Clearly, we can’t be supposing that the string is composed of finite 
atoms. However, if we suppose that the string consists of atomless 
gunk, then we shall need an account of what happens between two 
points on the string to which tension is applied, in cases in which the 
string is not already a uniform straight line. What exactly is involved 
in the straightening out of what was previously one of the corners of 
a regular n-gon? Indeed, if the string has some finite thickness, then 
won't the thickness of the string limit the precision with which the 
corners of the regular n-gon can be formed? (If we allow the thickness 
of the string to decrease over time in geometric fashion, then the limit 
will not be a circular piece of string, but rather an empty space where 
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the disappearing string had once been.) Perhaps we can circumvent 
these worries by making further assumptions about what happens at 
the points where the spindles are in contact with the string; or perhaps 
we can circumvent these worries in some other way, for example, by 
considering, instead, what might be possible with a series of 2”-gons. 
I shall not attempt to pursue these suggestions here. (As in previous 
cases, it is clear that there is nothing in the string example to con- 
cern friends of large and small denumerable, physical infinities. If it 
is impossible to form a series of n-gons in the described way, then that 
has no consequences for the possibility of other, very different kinds 
of large and small denumerable, physical infinities.) 


3.18 SOME CONCLUDING REMARKS 


There are a number of general conclusions that have been arrived 
at in the course of the preceding discussion. It may well be useful to 
collect these conclusions here. 

Perhaps the most important general point is that it is very easy 
to make the mistake of supposing that, when one is presented with 
a description of a situation, involving large and small denumerable, 
physical infinities, which really is impossible, the impossibility must 
arise because of the presence of the large and small denumerable, 
physical infinities. It is very easy to tell a story about any subject matter 
that is inconsistent. It is very easy to tell a story about any subject matter 
in which there are events for the occurrence of which no sufficient 
reason is provided within the story. So one cannot argue from the 
mere fact that one has described an inconsistent scenario involving 
the occurrence of large and small denumerable, physical infinities 
to the conclusion that it is impossible for there to be large and small 
denumerable, physical infinities. At the very least, one has to be able to 
show that the inconsistency arises only because of the presence of large 
and small denumerable, physical infinities (and, hence, cannot be 
removed by varying other features of the story while holding constant 
the fact that the story involves large and small denumerable, physical 
infinities). 

Furthermore, it is very easy to make the mistake of supposing that, 
because certain kinds of large and small denumerable, physical infini- 
ties really are impossible, it follows that all kinds of large and small 
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denumerable, physical infinities are impossible. There are certain 
kinds of divergences — or singularities — that itseems to me even friends 
of large and small denumerable, physical infinities ought to reject: 
For example, it cannot be that there is any extensive physical quantity 
whose value diverges as a particular instant of time is approached (from 
either the past or the future). However, even if we agree that the pos- 
sibility of these divergences — and singularities — ought to be rejected, 
there are many other kinds of large and small denumerable, physical 
quantities whose possibility is much less obviously problematic. To take 
but one example, it may be possible that there are physical quantities 
whose value diverges as one approaches an initial temporal singular- 
ity from the future. More generally, it may be possible that there are 
physical quantities whose value diverges as any kind of spatiotemporal 
singularity is approached along any appropriate trajectory within the 
spatiotemporal manifold. We shall return to these suggestions in the 
next chapter. 

A final point to note is that it should not be supposed that the 
discussion in this chapter really proves very much. For all that has 
been argued here, it might be that each of the scenarios that has 
been discussed really is impossible; and, for all that has been argued 
here, it might be that there cannot be either large or small physically 
instantiated infinities. However, I think that the kinds of arguments 
deployed in this chapter make it plausible to suppose that there is 
no prospect of defending the claim that there cannot be either large 
or small physically instantiated infinities merely by describing one or 
other of these scenarios and commenting on the strange properties 
that are exhibited in it. To argue successfully that there cannot be 
either large or small physically instantiated infinities, one needs to 
take a more analytical approach.® 


8 Farman and Norton (1996) make a very plausible case for the stronger claim that 
there is no inherent incoherence in the notion of a supertask. While I am sympathetic 
to their conclusion, I do not think that it is easy to point to considerations that would 
suffice to persuade a convinced finitist or a convinced intuitionist. 


Space, Time, and Spacetime 


Many of the most interesting problems involving the infinite concern 
the structure of space and time. Some of these problems involve large 
infinities: Could there have been a countably infinite number of past 
days? Could there be a countably infinite number of future days? Could 
there be no upper bound to the length of straight lines through space? 
Other problems involve both large and small infinities: Can we make 
sense of the suggestion that space is composed of points? Can we make 
sense of the suggestion that there is no lower limit to the size of spatial 
volumes and spatial intervals? Can we make sense of the suggestion that 
time is composed of instants? Can we make sense of the suggestion that 
there is no lower limit to the size of temporal intervals? 

Questions such as these have bothered philosophers since the dawn 
of philosophy. We shall begin our discussion with some puzzles that are 
due to Zeno of Elea, the pupil and principal defender of Parmenides 
of Elea. (Note that Zeno of Elea should not be confused with Zeno of 
Citium, the founder of Stoic philosophy. Zeno of Elea was born around 
490 B.c. Parmenides was born around 515 B.c.) While the puzzles 
that have come down to us from Zeno seem to admit of satisfactory 
answers, they raise — or, at any rate, suggest — quite deep questions 
about geometry and topology that are not at all easy to settle. After 
considering questions about the theory of dimensions and the theory 
of measure, we shall move on to a range of other issues that unite 
questions about space and time with questions about infinity, including 
a discussion of theories of space and time that avoid points, a discussion 
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of Kant’s views about conceptions of the global structure of space and 
time, a discussion of the possibility that there are general relativistic 
spacetimes in which infinity machines can be finessed, and a discussion 
of singularities in general relativistic spacetimes. 


4.1 ZENO’S PARADOXES 


While we possess only fragments of Zeno’s defence of Parmenides, it 
seems plausible to suppose that Zeno constructed lots of arguments for 
the unreality of the pluralistic world that we ordinarily take ourselves 
to inhabit. Many of the arguments that have come down to us — by way 
of Aristotle and other commentators — seem to be intended to make 
difficulties for the idea that there can be motion by making difficulties 
for all of the available conceptions of the nature of space and time. 
It seems right to think that, if there is really motion, then there must 
really be space and time — for, whatever else is required for the analysis 
of motion, itseems clearly true that, when something moves, it changes 
its spatial position over time. Moreover, if there really is space and time, 
then, at least initially, it seems plausible to think that space and time 
must really be assemblages of points and that these assemblages of 
points must either be discrete (and hence of the order type of the 
natural numbers) or else dense (and hence of no lower order type 
than the rational numbers). What Zeno’s paradoxes might be taken 
to show, and what I shall suppose that they are intended to establish, 
is that space and time cannot be assemblages of points, since either 
assumption — that the points are discrete or that the points are dense — 
leads to contradiction. 

Of course, if my account of Zeno’s paradoxes is correct, then, even 
if Zeno’s arguments were cogent, one could respond by giving up the 
claim that space and time are assemblages of points, while nonetheless 
holding onto the claim that there really is space and time. Perhaps 
this means that I haven’t got Zeno right; or perhaps the truth is that 
Zeno had other arguments against conceptions of space and time that 
reject the claim that space and time are assemblages of points; or 
perhaps there is some more fundamental error in my interpretation 
of Zeno. However, from here on, I shall stop worrying about the correct 
interpretation of Zeno. Whatever Zeno’s intentions, the puzzles have 
taken on a life of their own. I think that it is fairly clear that the puzzles 
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can be interpreted as constituents of an argument for the conclusion 
that space and time are not assemblages of points and that there is 
merit in discussing the puzzles under this interpretation. 


(1) Achilles and the Tortoise: Suppose that space and time are 
dense assemblages of points. Suppose, further, that Achilles 
runs ten times as fast as the Tortoise, and that he gives the 
Tortoise 100 metres start in a race over 120 metres. To win 
the race, Achilles must first make up his initial handicap, by 
running 100 metres; but, while he does this, the Tortoise will 
advance 10 metres. To win the race, Achilles must now make 
up the ground between them by covering the 10 metres; but, 
while he does this, the Tortoise will advance 1 metre. To win 
the race, Achilles must now make up the ground between them 
by covering 1 metre; but, while he does this, the Tortoise will 
advance one-tenth of a metre. And so on. So, contrary to what 
we all know, it follows that Achilles will never catch the Tortoise, 
and so will not win the race. Of course — as many commentators 
fail to point out — the same reasoning establishes that the Tor- 
toise won’t get to the finish line, either, since the Tortoise won’t 
even get to 1114 metres from the start. So, at least Achilles can 
console himself with the thought that he is not defeated in the 
race! In general, the argument seems to be intended to show 
that no interval can be traversed since, in order to traverse the 
interval, one must first traverse x% of that interval, and then 
x% of the remaining (1—x)% of the interval, and then x% of 
the remaining ((1—x)%)? of the interval, and then x% of the 
remaining ((1—x)%)°, and so on. Since one will never reach 
the endpoint of the initial interval, one cannot traverse that 
interval. But this conclusion is absurd; and so we are invited 
to draw the conclusion that space and time cannot be dense 
assemblages of points.! 


! Among the many discussions of this puzzle, there are the following: Cajori (1915), 
Blake (1926), Russell (1929), Wisdom (1941; 1952), Jones (1946), Ushenko (1946), 
King (1949), Black (1951), Griinbaum (1952b;1955; 1967; 1973b), Watling (1953), 
Hinton and Martin (1953/4), Owen (1958), Brook (1965), Lee (1965), White (1965), 
Gruender (1966), Vlastos (1966b), Salmon (1970), Bostock (1972/3), Craig (1979a), 
qFiasco (1980), Corbett (1988), Moore (1990), McLaughlin and Miller (1992), Zan- 
gari (1994), Faris (1996), and Alper and Bridger (1997). 
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(2) Dichotomy: Suppose that space and time are dense assemblages 
of points. Suppose, further, that Achilles wishes to run to a point 
120 metres away. To do this, he must first run to a point 60 metres 
away. But to do that, he must first run to a point 30 metres away. 
But to do that, he must first run to a point 15 metres away. 
And so on. So, contrary to what we all know, it is impossible 
for Achilles even to start moving towards a point 120 metres 
away; for, in order to move to a point distinct from the one that 
he occupies initially, Achilles must first move to a point that is 
midway between his starting point and the distinct (terminal) 
point. Again, this is absurd; and, again, we are invited to draw the 
conclusion that space and time cannot be dense assemblages of 
points.” 

(3) The Arrow: Suppose that space and time are assemblages of 
points, either dense or discrete. Consider an arrow in flight. 
Suppose that it is true that, at each point in time, the tip of the 
arrow occupies a definite point in space. Then it follows that, at 
each instant of time, the tip of the arrow is at rest at a particular 
point in space — for this is what it means to say that the tip of the 
arrow occupies a particular point. Butif the tip of the arrow is at 
rest at each moment of time, then the arrow is always at rest — 
and this contradicts the stipulation that we are considering an 
arrow in flight. So it cannot be true that, at each point in time, 
the tip of the arrow occupies a definite point in space — and this 
because it cannot be true that space and time are assemblages 
of points.* 

(4) The Stadium: Suppose that space and time are discrete assem- 
blages of points. Hence, suppose that, for bodies in motion, an 
instant of time corresponds to the passage of the body from a 
point to an adjacent point. Suppose further that A, B, and C are 
three equiform rigid bodies, that B is fixed, that A approaches 
B from the left, that C approaches B from the right, and that 
there is a moment of time at which A, B, and C form a straight 


2 For discussion of this puzzle, see Cajori (1915), Craig (1979a), Earman and Norton 
(1996), and Faris (1996). 

3 For discussion of this puzzle, see Cajori (1915), Jourdain (1910), Griinbaum (1967), 
Salmon (1970), Lear (1981), Sorabji (1983), White (1987), Faris (1996), Harrison 
(1996), Alper and Bridger (1997), Zuckero (2001), and Angel (2002). 
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line perpendicular to the motion of A and C. The speed of A 
relative to C will be twice the speed of A relative to B — that is, 
any point in A will be passing twice as many points in C as it 
passes points in B. So, at the instant after the one as which A, 
B, and C form a straight line perpendicular to the motion of A 
and CG, each point of A will have shifted one point with respect 
to B, and two points with respect to C — that is, there will be no 
moment of time at which each point of A has shifted only one 
point with respect to C. But this is absurd. So it cannot be the 
case that, for bodies in motion, an instant of time corresponds 
to the passage of a body from a point to an adjacent point — and 
hence it cannot be the case that space and time are discrete 
assemblages of points.* 


These puzzles have been much discussed throughout the history 
of philosophy, and there are many different points to be made about 
each. The following discussion is brief and quite selective in its focus. 

Suppose, first, that we do hold that space and time are composed 
of dense assemblages of points. Indeed, for greater precision, suppose 
that we do hold that time has the structure of the real number line, that 
space has the structure of a three-dimensional real-valued Euclidean 
manifold, and that any object whose position in space changes with 
time is quite properly said to be in motion. 

In making the assumptions listed in the previous paragraph, we are 
supposing that a temporal instant separates time into three distinct 
regions: the punctual present, and two open intervals that would be 
closed by the addition of the point that is the punctual present. If we 
consider an object that is at rest and then subsequently in motion, then 
either there is no last instant at which the object is at rest or there is no 
first instant at which the object is in motion. (This much follows simply 
from the fact that the assemblage of points is dense.) If we suppose 
that there is a last instant, /, at which the object is at rest, and consider 
matters from the standpoint of this instant, then we are committed to 
the claim that there is some é > 0 for which it is true that the object is in 
motion in all intervals of the form (1, ¢-+ 6), 6 < ¢, even though there 
is no instant ¢’ at which the object is first in motion. If we suppose that 


* For discussion of this puzzle, see Faris (1996). 
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there is a first instant, ¢, at which the object is in motion, and consider 
matters from the standpoint of this instant, then we are committed to 
the claim that there is some é > 0 for which it is true that the object is 
at rest in all intervals of the form (¢ — 4, f), 6 < ¢, even though there 
is no last instant ¢’ at which the object is last at rest. 

In making the assumptions listed two paragraphs back, we are also 
supposing that objects with perfectly precise spatial boundaries are 
such that (i) these objects are topologically closed, and hence such 
that there are no nearest points to the boundary of the object that 
lie outside the object; or (ii) these objects are topologically open, 
and hence such that there are no nearest points to the boundary of 
the object that lie inside the object, or (iii) these objects are neither 
topologically closed nor topologically open. For definiteness, in our 
discussion of the Zeno cases, let’s suppose that all objects are topolog- 
ically closed and that, where appropriate, we can treat objects as point 
masses, located at the centres of mass of the objects proper. 

To further simplify our discussion of Achilles and the Tortoise, let’s 
suppose that the race has a rolling start, that is, that Achilles and 
the Tortoise are already travelling at constant speed when the race 
begins. Suppose that Achilles travels at 10 metres per second and that 
the Tortoise travels at 1 metre per second. Then, it will take Achilles 
12 seconds to reach the finish line, and it will take the Tortoise 20 sec- 
onds to reach the finish line. Moreover, it will take Achilles 1113 sec- 
onds to catch the Tortoise, at which point he will have travelled 1113 
metres and the Tortoise will have travelled 11g metres. (Let D metres 
be the distance that Achilles has travelled when he catches the Tor 
toise, and Tseconds be the time that both have been travelling. Then 
D= 10T= 100+ T)) 

In Zeno’s reasoning, we have an infinite series of distances that 
Achilles travels: 100 metres + 10 metres + 1 metre + 0.1 metres +...; 
and an infinite series of times in which Achilles travels: 10 seconds + 1 
second + 0.1 seconds + .... Furthermore, we have an infinite series of 
distances that the Tortoise travels: 10 metres + 1 metre + 0.1 metres 
+...; and an infinite series of times in which the Tortoise travels: 10 
seconds + 1 second + 0.1 seconds + ....If we sum the series, we find 
that the limit of the series of distances that Achilles travels is 1113 
metres, the limit of the series of times that Achilles travels is 11; sec- 
onds; the limit of the series of distances that the Tortoise travels is 
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11 5 metres; and the limit of the series of times that the Tortoise travels 
is 113 seconds. So, there is no mathematical difficulty here: Zeno’s 
description of the motions of Achilles and the Tortoise yields the same 
result as the more straightforward descriptions that one would ordi- 
narily give. But what other kind of difficulty could there be? 

In our reconstruction of Zeno’s argument, we attributed to Zeno 
the claim that the identified infinite series establishes that Achilles will 
never catch the Tortoise. This attributed claim is plainly mistaken: Con- 
sideration of those infinite series establishes no such thing. If we allow 
that space and time are correctly modelled with real numbers, then we 
can analyse motion into all kinds of convergent series in which limit 
points are attained. There is nothing even prima facie puzzling about 
this. While the assumption that space and time are correctly modelled 
with real numbers entails that there are continuum-many spatial points 
in any finite spatial region and continuum-many temporal instants in 
any finite temporal interval, this assumption also entails that there are 
infinite sequences of temporal instants that converge to attained limits 
in finite time and that there are infinite sequences of spatial points 
that converge to attained limits in finite distance. If one is worried 
that dense space and time require objects in constant motion to do 
infinitely many things in finite time, then one should note that this is 
a kind of “Cambridge” performance of infinitely many tasks in finite 
time. Grunbaum’s “staccato” version of Achilles and the Tortoise is far 
more controversial precisely because it involves a far more substantial 
performance of infinitely many tasks in finite time. 

Given the above considerations, there is not much left to say about 
Dichotomy. To simplify our discussion of this case, let us suppose that 
Achilles is standing still at the instant 7, at the point D, and that he 
accelerates smoothly to a speed of 10 metres per second in the first 
second of motion (with constant acceleration of 10 metres per second 
per second), and thereafter continues in rectilinear motion at constant 
speed. There is an infinite series of points D + 120, D + 60, D + 30, 
D + 15,...that converges to D; and there is a corresponding infinite 
series of instants 7+ 12.5, T+ 6.5, T+ 3.5, T+ 2,..., that converges 
to T. For each point in the series, there will be infinitely many points 
in the series that Achilles passes through before he reaches the given 
point; for each instant in the series, there will be infinitely many ear- 
lier instants at which Achilles is in motion before he is in motion at 
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the given instant. Moreover, given that Achilles is standing still at the 
instant Tat the point D, there is (of course) no first instant at which 
Achilles is in motion, and no first point that he moves to when he 
moves from the point at which he is at rest. But it would be a mis- 
take to suppose that these considerations show that there cannot be 
motion — or change in state from being at rest to being in motion — 
if space and time have the structure of the real numbers. There is, 
after all, nothing incoherent in the supposition that space and time 
have the kind of structure that has just been described. (Of course, 
we could suppose that there is a first instant at which Achilles is in 
motion and a first point at which he is moving. But, in that case, we 
would find that there is no last instant at which he is at rest and no last 
point at which he is not in motion. As we noted earlier, if space and 
time are dense assemblages of points, then there is no avoiding the 
properties that are possessed by all dense assemblages of points.) The 
case of Dichotomy is no more successful than the case of Achilles and 
the Tortoise in establishing that it is incoherent to suppose that space 
and time are dense assemblages of points. 

The case of the Arrow seems not to be so much as a prima facie plau- 
sible objection to the hypothesis that space and time are assemblages 
of points. Even if we deny that it is correct to define motion in terms of 
change of position with time, it can hardly be denied that stereotypi- 
cal cases of motion do involve change of position with time and that 
stereotypical cases of absence of motion involve the absence of change 
in position with time. If an arrow is lying on the ground, undisturbed, 
then — at least relative to the surface of the earth — it is not changing in 
position with time, and it is not in motion. If an arrow is flying through 
the air, then — again relative to the surface of the earth — it is changing 
in position with time, and it is in motion. Moreover, if, in the latter 
case, we consider the state of the arrow at a particular instant of time 
T-when it occupies a particular spatial region R — it would simply be 
a mistake to say that the arrow is at rest in region R at time T: That an 
object occupies a given spatial region at a given temporal instant is not 
to say that the object is at restin that region at that instant (contrary to 
the key claim in our reconstruction of the Arrow). Whether the object 
is at rest in the region can depend on where the object is at nearby 
times, whereas whether the object occupies the region merely depends 
on how things are at the instant in question. Since the key distinction 
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here is available to all proponents of the view that space and time are 
assemblages of points, there is nothing in the Arrow to trouble those 
who hold that space and time are discrete assemblages of points, and 
neither is there anything in the Arrow to trouble those who hold that 
space and time are at least dense assemblages of points. (Perhaps it 
is worth noting here that those who hold that space and time are dis- 
crete assemblages of points will not find even prima facie difficulty in 
either Dichotomy or Achilles and the Tortoise, since it is impossible 
to construct the relevant infinite series of instants and points in the 
discrete cases. While there are difficulties that arise in thinking about 
the discrete version of Achilles and the Tortoise, these difficulties are 
all brought out in the case of the Stadium, to which we now turn.) 

If we suppose that space and time are discrete assemblages of points, 
then there are interesting questions that arise about the conception of 
motion. Let’s focus on the case of rectilinear motion and, for simplicity, 
suppose that we have a point mass. If we insist that our object can travel 
along a line only by passing through every point on the line, then there 
will be a maximum speed for our point mass: It can move no further 
than from one point on the line to the next as we move from one instant 
to the next. Moreover, if an object is to travel with genuinely uniform 
speed, then it seems that it can travel only at this maximum speed; an 
object that travels more slowly must be spending some instants at rest, 
before moving on to the next point on the line. Perhaps, in view of 
these consequences, we should hold instead that an object that travels 
along a straight line does not need to pass through every point on 
the line; rather, all that is required is that, at each instant, the object 
occupies a point on the line. In this case, there will be a minimum for 
travel with genuinely uniform speed: An object that is moving more 
slowly than from one point to the next as we move from one instant 
to the next will not be moving with uniform speed. 

The case of the Stadium is a case involving relative motion. Suppose 
that we have three parallel straight lines, A’, B’, and C’, and that A, B, 
and C are point masses on these lines. A is travelling to the right on 
A’, B is stationary on B’, and C is travelling to the left on C’. At time 
T, A, B, and C form a straight line L, perpendicular to the lines A’, B’ 
and C’. At time T— 1, Ais one point to the left of the intersection of 
L with A’, and C is one point to the right of the intersection of L with 
C’. At time T+ 1, Ais one point to the right of the intersection of L 
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with A’, and C is one point to the left of the intersection of | with C’. 
If we consider the change of position of A and C between Tand T+ 
1, we see that there is a sense in which they have moved ‘two points’ 
apart, even though only one instant of time has lapsed. 

But why should we suppose that this is problematic? On the one 
hand, if we insist that no object can move along a line without passing 
through all of the points on that line, then we can say that there has 
been no violation of this requirement in the case of the Stadium. Each 
of A and C has moved to the next point at the next instant, and there 
is no distinct object that has ‘skipped a point’ at that instant. The 
‘relative’ change of position of A and C does not involve any violation 
of the constraint that there is a maximum speed that objects can travel 
relative to the points of space and time. (If we suppose that the points 
of space and time form a Cartesian grid, and if we suppose that ‘diag- 
onal’ motion is prohibited, then we can infer that there isa maximum 
speed that objects can travel relative to one another, which is double 
the maximum speed that objects can travel relative to the points of 
space and time.) On the other hand, if we allow that objects can move 
along a line without passing through all of the points on the line, 
then the case of the Stadium doesn’t even raise a prima facie difficulty 
for the view that space and time are discrete assemblages of points. 

While — as I noted earlier — there is much more to be said about 
Zeno’s paradoxes, I think that the above discussion bears out the con- 
clusion that modern mathematics — standard analysis and measure the- 
ory —is the most that friends of infinities need in order to construct sat- 
isfactory responses to the paradoxes presented above. However, even 
if this is right, it should not be denied that there are quite deep prob- 
lems associated with the conception of a continuum of points and that 
some of our discussion of the paradoxes presented above has already 
touched on these problems. We shall continue to pursue these prob- 
lems in the next sections of this chapter. 


42 GRUNBAUM’S METRICAL PUZZLE 


There are results in geometry and topology that are apt to seem 
paradoxical. For example, it seems that geometry tells us that a line 
segment of finite length is composed of points, each of which has 
length zero. But how can one get something that has a measure other 
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than zero by aggregating zeroes? Similarly, in topology, we have it 
that a one-dimensional line can be composed of nothing but zero- 
dimensional points. Yet how can one put together things that are all 
zero-dimensional and end up with something that is one-dimensional? 
(Of course, these questions can be repeated over and over for spaces 
of higher dimensions.) These kinds of questions crop up all over the 
place: How can a temporal interval be composed of instants? How can 
a finite temporal interval be composed of infinitely many instants, all 
of which have the same magnitude? How can a finite length be com- 
posed of infinitely many nonoverlapping parts, all of which have the 
same magnitude? And so on. 

Grunbaum (1953) identifies an assumption that he supposes Zeno 
to have made and that he takes to be pivotal to the intuition that 
the results of geometry and topology are paradoxical, namely, that the 
sum of any finite or infinite number of ‘dimensionless’ magnitudes is neces- 
sarily zero. Since Grunbaum’s discussion of this claim is exemplary, we 
shall profit by following it closely. (Grinbaum also claims that Zeno 
assumed — correctly — that the sum of an infinite number of equal 
positive magnitudes of arbitrary smallness must necessarily be infinite, 
but insists that this is irrelevant to the question of the possibility of a 
consistent conception of the extended linear continuum as an aggre- 
gate of unextended elements. However, it requires more argument to 
establish that the second part of this is right: For someone might think 
to object that it may be possible to form consistent conceptions of 
infinitesimal lengths, and hence possible to form consistent concep- 
tions of finite line segments as mereological sums of infinitely many 
line segments of equal, nonzero length. I shall not attempt to address 
this argument here.) 


(a) Dimension 


Consider a set E of elements. A set S of subsets of EF is a topology on 
E-and <E, S> is a topological space — iff (1) g and E both belong to S; 
(2) for any subset of S, the union of the members of that subset is itself 
a member of S; and (3) for any finite subset of S, the intersection of 
the members of that subset is itself a member of S. (In other words: 
Given any set, the subsets of that set that are closed under union and 
finite intersection are topologies for the given set.) The subsets of E 


Space, Time, and Spacetime 101 


belonging to S are the open sets of the topology defined by S, and the 
elements of Sare the points of the space. 

In a topological space, a neighbourhood of a subset A is any set that 
contains an open set that contains A. The neighbourhoods of a subset 
{x} that contains only one point of E are the neighbourhoods of the 
point x. 

A topological transformation — homeomorphism — of one (point set) 
space into another is a map between the points p of the space and 
the points p’ of the image space that is biunique and bicontinuous, 
that is, such that (1) for any arbitrary point p of the space and any 
neighbourhood 7’ of its image point p’, there exists a neighbourhood n 
of the point psuch that the images of the points of this neighbourhood 
lie inside the chosen neighbourhood 7’ of p’, and (2) for any arbitrary 
point p’ of the space and any neighbourhood n of its image point p, 
there exists a neighbourhood 1’ of the point p’ such that the images of 
the points of this neighbourhood lie inside the chosen neighbourhood 
n of p. Two sets satisfying these conditions are topologically equivalent, 
or homeomorphic. For example, the sphere, the cube, and the pyramid 
(but not the torus) are all homeomorphic. 

A point pis a boundary point of a set Sif every neighbourhood N of 
p contains at least one point in S and at least one point not in S. (A 
boundary point may, but need not, belong to the set of which it is a 
boundary point.) The set of all the boundary points of a set Sis the 
boundary of S, bdry(S). 

A collection of subsets {G;: 7 € /} of E is an open covering of a subset 
Kof EFiff each of the G; is an open set and K CU je/G;. 

Following the approach that was pioneered by Bolzano, Poincare, 
Brouwer, and Menger, we give the following recursive definition of 
the dimension of a topological space (in terms of the separation of the 
space by subspaces of smaller dimension): 


(1) dim(S) = —1 iff S = @ (.e., the null set is stipulated to be 
—l-dimensional). 

(2) dim(S) < niff for each point x € S and each open set Gsuch 
that x € G, there exists an open set Usuch that x € UC Gand 
dim(boundary U) < n—1 

(3) dim(S) = niff dim(S) < nand not dim(X) < n- 1 

(4) dim(S) < oo iff dim(S) < n for some n € NU {-1} 
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There is a more fundamental recursive definition — the currently 
accepted mathematical definition — that agrees with the above defi- 
nition for topological spaces that are metrisable (i.e., upon which a 
metric function can be defined): 


(1) dim(S) = —1liff S = @ 

(2) dim(S) < niffin any finite open covering of S one can inscribe 
a finite open covering of S$ of multiplicity < n+ 1 

(3) dim(S) < oo iff dim(S) < n for some n € NU {—1} 

(4) dim(S) = min{n: dim(S) < n} 


On either of these definitions, a space has dimension Oat a point p iff p 
has an arbitrarily small neighbourhood with empty boundaries, that is, 
iff for each neighbourhood U of p there exists a neighbourhood Vof 
psuch that VC Uand bdry(V) = 0. A nonempty space has dimension 
Oiff it has dimension 0 at each of its points. (The 0-dimensionality of 
points and spaces is a topological invariant.) 

It is easy to see that every nonempty finite or countably infinite 
point set on the real number line is 0-dimensional. In particular, then, 
the set Q of rational points on the real number line is 0-dimensional. 
Moreover, itis also easy to see that the set of irrational points on the real 
number line is 0-dimensional. Yet the union of these two 0-dimensional 
sets — the set of rational points and the set of irrational points — is 
1-dimensional. Hence, as Grunbaum argues, if we interpret the claim 
that a sum of any finite or infinite number of ‘dimensionless’ magnitudes 
must necessarily be zero to be the claim that a finite union of spaces of 
0-dimensional spaces must itself be O-dimensional, then this claim is falsified 
by the well-established analysis of dimensionality. According to the 
modern theory of dimensionality, you can put together ‘zeroes’ and 
end up with something ‘nonzero’. But there is no inconsistency in the 
modern theory of dimensionality. So the assumption that Grunbaum 
attributes to Zeno should be discarded (at least in this kind of case). 

Perhaps it might be objected that the concept of dimensionality 
that is elaborated in modern mathematical theory is not applicable 
to physical space: The best understanding of the claim that physical 
space is four-dimensional is one that depends on some quite different 
account of dimensionality. While it seems wrong to me to think that 
the mathematical theory does not yield an account of dimensionality 
that applies to physical space, perhaps all that needs to be noted here is 
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that there is a burden of proof on those who would reject the modern 
mathematical account of dimensionality as an account of the dimen- 
sionality of physical space. What other account of dimensionality is 
applicable to physical space? And why do working physicists simply 
take over their account of dimensionality from the mathematicians 
when they have need of an account of dimensionality? 


(b) Measure 


Consider an n-dimensional Euclidean space (point set) that satisfies 
the following two conditions: (1) there is a one-one correspondence 
between the points of the space and a real coordinate system (x1,..., 
Xn); and (2) ifthe points xand y have coordinates x; and y;, then there is 
a real-valued function d(x, y) = {(x;— yi) a that gives the Euclidean 
distance between these points. (Of course, this is not the most general 
case. But we needn’t here concern ourselves with irrelevant complex- 
ities introduced by, for example, the special and general theories of 
relativity.) 

A finite interval on a straight line is the (ordered) set of all real 
points between — and perhaps including one or both — of the end- 
points of the interval. For the open interval (a, b), the distance between 
aand b- the length of the open interval (a, ) — is the nonnegative 
quantity 6 — a. (In fact, this quantity is the length of all of the intervals 
[a, 6], [a, 6), (a, 6] and (a, b), regardless of whether or not the end- 
points are included in the interval.) In the limiting case in which a = 6, 
the interval is degenerate, and its length is zero. 

If an interval /is the union of a finite number of intervals, no two 
of which have a common point, then the length of the total interval 
is the arithmetic sum of the individual lengths of the subintervals. In 
other words, the Euclidean measure that we have described has the 
property of finite additivity. 

Define the arithmetic sum of a progression of finite cardinal num- 
bers to be the limit of any sequence of partial arithmetic sums of mem- 
bers of the sequence (provided that there is such a limit). Then the 
length of an interval that is subdivided into a denumerable number of 
subintervals without common points is equal to the arithmetic sum of 
the lengths of these subintervals. In other words, the Euclidean mea- 
sure that we have described has the property of countable additivity. 
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The Euclidean measure does not possess the property of uncountable 
additivity . We can divide the interval [a, 6] into uncountably many 
degenerate intervals, each of measure zero (one for each of the points 
on the real number line between aand b). Nonetheless, the length of 
the interval [a, 5] is the nonnegative quantity b— a. 

Hence, as Grunbaum argues, if we interpret the claim, that a swm 
of any finite or infinite number of ‘dimensionless’ magnitudes must necessarily 
be zero to be the claim that an uncountable union of degenerate intervals 
of measure zero must itself be of measure zero, then this claim is falsified 
by the well-established analysis of measure. According to the modern 
theory of measure, you can put together ‘zeroes’ and end up with 
something ‘non-zero’. But there is no inconsistency in the modern 
theory of measure. So the assumption that Grunbaum attributes to 
Zeno should be discarded (at least in this kind of case). 

It should be noted that it would be a mistake to object that the 
modern theory of measure on which Griinbaum relies merely assumes 
that lengths are not uncountably additive. On the contrary, the various 
highly plausible assumptions of the modern theory of measure entail 
that length is not uncountably additive. If we assume that space and 
time are composed of points— uncountably many points— then (setting 
aside the possibilities that are afforded by nonstandard analysis and the 
like) we are required to reject the principle of uncountable additivity, 
on pain of contradiction. 


(c) A Zeno-Style Argument 


As Grunbaum says, one can construct ‘paradoxes’ if one is prepared 
to make each of the following four assumptions: 


(i) Infinite divisibility guarantees the possibility of a complete pro- 
cess of infinite division, that is, of a complete yet infinite set of 
division operations. 

(ii) Completion of a process of ‘infinite division’ is achieved by the 
last operation in the series and terminates in the attainment of 
a final product of division, namely, a mathematical point with 
measure zero. 

(ii) The product of a complete process of infinite division is an 
infinite collection of distinct elements. 
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(iv) A complete process of infinite division (1) begins with a first 
operation, (2) is such that each operation has an immediate 
successor, and (3) is such that each operation but the first has 
an immediate predecessor. 


In particular, it seems that any conception of space and time as aggre- 
gates of infinitely many points must collapse under the weight of these 
assumptions. 

More or less following Grunbaum, we respond to the challenge laid 
down in this set of assumption by rejecting both parts of (ii). (There are 
also questions to be raised about (i). However, we postpone discussion 
of these questions until later.) On the one hand, completion of a 
process of ‘infinite division’ can be achieved only by carrying out all of 
the operations in the series, and not by carrying out the last operation 
in the series, since, necessarily, there is no last operation in the series. 
On the other hand, if we begin with a finite interval of the real line and 
divide it according to the specifications of Stick (so that, at each stage, 
all of the subintervals from the preceding stage are divided), then we 
cannot end up with a countable collection of points (though we will 
end up with a countable collection of entities, not all of measure zero, 
some of which may be points). 

While the result is, perhaps, counterintuitive, it turns out that we can 
consistently claim both (i) that the line and its intervals are infinitely 
divisible and (11) that the line and its nondegenerate intervals are 
uncountable unions of indivisible degenerate intervals. The crucial 
point is that, in the theories that we are here countenancing, there is 
no meaning to the words ‘form the arithmetic sum’ in cases in which 
we have uncountably many elements. It is this fact that allows us to 
consistently make all four of the following claims: (i) the finite inter 
val (a, b) is the union of continuum many degenerate subintervals, 
(11) the length of each degenerate subinterval is zero, (ii) the length 
of the interval (a, b) is given by the number b — a, and (iv) the length 
of an interval is not a function of the cardinality of the degenerate 
subintervals from which it is constituted. 

One option that deserves consideration here is to reject the assump- 
tion of countable additivity. Grinbaum’s consistent conception of 
the extended linear continuum as an aggregate of unextended ele- 
ments relies on the fact that additivity is denied for sufficiently large 
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collections. The standard theory rejects uncountable additivity and, 
in this way, acquires consistency. But perhaps we should go further, 
and reject countable additivity as well. In that case, it seems, we could 
consistently suppose that the result of countably many acts of division 
is to divide a line into countably many points of measure zero. 

While there are various points to be made in connection with this 
suggestion, itseems to me that the most significant consideration is that 
this proposal is not acceptable if we lose too many of the results that can 
be obtained in real analysis and those other parts of mathematics that 
are based on the theory of real numbers. Without countable additivity, 
it seems — for example — that we must lose the result that an arithmetic 
sum of an infinite series is the limit of the partial sums. At the very least, 
there is a burden of proof here: If there is a consistent conception of 
the extended linear continuum as an aggregate of countably many 
unextended elements, then that conception remains to be exhibited. 
(We shall return to these considerations when we discuss a parallel 
suggestion in connection with the theory of probability.) 


4.3 SKYRMS’S MEASURE PUZZLE 


Skyrms (1983) provides a very elegant presentation of what he calls 
“Zeno’s paradox of measure”. We begin by supposing that a finite 
line segment is divided into equal parts w times, according to the 
specifications of Stick. We then argue as follows: 


(1) Either the parts all have zero magnitude or they all have positive 
magnitude. 

(2) If the parts all have zero magnitude, then the line segment has 
zero magnitude, since the magnitude of the whole is the sum 
of the magnitudes of the parts. 

(3) Ifthe parts all have positive magnitude, then the line segment 
has infinite magnitude, since the magnitude of the whole is the 
sum of the magnitudes of the parts. 


Skyrms identifies five assumptions that he supposes are required by 
this argument. 


(1) Partition: The line segment can be partitioned into an infinite 
number of parts. 
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(2) Measurability: The line segment can be partitioned into an infi- 
nite number of parts such that the concept of magnitude applies 
to its parts. 

(3) Invariance: The line segment can be partitioned into an infinite 
number of parts such that either the parts all have equal positive 
magnitude or the parts all have zero magnitude. 

(4) Archimedean Axiom: The line segment can be partitioned into 
an infinite number of parts such that there are no infinitesimal 
magnitudes. 

(5) Ultra-Additivity: The line segment can be partitioned into an 
infinite number of parts such that the magnitude of the whole is 
the sum of the magnitudes of the parts, in the following sense: 
Let S be an infinite set of magnitudes, and let S* be the set 
of finite sums of magnitudes in S. A real number is an upper 
bound for S* iff it is greater than or equal to every member of 
S*, Let the sum of S be the least upper bound of S* ifa real least 
upper bound exists, and infinity otherwise. 


As Skyrms notes — and as we have seen exemplified in the case of 
Grtinbaum — modern discussions have tended to focus on Invariance 
and Ultra-Additivity (= Uncountable Additivity), whereas ancient 
discussions tended to focus primarily on Partition and Measura- 
bility (though some attention was paid to Invariance and to the 
Archimedean Axiom). However, even if we are satisfied that the puzzle 
can be resolved through rejection of Invariance (if we suppose divi- 
sion into countably many parts), and Ultra-Additivity (if we suppose 
division into uncountably many parts), it will be worth looking to see 
whether modern theories of measure support the assumption of Mea- 
surability. Following Skyrms, we present three different conceptions 
of measure that have been developed in modern mathematics. 


(1) Peano-Jordan Measure: On the line, intervals (a, ) are assigned 
measure } — a. These measures are fundamental, and the con- 
cept of measure is extended to other point sets as follows. Con- 
sider finite sets of intervals that cover the set of points in ques- 
tion. Associate with each such covering the sum of the lengths of 
the intervals in it. The greatest lower bound of these numbers is 
the outer content of the set. Working from the other side, con- 
sider finite sets of nonoverlapping — pairwise disjoint — intervals 
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whose union is contained in the set in question. The least upper 
bound of these numbers is the inner content of the set. If the 
outer and inner content of a point set are equal, then the set is 
measurable in the sense of Peano and Jordan, and that number 
is its measure; if not, the set is not measurable, and the concept 
of (Peano-Jordan) measure simply does not apply. 


(2) Borel Measure: A collection of subsets of a nonempty universal 


set U is a sigma-algebra if it is closed under countable union, 
countable intersection, and complementation with respect to U. 
The Borel measurable sets on the line segment are the smallest 
sigma-algebra of point sets containing the open intervals. The 
rationals in [0, 1] have Borel measure 0; hence the irrationals in 
[0, 1] have Borel measure 1. Borel measure differs from Peano- 
Jordan measure in that it is countably additive, and not merely 
finitely additive. (Note that there are uncountable sets that have 
Borel measure 0, for example, the Cantor ternary set that is 
constructed by starting with [0, 1] and, at each stage, removing 
the middle third open interval from each of the closed intervals 
of the preceding stage.) 


(3) Lebesgue Measure: On the line, intervals [a, 6] are assigned 


measure ) — a. These measures are fundamental, and the con- 
cept of measure is extended to other point sets as follows. Con- 
sider countable sets of intervals that cover the sets of points in 
question. Associate with each such covering set the sum of the 
lengths of the intervals in it. The greatest lower bound of these 
numbers is the outer measure of the set. For the inner measure 
of a bounded set S, consider the closed intervals [ a, b] that con- 
tain it. For each, take its length, b — a, and subtract the outer 
measure of the set of points not in S. The inner measure is the 
least upper bound of these numbers. If the outer measure and 
the inner measure of a set are equal, then the set is measurable 
in the sense of Lebesgue, and that number is its measure; if 
not, the set is not measurable, and the concept of (Lebesgue) 
measure simply does not apply. The Lebesgue measurable sets 
include the Peano-Jordan measurable sets and the Borel mea- 
surable sets. Moreover, Lebesgue measure has the property of 
translation invariance: m(S) = m(S+ a) for any real number 
a. Finally, it can be proved that Lebesgue measure is countably 
additive. 
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Given the discussion to this point, one might think that Lebesgue 
measure is just what we need for our consistent conception of the 
continuum. However, as Skyrms notes, Lebesgue measure does have 
some rather unusual properties. 

First, as Vitali initially proved, there are sets that are not Lebesgue 
measurable. Consider the interval [0, 1), and the equivalence rela- 
tion x — yis rational. This partitions [0, 1) into equivalence classes. 
Choose one member from each of these classes — which we can do if 
we assume the axiom of choice! — to form a choice set C. For each 
rational rin [0, 1) let C, be the set obtained by adding r (mod 1) to 
each member of C. The Cs form a denumerable partition of [0, 1). If 
they are Lebesgue measurable, they all have the same measure. Hence, 
the measure of [0, 1) would be either 0 or infinity. But it is neither, 
being instead 1. So the C,s are not Lebesgue measurable. (And, of 
course, this construction makes it clear that nonmeasurable sets are 
ubiquitous.) 

Second, there are desirable properties of the Lebesgue measure that 
hold only for spaces of one or two dimensions, but not for spaces of 
three dimensions. Banach and Tarski showed that there is a finitely 
additive, real-valued, translation-invariant measure defined on all sub- 
sets of [0, 1] and that agrees with Lebesgue measure on all Lebesgue- 
measurable sets. Moreover, there is a measure defined for all subsets of 
the unit interval that takes its values in a nonstandard interval of the 
reals that is finitely additive, translation invariant up to an infinites- 
imal, infinitesimally close to Lebesgue measure on the Lebesgue- 
measurable sets, and regular (so that only the empty set gets mea- 
sure zero). But, alas, the Banach and Tarski construction cannot be 
extended to three dimensions: In spaces of three dimensions or more, 
one cannot construct a finitely additive measure that assigns the unit 
cube the measure I, assigns congruent point sets equal measure, and 
assigns a measure to all subsets of the unit cube. (Say that two sets of 
points in a metric space are equivalent by finite decomposition iff there 
exists a finite partition [f,..., Pn] [@1,.--, Gr] whose respective mem- 
bers — f;, gi— are congruent. Then, in a Euclidean space of dimension 
n > 3, two arbitrary bounded sets with interior points — for example 
two spheres of differing radii — are equivalent through finite decompo- 
sition. Moreover, in the case of Euclidean spaces of dimension 1 and 
higher, two arbitrary sets containing interior points are equivalent by 
denumerable decomposition. ) 
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Third, as Banach and Kuratowski and Ulam showed, given the con- 
tinuum hypothesis, there is no nontrivial countably additive measure 
defined on the entire power set of [0, 1] that gives all the unit point 
sets measure zero. 

Given the above results, it is clear that the concept of Lebesgue mea- 
sure is not without counterintuitive consequences if we suppose that 
it has direct application to physical space. However, it is not clear that 
there are any insuperable difficulties here for the view that Lebesgue 
measure is the measure theory of physical space (as Grunbaum implic- 
itly supposed). Nobody supposes that there are physical processes that 
can effect the finite decompositions that are described in the results 
of Banach and Tarski. Moreover, this would remain so even if physical 
objects were composed of atomless gunk. The existence of sets that are 
not Lebesgue measurable is, perhaps, a mildly surprising consequence 
of the theory, but it hardly seems sufficient to undermine the claim 
that space is a real continuum of points. 

Moreover, returning to the puzzle with which we began, it seems 
that there is nothing in these considerations to shake our confidence 
in Partition and Measurability. Even if it is true — as the Banach-Tarski 
result suggests — that the line segment can be partitioned into an infi- 
nite number of parts such that the concept of magnitude fails to apply 
to some of those parts, it is still true that the line segment can be 
partitioned into an infinite number of parts such that the concept of 
magnitude applies to its parts. Perhaps we can’t have everything that 
we would like to have in our measure theory, but we certainly have 
more than enough to get by. 


4.4 POINTS, REGIONS, AND FINITE LATTICES 


So far, we have considered ways in which friends of infinity might 
defend the claim that space and time are infinite assemblages of points 
against various kinds of objections. I have argued that there is nothing 
in Zeno’s paradoxes, nor anything in the more sophisticated paradoxes 
of measure, that ought to deter those who believe that space and time 
are infinite assemblages of points. However, there are various other 
kinds of reasons why one might wish not to believe that space and time 
are infinite assemblages of points; we shall begin to examine some of 
these further reasons here. 
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(a) Regions as Primitives 


It is sometimes suggested that, since points are evidently ideal entities, 
one should begin with the assumption that regions are the fundamen- 
tal spatial entities, and then show how points can be ‘constructed’ as 
limits of sequences of regions. (It is less popular to make the same 
suggestion in the case of time, but there is no obvious reason why one 
shouldn’t take temporal intervals to be fundamental, and then show 
how instants can be ‘constructed’ as limits of sequences of intervals.) 
On this suggestion, there aren’t really any points: Points are ‘ideal’ 
entities — convenient fictions — that ease description of the world but 
that play no (ontologically committing) role in a canonical account of 
what the world is like. 

There is no doubt that one can take regions to be fundamental. 
However, if our aim is to allow the ‘ideal’ reconstruction of a Euclidean 
space that is composed of points, then we shall need to suppose that 
there are uncountably many regions, with no nonzero lower limit on 
the size of regions. Consequently, in point of commitment to infinite 
collections, there is actually no advantage to be gained in the move 
from points to regions: There may be otherreasons to prefer regions to 
points, but mere scruples about infinite collections can hardly figure 
among them. Moreover, this same point carries over even if our aim is 
to construct a nonclassical space, say, of the kind that would be suitable 
for quantum mechanics, in which we take regions or localisations to 
be primitive. (See, e. g., the constructions in Jozsa (1986).) Even if it is 
true that points are unlovely, there is nothing in mere considerations 
of cardinality that give one reason to suppose that regions are more 
lovely. 


(b) Relations as Primitive 


It is sometimes suggested that, since points and regions (and, indeed, 
space and time themselves) are evidently ideal entities, one should 
begin with the assumption that objects or entities are fundamental, 
and then (re) construe talk about points, regions, space, time, and so 
forth, as talk about certain kinds of relations that obtain between these 
objects or entities. On any of the many variants of this suggestion, there 
aren’t any points or regions: Points and regions (and space and time) 
are ‘ideal’ entities — convenient fictions — that ease description of the 
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world but that play no (ontologically committing) role in a canonical 
account of what the world is like. 

There are questions to be asked about whether it is possible to con- 
struct an adequate relational account of space and time;>and there 
are questions to be asked about the further ontological commitments 
that are required of such an account in order for it to have the same 
explanatory power as accounts that avail themselves of points and 
regions. For instance, it might be that such accounts require quan- 
tification over merely possible objects, in order to make sense of talk 
about “unoccupied spatial locations” and “empty spaces”. If points and 
regions are traded in for countably or uncountably many merely possi- 
ble objects — or uncountably many tropes, or countably or uncountably 
many property instances, or the like — then it is not clear that there is 
any advance in point of commitment to displeasing infinities. At the 
very least, then, we can see that whether a relational account of space 
and time gives opponents of infinities all that they want will depend 
on the details of the relational account: We cannot simply assume, in 
advance, that there is an adequate relational account in which there 
is no commitment to countable or uncountable infinities. 


(c) Fictionalism 


It is sometimes suggested that we should be fictionalists concerning 
talk about space, time, points, regions, and so forth, in the following 
strong sense: We should suppose that this talk is all misconceived and 
serves no useful purpose. I think that this kind of scepticism is not 
worth taking seriously: There is no doubt that there are useful purposes 
served by our spatial and temporal discourse; consequently, there is 
no doubt that, if we don’t take this talk at face value, then we need to 
be able to give an account of how it is that this talk is able to further 
the purposes that it does in fact further. 

It is also sometimes suggested that we should be fictionalists con- 
cerning talk about space, time, points, regions, and so forth, in the 
following weaker sense: We should suppose that this talk is all, strictly 
speaking, false but that it serves various useful purposes for us to act as 
if this were not so, that is, to act as if there are true claims that commit 


5 . . ‘, 3 ‘ — 
° The locus classicus for discussion here is the Leibniz-Clarke correspondence. 
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us to the existence of space, time, points, regions, and so forth. On 
this proposal, it isn’t that this talk can be (re) construed in terms of talk 
about relations, or tropes, or possibilia, or the like, and that, under this 
reconstrual, the talk is literally true; rather, the claim is that there is 
no literal interpretation of talk about space, time, points, regions, and 
so forth, on which that talk turns out to be true. While this proposal 
is not so manifestly objectionable as the stronger fictionalism that we 
considered initially, it is worth noting that it may not give those who 
wish to avoid countable and uncountable infinities all that they want: 
For, on this view, too, there will need to be an account of how it is that 
talk about space, time, points, regions, and so forth serves the purposes 
that it does; and that account will have ontological commitments to 
objects and properties of various kinds. Until we have the details of 
that account, we cannot be sure that we don’t get back commitment 
to some other kind of countable or uncountable infinity. 


(d) Supervenience 


Since we’re canvassing options, we shouldn’t neglect the view that 
claims that space, time, points, regions, and so forth are supervenient 
entities: They bear, to some other subvenient entities, the same kind of 
relation that clubs have to their members. While it is hard to find live 
cases of theorists who have endorsed supervenience theses for space, 
time, points, regions, and so forth, it is not clear that there is any insu- 
perable barrier to adopting such views. However, as in the cases dis- 
cussed above, there are reasons for suspecting that adopting a view of 
this kind might not help those who don’t like countable and uncount- 
able infinities to avoid commitment to them. Of course, there is a sense 
in which this kind of view obviously doesn’t help: Supervenient enti- 
ties are still entities, after all. Uncountably many supervenient points 
are still uncountably many points. But one could take the view that 
a supervenient infinity is an infinity that can be explained away: Pro- 
vided that there are only finitely many entities at the subvenient level, 
there is a sense in which the world is fundamentally finite. 

The difficulty is that it is hard to see how there could be infinitely 
many entities at the supervenient level, and only finitely many enti- 
ties at the subvenient level. Supervenience is a relation of modal 
dependence: no variation at the supervenient level without variation 
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at the subvenient level. Consequently, one expects that there will no 
less complexity at the subvenient level than there is at the supervenient 
level; and, as a special case of this general point, one expects that there 
will be no fewer entities at the subvenient level than there are at the 
supervenient level. Of course, this argument is hardly a proof: There is 
always the possibility, for example, that one might be able to trade off 
infinite ontological commitment to entities at the supervenient level 
for infinite ideological commitments at the subvenient level. However, 
at the very least, we can say again that whether this kind of view can 
help those who wish to eschew countable or uncountable collections 
of entities depends on the hitherto undeveloped details of the view. 
(Examples from physics that seem, at least on first appearance, to fit 
this model — perhaps, for example, twistor theory — are all examples in 
which there are no fewer entities at the subvenient level. So perhaps 
there is some reason to make a pessimistic induction.) 


(e) Lattices and Graphs 


Perhaps the most direct response that foes of infinity can make to those 
who insist that space and time are infinite assemblages of points is to 
maintain, to the contrary, that space and time are finite assemblages 
of points. At any time, there are only finitely many distinct points in 
space; and there are only finitely many distinct instants of time in the 
history of the universe. Moreover — we might as well add — there are 
only finitely many properties instantiated at each point, and finitely 
many relational properties that are instantiated in tuples of points. 
The world is finite through and through. 

There are considerable difficulties that face a view of this kind. 
However, I do not think that the possibility that a view of this kind is 
true should be ruled out a prio. It is undeniable that much of our most 
successful science models the world using the resources of real analysis; 
but it seems possible, for example, that the world is truly described using 
difference equations that can be approximated as closely as you like 
using differential equations. It is also, I believe, true that, to date, we 
have been unable to produce a theory of this kind that comes close to 
empirical adequacy and yet that does not involve unrenormalisable 
infinities. Since the 1920s, there have been quantum theorists who 
have supposed that quantum mechanics really requires recasting in a 
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framework in which there are spatial and temporal atoms; but none of 
these theorists has been able to produce a theory that is not bedevilled 
by unrenormalisable infinities. While there is some irony in the fact 
that the ambition of finitists has, to date, been thwarted in this way, it 
is at least conceivable that there is a finite theory that does not suffer 
from these kinds of deficiencies. 

Perhaps there are other ways of avoiding the claim that space and 
time are infinite assemblages of points, apart from those that I have 
considered here. However, even if this is so, the discussion to this point 
will suffice for the purposes of the present work. Rather than pursue 
further questions about the small-scale structure of space and time, we 
turn now to worries about their large-scale magnitude. Even if we allow 
that space and time have the structure of the continuum, we might 
still deny that space and time can be infinite in extent or measure. We 
discuss the possibility of this kind of denial in the context of the work 
of Immanuel Kant. 


4.5 FIRST KANTIAN ANTINOMY 


In the First Antinomy of Pure Reason (in the Critique of Pure Reason, 
A426-A434, B454—-B462), Kant offers what he calls “proofs” of conflict- 
ing theses — “thesis” and “antithesis” — about the finitude and infinitude 
of space and time. Kant’s ambition in setting forward these “proofs” 
is, perhaps, something like this: to show that there are apparently well- 
formed claims that dogmatic philosophers are wont to champion and 
yet that reason is powerless to decide, since we can make equally com- 
pelling “cases” for these claims and for their negations. While Kant 
is at pains to deny that his “proofs” are sophistical, I think that care- 
ful examination shows that he is mistaken: There is not one of his 
“proofs” in the first antinomy that is anything other than a tissue of 
errors. Consequently, whatever Kant hoped to achieve in setting out 
the “proofs” contained in the first antinomy, his hopes meet only with 
disappointment.® 


5 For other discussions of these Kantian arguments — some of which provide a higher 
estimation of the virtues of the arguments — see Russell (1929), Swinburne (1966), 
Huby (1971; 1973), Whitrow (1978), Bell (1979), Craig (1979a; 1979b), Weingard 
(1979), Smith (1985), Krausser (1988), Moore (1990), Loperic (1990), and Moore 
(1992). 
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(a) The world has a beginning in time 


The first part of the thesis is that the world has a beginning in time. The 
“proof” runs as follows. If we suppose that the world has no beginning 
in time, then up to every given moment an eternity has elapsed, and 
there has passed away in the world an infinite series of successive states 
of things. But the infinity of a series consists in the fact that it can never 
be completed through successive synthesis. Hence, it is impossible for 
an infinite world series to have passed away: a beginning of the world 
is necessary condition of the world’s existence. 

I think that we can grant to Kant that, if the world has no begin- 
ning in time, then each moment is preceded by an infinite past: at 
any time, there has been an infinite series of prior (and successive) 
states of things. Moreover, we can grant to Kant that there cannot be a 
complete infinite series that is completed through successive synthesis 
if, by this, we mean that there cannot be an infinite series with a first 
member and a last member, in which each member but the first is the 
unique successor of some other member, and in which each member 
but the last is the unique predecessor of some other member. But if 
the world has no beginning, then there is no first member in our infi- 
nite series that terminates in the present, and so there is no ensuing 
contradiction. 

Perhaps it will be objected that Kant’s key assumption is surely that 
there cannot be an infinite series with a last member in which each 
member is the unique successor of some other member. While it must 
be said that this assumption does lead to contradiction when added to 
the claim that the world has no beginning in time, it should also be said 
that there is nothing in the notion of infinity that justifies this further 
assumption. The infinity of a series merely consists in the fact that 
there is a one-one correspondence between the members of the series 
and the natural numbers. The infinite series 1, 2, 3,..., n,...cannot 
be completed by successive synthesis, if what is required is that there 
should be a last member of the series that is reached by adding units. 
But, ifwe consider the very same series of elements in reverse order, ..., 
n,..., 3, 2, 1, then we do have an infinite series that is completed by 
successive synthesis: Each member of the series is the successor of the 
immediately preceding element — reached by subtracting a unit — and 
there is a last element. If we understand the proposal that the world 


Space, Time, and Spacetime 117 


has no beginning in time to be the proposal that the series of states of 
the world is in one-one correspondence with the series..., n,..., 3, 
2, 1, then Kant’s key assumption seems to be a very crude begging of 
the main point at issue. 

It might be worth adding here that it would be a very bad objection 
to the above reasoning to insist that successive synthesis requires addi- 
tion rather than subtraction and to claim on this basis that Kant’s argu- 
ment is vindicated after all. “Successive synthesis” requires no more 
than that each member of a series is derived in a law-governed fash- 
ion from the preceding member of the series. So our chosen example 
does refute the claim that there cannot be an infinite series with a last 
member in which each member is the unique successor of some other 
member. Perhaps, though, one might suggest that what Kant needs 
is the amended claim that there cannot be an infinite series with a 
last member in which each member is obtained from the immediately 
preceding member by the addition of a unit. While it must be con- 
ceded that our chosen example is no counterexample to this claim, 
we don’t need to look much further to find a counterexample: Con- 


sider, instead, the series..., —n,..., —3, —2, —1. In this series, each 
member is obtained from the preceding member by the addition of a 
unit: Successive synthesis if ever there were such a thing! 

For all that has been argued here, it might still be true that it is nec- 
essary that the world have a beginning in time. The only point that I 
have been trying to make is that the “proof” of the first half of the thesis 
of Kant’s first antinomy establishes no such claim. To make a case for 
the claim that it is necessary that the world have a beginning in time, 
one would need to appeal to very different, substantive considerations 
than those considerations to which Kant appeals in his “proof” — for 
example, perhaps, to one or another version of the principle of suffi- 
cient reason. 


(b) The World is Spatially Finite 


The second part of the thesis is that the world is “limited as regards 
space”, that is, has a strictly finite volume. The “proof” runs (at least 
roughly) as follows. Suppose that the world is infinite (in volume, in 
extent, in the number of objects that it contains). Since an infinite 
world cannot be seen to be infinite in a single act of perception (or 
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thought to be infinite in a single, completed act of thought), the world 
can be thought to be infinite only through an act of synthesis in which 
completion is achieved via the addition of units. But an act of synthesis 
that achieved completion via the addition of units requires the lapse of 
an infinite amount of time — and we have already seen, in the argument 
for the first part of the thesis, that this is impossible. Consequently, an 
infinite world cannot be thought of — viewed, conceived, perceived — 
as a given whole or as simultaneously given. Whence it follows that 
the world is not infinite in extent, but is rather enclosed within spatial 
limits. 

There are several things wrong with this argument. First, it relies 
on the argument for the first part of the thesis, yet we have already 
seen that that argument is defective. Second, it seems wrong to suppose 
that the world can be thought to be infinite only through an act of 
synthesis: For the content of the thought that the world is spatially 
infinite might be captured, for example, in the thought that, no matter 
how far I travel in that direction, I could travel further in that direction. 
Third — and most importantly — even if it were true that I could not 
form a proper or accurate conception — perception, view, thought, 
representation, whatever! — of an infinite world, it would not follow 
that the world is finite: Rather, what would follow is that I am unable 
to form a proper or accurate conception of the world. 


(c) The World has no Beginning in Time 


The first part of the antithesis is that the world has no beginning 
in time. The “proof” runs as follows. Suppose that the world has a 
beginning. Since something begins to exist only if there is a prior time 
at which it does not exist, there must have been an earlier time when 
the world did not exist, that is, an emply time. But nothing can come 
into existence in an empty time, since there is no sufficient reason for 
the thing to come into existence in one rather than another part of the 
empty time. Whence it follows that the world has no beginning in time. 

There are several difficulties that come to light when one examines 
this argument. 

First, there is a question about what Kant means by “the world”. If 
“the world” is the physical universe — everything that belongs to the 
same spatiotemporal manifold as the visible universe — then it seems 
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not to be ruled out a priori that there are things in time that are not 
part of the world. If, on the other hand, “the world” is the sum of all 
contingent existents, then it seems plausible to suppose that space and 
time are internal parts of the world, so that it is simply not possible 
for there to be an earlier, “empty” time. Moreover, even if “the world” 
is just the physical universe, it might still be that space and time are 
internal to the world, so that there is no earlier, “empty” time. 

Second, the considerations just raised suggest that there is a problem 
with Kant’s analysis of what it is for something to have a beginning. 
At least at first sight, there is no obvious difficulty in the thought that 
time is finite in the past, that is, that there has been only a finite lapse 
of time prior to the present. In that case, one might think, it would be 
perfectly appropriate to say that time had a beginning; and yet it would 
be absurd to suppose that Kant’s analysis of what it is for something to 
have a beginning can apply in the case of time. Rather than say that 
something begins to exist only if there is a prior time at which it does 
not exist, say instead that something begins to exist iff either (1) there 
is a prior time at which that thing does not exist or (2) time is finite in 
the past, and that thing exists throughout some proper initial segment 
of time. On this analysis, it simply isn’t true that, if the world begins to 
exist, then there is an earlier time at which the world does not exist. (If 
we suppose that time is composed from uncountably many instants, 
then it is possible for time to have finite measure in the past, and yet 
for there to be no first instant of time. Those who wish to maintain 
that this is a case in which there is no beginning of time will need to 
refine the account further: They will say that something begins to exist 
iff either (1) there is a prior time at which that thing does not exist 
or (2) there is a first instant of time, and that thing exists throughout 
some proper initial segment of time.) 

Third, there are questions to be asked about the principle of suf 
ficient reason on which the Kantian argument appears to rely. If we 
suppose that, whenever there is a range of events £),..., E, that could 
have occurred, and one — £;, say — does occur, there is a sufficient rea- 
son why £; occurred rather than &;, for each 7 ¥ 2, then it seems highly 
plausible to suppose that we shall be driven to the conclusion that 
there are no contingent events. On the assumption that “the world” is 
not necessary in every respect, we thus have good reason to reject the 
strong principle of sufficient reason that is here countenanced. But if 
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this strong principle of sufficient reason is not the one to which Kant 
is appealing, then we need to be told more about the weaker principle 
to which he is appealing, and we need to be given good reasons to 
accept that weaker principle. Perhaps there is an acceptable weaker 
principle of sufficient reason that can carry the weight in this argu- 
ment; the point that is being made here is just that the argument is 
plainly incomplete as it stands. 

There are, of course, many further considerations that bear on our 
assessment of the truth of the conclusion of Kant’s argument in the 
first part of the thesis and antithesis in the first antinomy. On the one 
hand, there is evidence from cosmology that suggests that the visible 
universe arose from a singularity in space and time: that evidence might 
be taken to be evidence that the universe did have a beginning in time 
(or with time). On the other hand, it is at least arguable that there is 
nothing in the mathematics of general relativity that prevents us from 
supposing that time extends back beyond the “initial” singularity, into 
a realm in which there are other contingent existents. If we suppose 
that “the world” is simply the sum of contingent existents, then it is at 
least arguable that the evidence that we have doesn’t strongly support 
any conclusion about the status of hypotheses about the beginning of 
the world. 


(d) The World is Spatially Infinite 


The second part of the antithesis is that the world is not “limited as 
regards space”, that is, that it has infinite spatial extent. The “proof” 
runs (more or less) as follows. Suppose that the world is spatially lim- 
ited. Then the world must be contained in an unlimited empty space. 
Consequently, the objects in the world are not only related in space 
but also related to space. In particular, then the relation of the world 
to empty space would be a relation of the world to no object (since, 
roughly, empty space is just nothing). But there can be no such rela- 
tion. So the world must be infinite in spatial extent. 

The most obvious difficulty with this argument is the confident 
assumption that, if the world is spatially limited, then it must be con- 
tained in an unlimited empty space. It is unclear how to make sense 
of this assumption; in particular, it is unclear how to interpret the 
expression “the world” in a way that gives clear content to it. If we 
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suppose that the world is a distribution of fields on a spatiotempo- 
ral manifold, then the assumption that the world is spatially limited 
is simply inconsistent with the assumption that the manifold extends 
spatially to infinity with all but some finite connected portion devoid of 
matter (and energy). Of course, Kant was not thinking of “the world” 
in exactly this way; but the example nevertheless serves to illustrate the 
difficulty that arises. 

If we suppose that Kant’s claim is that even a world that contains 
only a finite amount of matter (and energy) requires an infinite spatial 
container, then the proper reply is (1) that it is by no means obvious 
that this is so even in the case of Euclidean geometries and (2) that it 
seems clear that there can be worlds with non-Euclidean geometries 
that contain only a finite amount of matter (and energy) and that are 
spatially finite. Perhaps there are difficulties in the supposition that the 
spatiotemporal manifold of the world is both finite and Euclidean; but, 
at the very least, it is not obvious that this is so. 

Moore (1990: 28) mentions that following argument, which he 
attributes to Archytas of Tarentum.’ If the universe had an edge, then 
we could imagine someone, at the edge, trying to stretch out his or her 
hand. Success would show that there is at least empty space beyond; 
failure, that there is something preventing them. Either way, this would 
not, after all, be an edge. So the universe must be of infinite spatial 
extent. Arguing at this level, it seems that the proper response is to 
say that, if the person tries to stretch out his or her hand, then he or 
she must fail, simply because there is nowhere for his or her hand to 
go. There is a sense in which there is something that prevents him 
or her from stretching out his or her hand, namely, the absence of 
a space that the hand can occupy. Consequently, Archytas’ argument 
against the possibility that the world is a finite Euclidean manifold 
fails. (Of course, as Earman (1995: 32) points out, there may be other 
kinds of reasons why one should not be satisfied with the postulation 
of an incomplete spatiotemporal manifold. For example, one might 
suppose that such a manifold would require an unacceptable violation 


7 Archytas was a Pythagorean friend of Plato. His argument can be found in many sub- 
sequent writers, such as Simplicius, Lucretius, Aquinas, Bruno, and Locke. Harrison 
(1987: 25) claims that this argument led, ultimately, to the discovery of Olber’s 
paradox. 
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of a principle of sufficient reason. However, if there is a compelling 
objection to incomplete manifolds, it rests on something other than 
the argument that Archytas invented.) 

Perhaps there is some other, telling objection to the suggestion 
that the spatiotemporal manifold of the world might be both finite 
and Euclidean; but if so, that objection is not even hinted at in the 
argument that Kant presents. So — even setting aside the more pressing 
concerns raised by the possibility that the geometry of the world is non- 
Euclidean — we should conclude that the argument of the second part 
of the antithesis fails, at least as it stands. 

Apart from the difficulties already discussed, it should also be noted 
that it is doubtful that we should follow Kant in allowing that there can 
be no relationship between an object and surrounding empty space 
because the surrounding empty space is not an object. On the con- 
trary, it seems that we should insist that an empty space is an object, 
at least in the sense that it can be named, described, quantified over, 
and so forth. An empty space has properties — for example, the possi- 
bility of occupancy by material objects, and so on — that would not be 
instantiated if there were no such empty space. 


Conclusion 


As advertised initially, I think that the above discussion shows that none 
of the arguments presented in Kant’s first antinomy is any good. For all 
that Kant argues, it might be posszble for the world to have a beginning 
in time, and possible for the world to have no beginning in time; and it 
might be possible for the world to be finite in spatial extent, and possible 
for the world to be infinite in spatial extent. Consequently, there is 
nothing in Kant’s arguments that suggests that there are proofs of the 
conflicting theses for which he offers his defective “proofs”. Neither 
friends nor foes of the possibility of physically instantiated infinities 
can take any comfort from the arguments that Kant develops. 

There is, of course, much more to be said about the propositions 
that are the objects of the Kantian “proofs”. If, for example, we were 
prepared to take a standard general relativistic - FRW — model of the 
universe with full ontological seriousness, then we would conclude 
that the universe is temporally finite in the past direction, temporally 
infinite in the future direction, and either spatially infinite at all times 
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or spatially finite at all times. Since, however, it seems that there is an 
as yet unresolved conflict between general relativistic and quantum 
mechanical accounts of the universe, and since there is no alternative 
‘unified’ theory that has gained widespread acceptance, we are left in 
a position of uncertainty by the current state of science. Even leaving 
aside the possibility of dispute about whether the universe is topologi- 
cally open or topologically closed — both with respect to time and with 
respect to space — it seems to me that one should be very cautious about 
the conclusions that one draws in this area. However — as I have already 
noted — if one were inclined to throw caution to the winds, and were 
to cast in one’s lot with the FRW models, then (at the time of writing! ) 
one would end up concluding that the universe is temporally finite 
in the past direction, temporally infinite in the future direction, and 
either spatially infinite at all times or spatially finite at all times. 


4.6 INFINITY MACHINES IN RELATIVISTIC SPACETIMES 


So far, almost all of the discussion in this chapter has proceeded under 
the pretence that spacetime is Euclidean. However, if we suppose that 
the world has a fundamental spatiotemporal structure, then it seems 
clear that we should be considering the more general case of relativistic 
spacetimes (M, g) — where M is a connected differentiable manifold 
(without boundary) and g is a Lorentz metric defined throughout 
M - that are solutions to Einstein’s field equations. One of the most 
interesting consequences of consideration of this more general case 
is that, at least prima facie, there are general relativistic spacetimes in 
which the relativistic nature of spacetime can be exploited to finesse 
the carrying out of an infinite number of operations in a finite amount 
of time. Following Earman and Norton (1993) and Earman (1995), 
we consider first the case of Pitowsky spacetimes, and then move on to 
consider the case of Malament-Hogarth spacetimes. 


(a) Pitowsky Spacetimes 


(M, g) is a Pitowsky spacetime iff there are future-directed timelike half 
curves 71, ¥2 C Msuch that Jide =00, fygdt <oo, and y; C17 (y2). 
A half-curve is a curve that has one endpoint and that is inextendible 
in the direction away from the endpoint. A timelike curve is, roughly 
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speaking, a trajectory that a particle can follow. A future-directed time- 
like half-curve is a time like half-curve that is inextendible in the future 
direction. J~ (y) is the collection of points that lie on nontrivial past- 
directed timelike curves that intersect with y. The intuitive sense of the 
definition of Pitowsky spacetimes is that these are spacetimes in which 
there are infinite trajectories that particles could follow that lie in the 
causal past of other trajectories that particles could follow. As Earman 
and Norton note, it seems plausible to conjecture that any relativis- 
tic spacetime that possesses a timelike half-curve of infinite proper 
length is Pitowskian. For example, simple Minkowskian spacetime is 
Pitowskian. 

Given that a spacetime is Pitowskian, it is easy to see why one might 
think that the structure of this spacetime can be exploited to finesse 
the carrying out of an infinite number of operations in a finite amount 
of time. We suppose that, travelling along the trajectory y1, there isa 
Goldbach machine that carries out an infinite number of operations 
in an infinite amount of proper time. If, at any point, the machine pro- 
duces a counterexample to Goldbach’s conjecture, then a signal is sent 
that will be received by a mathematician travelling along trajectory y9. 
If there is no point at which the machine produces a counterexample 
to Goldbach’s conjecture, then the mathematician receives no such 
signal, and dies content in the knowledge that Goldbach’s conjecture 
is true. 

There are various difficulties with this proposal. Most important, it 
seems that, even if there are no other difficulties, we have not managed 
to describe a situation in which the mathematician obtains knowledge 
of the truth of Goldbach’s conjecture. For, at any point in the mathe- 
matician’s life at which he or she has not yet received a signal that tells 
him or her that there is a counterexample to Goldbach’s conjecture, 
he or she won’t know whether this is because there is no counterexam- 
ple to be found or whether it is because the signal telling him or her 
of the existence of a counterexample has not yet arrived. No matter 
how close we approach to the moment of the mathematician’s death, it 
remains possible that the crucial signal is still on its way. Consequently, 
it isn’t true that we have managed to describe a scenario in which the 
implementation of the Goldbach machine is finessed. 

Asecond difficulty with this proposal concerns the acceleration that 
the mathematician will need to undergo in order to fit the demands 
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of the story, that is, in order to be an “ultimate travelling twin”. To 
have finite total proper time, when his or her stay-at-home twin has 
infinite total proper time, the travelling mathematician must have no 
upper bound to his or her acceleration. Consequently, in any physically 
realistic embodiment of the mathematician, he or she will be quickly 
crushed by the gravitational forces involved. While the structure of 
Pitowskian spacetime does allow for the possibility that there is a finite 
trajectory v2 in the “causal shadow” ofan infinite trajectory y 1, itseems 
doubtful that it allows for the possibility that an intelligent agent might 
travel along trajectory y1. 

A final difficulty with this proposal concerns the possibility that one 
might make a Goldbach machine that operates successfully through- 
out an infinite amount of proper time. If one needs an infinite amount 
of hardware — for example, an infinite amount of storage capacity — in 
order to assess Goldbach’s conjecture for ever larger numbers, then 
the mass of the “particle” that travels along the infinite trajectory y is 
unbounded. But if the mass of the particle is sufficiently large, then it 
will perturb the background metric. Yet it is one of the implicit assump- 
tions of the story that the background metric is as we initially stipulated 
it to be. As things stand, no one has exhibited a Pitowskian spacetime 
(M, g) in which there is both space enough and material enough for 
a physically embodied computer to complete an exhaustive check of 
Goldbach’s conjecture. Consequently, even apart from the first two 
objections given above, we have no reason to think that one can use 
Pitowskian spacetime to finesse the operation of a Goldbach machine. 


(b) Malament-Hogarth Spacetimes 


(M, g) is a Malament-Hogarth spacetime iff there is a timelike half 
curve y; C Manda point p€ Msuch that Jat =ooand y; CI (fp). 
The intuitive sense of the definition of Malament-Hogarth spacetimes 
is that these are spacetimes in which there are infinite trajectories that 
particles could follow that lie entirely in the causal past of particular 
locations that particles can occupy. In a Malament-Hogarth spacetime, 
the first two of the difficulties that arise for Pitowsky spacetimes do not 
arise: (1) There is a definite location at which any signal from 
the Goldbach machine will arrive, and this need not be towards 
the end of the mathematician’s life, and (2) there is no need for 
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the mathematician to be crushed by gravitational forces, since there 
is no need for the mathematician to have unbounded acceleration. 
However, there are some other difficulties that need to be addressed. 

The first point that Earman and Norton make about Malament- 
Hogarth spacetimes is that they are not globally hyperbolic, that is, they 
do not possess Cauchy surfaces. (Some definitions: A time slice of a 
spacetime (MM, g) is a spacelike hypersurface XC M without edges. A 
partial Cauchy surfaceis an achronal time slice, that is, a time slice that is 
not intersected more than once by any future-directed timelike curve. 
A Cauchy surfaceis a partial Cauchy surface ’ for which the total domain 
of dependence D(X) = D(X) U Dt (2) = M. D(X) - the past domain 
of dependence of X' — is the collection of all points p € M such that every 
causal curve that passes through p and that has no future endpoint 
intersects Y. D* (2) — the future domain of dependence of XY —is the 
collection of all points p € M such that every causal curve that passes 
through pand that has no past endpoint intersects ’.) In view of this 
consideration, we may think that Malament-Hogarth spacetimes are 
causally anomalous: They do not admit of the kind of predictability 
and causal determination of which well-behaved spacetimes ought to 
admit. However, it is not clear that we have sufficient grounds here to 
claim that Malament-Hogarth spacetimes are impossible: Even if, for 
example, we suppose that spacetime is Minkowskian — and, so, globally 
hyperbolic — it seems that we can also hold that spacetime could have 
had some very different structure. 

The second point that Earman and Norton make about Malament- 
Hogarth spacetimes is that it is possible to prove the following result 
about them: If (1) (M, g) isa Malament-Hogarth spacetime that con- 
tains a timelike half-curve y; and another timelike curve y2 from q 
to psuch that ie dt =00, Iv dt < oo, and y; CI (p); (2) the family 
of null geodesics from y; to yg forms a two-dimensional integral sub- 
manifold in which the order of emission from y; matches the order 
of reception at yg; and (3) the photon frequency @; as measured by 
the sender y, is constant; then (4) the time-integrated photon fre- 
quency |?» dt as measured by receiver y¢ diverges as py approaches 
p. It is tempting to suppose that this result entails that, in any 
Malament-Hogarth spacetime, there are divergent blue-shifts, that is, 
that any Malament-Hogarth spacetime is an arbitrarily powerful energy 
amplifier. However — as Earman and Norton note — there are some 
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mathematically possible Malament-Hogarth spacetimes where y2 mea- 
sures neither red-shift nor blue-shift on some sequences of points 
approaching p. Nonetheless, it seems that we are justified in conclud- 
ing that, in physically nonpathological Malament-Hogarth spacetimes, 
y, can only avoid destroying y2 by progressively reducing the energy 
of the photons that he or she sends out. Moreover, in such spacetimes, 
it seems that indefinite amplification of thermal noise would destroy 
y2’s receiver; and, even if this were not so, the energy of the signal 
photons would eventually be reduced below that of the thermal noise 
photons. While we can perhaps imagine universes without thermal 
noise, we are surely moving to more remote possibilities when we do 
so; but it is hard to see that there is any other way of avoiding the 
difficulties just described. 

The third point that Earman and Norton make about Malament- 
Hogarth spacetimes is that it is possible to prove the following result 
concerning them: If (1) (M, g) is a Malament-Hogarth spacetime that 
contains a timelike half-curve y; such that I dt =ooandy; CI (); 
and (2)X°CM is a connected spacelike hypersurface such that 
vy, CI*(2); then (3) pis on or beyond Ht (ZX), where Ht (Z) is the 
future boundary of the future domain of dependence D+ (2) of Z. 
What this result says, more or less, is that events at p, or arbitrarily close 
to p, are subject to nondeterministic influences: There is nothing in 
the laws of physics to prevent a false signal conveying to yg the mis- 
information that a signal has been sent by y;. To meet this difficulty, 
one might propose that the signals that are sent by y; must encode 
the counterexample to Goldbach’s conjecture, and not merely indi- 
cate that there is one. However, this will require that yg be able to 
make arbitrarily fine discriminations — since ever larger numbers may 
need to be decoded in ever smaller time intervals — and thus returns 
us to the difficulties discussed in the preceding paragraph. 

The upshot of our discussion is that there are various reasons for 
being sceptical about the claim that it is possible to finesse the operation 
of, for example, the Goldbach machine in suitable classes of relativistic 
spacetimes. If we allow that there is some sense in which the Goldbach 
machine is possible, then it seems doubtful that consideration of this 
machine in the context of relativistic spacetimes provides us with a 
more robust sense in which it is possible. As Earman and Norton stress, 
there is more work to be done before a fully definitive answer can be 
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given; but, at the very least, we haven’t yet been given reason to think 
that there are much closer possible worlds than we might previously 
have supposed in which there are machines that perform infinitely 
many operations in finite time. 


4.7 SINGULARITIES 


It is part of the folk wisdom of the twentieth century that general rela- 
tivistic spacetimes contain points at which physical quantities take on 
infinite values. As Earman (1995) argues persuasively, this piece of folk 
wisdom is not, strictly speaking accurate: The truth about singularities 
in general relativistic spacetimes is more complex than this simple for- 
mulation allows. Nonetheless, any discussion of infinities in space and 
time that omitted some mention of singularities in general relativistic 
spacetimes would be seriously incomplete. So we shall follow Earman 
in trying to arrive at a more accurate view of the nature of singularities 
in general relativistic spacetimes. 

As before, we suppose that a general relativistic spacetime is a 
pair (M, g), where M is a connected differentiable manifold (with- 
out boundary) and gis a Lorentz metric that is defined at every p¢€ M, 
and that is C'(k > 0) at every p € M. (A metric is C* iff partial deriva- 
tives of order k exist and are continuous. A metric is C’~ iff partial 
derivatives of order k exist and are locally bounded.) We shall say that 
(Mj, gi) is an extension of (Mg, ge) iff there is an isomorphic embed- 
ding of the latter into the former, that is, iff there is a diffeomorphism 
gy: Mz > Mi: g2| (m2) = ¢* gi. An extension is proper iff p(M) is a 
proper subset of M. (M, g) is properly extendible iff it has a proper exten- 
sion. (M, g) is maximal — with respect to continuity/differentiability 
condition C® — iff there is no proper extension of (M, g). 

It seems uncontroversial to require that a nonsingular spacetime is 
timelike geodesic complete, lightlike geodesic complete, and spacelike 
geodesic complete. It also seems relatively uncontroversial to require 
that, in a nonsingular spacetime, every timelike curve of bounded 
acceleration has infinite proper length. Both of these requirements are 
entailed by the condition that every half-curve has infinite generalised 
affine length. Say that a spacetime is b-complete iff every half-curve has 
infinite generalised affine length. Then a plausible suggestion is that 
a spacetime is nonsingular iff it is complete. 
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A bincomplete curve in a spacetime (M, g) defines an ideal point 
on a boundary 0, M of M. However, there is no appealing way to attach 
0, M to M: In particular, the points in 0, M are not Hausdorff separated 
from the points of M. Given that the attempt to localise spacetime 
singularities requires such a high price, one might think it better to 
look for some other characterisation of singular spacetimes. On the 
other hand, the incompleteness criterion does provide an interesting 
classification of singular spacetimes. 

A regular point p € 0) M is an inessential singularity: (M, g) can be 
extended to (M’, g’) where the image of p € M’. Singular points are the 
nonregular points of 0, M. If p € 0, Mis asingular point for which some 
of the physical components of the curvature tensor do not approach 
limits as the point is approached by parallel propagation along any 
b-incomplete curve that terminates in fp, then pis a curvature singular- 
ity; else, pis a quasi-regular point. Curvature singularities divide into the 
following four cases: (1) blow-up scalar polynomial singularities, where a 
scalar curvature polynomial is unbounded as p is approached; (2) oscil- 
lating scalar polynomial singularities, where a scalar curvature polynomial 
fails to approach a limit as p is approached; (3) blow-up nonscalar poly- 
nomial singularities; and (4) oscillating nonscalar polynomial singularities. 
Further refinement is possible; but what we have is enough to show 
that, on the bincompleteness approach, there are many singular space- 
times in which there are no unbounded quantities. It should be noted 
that the FRW big-bang singularities — and the Kruskal-Schwarzschild 
model - are examples of blow-up scalar polynomial singularities; that 
is, in these cases there are physical components of the curvature tensor 
that diverge. 

While the }-incompleteness analysis captures the idea that singu- 
larities correspond to incompleteness, it fails to correspond to the 
idea that singularities correspond to missing points. Since a compact 
manifold cannot be a proper submanifold of a connected, Hausdorff 
manifold, the existence of incomplete compact manifolds gives us 
reason to be unhappy with the b-incompleteness analysis. Perhaps we 
should say that (M, g) is nonsingular iff every half-curve is either > 
incomplete or else contained in a compact subset of M. Or perhaps 
we should say that there are two different conceptions of singularities, 
and that we may avail ourselves of either. Or — as Earman indicates — 
perhaps there are other ways to proceed. 
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Even if we choose to retain the b-incompleteness analysis, our work 
is not done until we specify the completeness/differentiability condi- 
tions on the permissible extensions of (M, g). Ifwe make the conditions 
too strong, then we shall exclude physically reasonable situations. But 
if we make the conditions too weak, then it will turn out that no space- 
times are essentially singular, and we won’t be able to make use of 
well-known theorems about the existence of generic essential singu- 
larities in general relativistic spacetimes. If we insist that the metric is 
at least C?- at all points, then we have the following results: 


1. If (M, g) is a time-oriented spacetime satisfying the following 
four conditions: 
(a) RwV“V° > 0 for any nonspacelike V“ 
(b) the timelike and light-like generic conditions are fulfilled 
(c) there is no closed timelike curve 
(d) at least one of the following holds 
(i) there exists a compact achronal set without edge 
(ii) there exists a trapped surface 
(111) there is a p € Msuch that the expansion of the future 
(past) directed light-like geodesics through p becomes 
negative along each of the geodesics 
then (M, g) contains at least one incomplete timelike or light-like 
geodesic. 
2. If (m, g) is a time-oriented spacetime satisfying the following 
three conditions: 
(a) RwV“V? => 0 for any nonspacelike V“ 
(b) there exists a compact spacelike hypersurface YC M 
without edges 
(c) the unit normals to are everywhere converging (or 
diverging) 
then (M, g) is timelike geodesically incomplete. 


These results, due to Hawking and Penrose, tell us that, under plau- 
sible assumptions, there are generic essential singularities in general 
relativistic spacetimes. However, as noted above, it should not be sup- 
posed that these singularities must be places where physical compo- 
nents of the curvature tensor become unbounded. Moreover, as noted 
above, it is not obvious that we cannot suppose that the metric is only 
C!-; and, in that case, it remains unknown whether results parallel to 
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those of Hawking and Penrose obtain. As Earman says, there are var- 
ious relative results about which we can be fairly confident: Essential 
singularities are more prevalent for negative values of the cosmologi- 
cal constant than when the value of the cosmological constant is zero, 
and essential singularities are more prevalent when the value of the 
cosmological constant is zero than for positive values of the cosmo- 
logical constant. Again, essential singularities are more prevalent in 
spatially closed universes than in spatially open universes. And essen- 
tial singularities are more prevalent when mass-energy is present than 
in vacuum solutions to the Einstein field equations. 

In short: Taking general relativity seriously may well lead one to the 
conclusion that there are singularities in spacetime at which the phys- 
ical components of the metric tensor become unbounded, but only if 
one makes further assumptions that it is not obviously compulsory to 
make. Those who wish to reject physically instantiated infinites, and 
who make those further assumptions, are then faced with a choice: 
Either refuse to take general relativity seriously or explain how taking 
that theory seriously is compatible with rejecting the claim that there 
can be physically instantiated infinities. 


48 CONCLUDING REMARKS 


There is at least some reason to suppose that any possible universe 
involves a system of external relations that bear at least some similarities 
to classical spatiotemporal relations. 

If there are possible universes in which these external relations 
conform to classical Euclidean geometry, then — at least for all that we 
have learnt so far — it seems that it is possible for space to be infinite 
in volume and for time to be infinite both in the past and in the 
future in such universes. Certainly, there is nothing in the arguments 
of Kant’s first antinomy to suggest otherwise. Moreover — at least for 
all that we have learnt so far — it seems that it is possible for space (and 
time) to be a mereological fusion of uncountably many points, or 
uncountably many regions, in such universes. Again, there is nothing 
in the arguments of Zeno of Elea to suggest otherwise. 

If there are possible universes in which these external relations 
conform to classical general relativity, then, again — at least for all that 
we have learnt so far — it seems that it is possible for space and time to 
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be infinite in both the large and the small in such universes. Moreover, 
it seems that it is possible for there to be various kinds of singularities in 
such universes even if we require that no physical components of the 
curvature tensor are unbounded as singular points are approached 
along appropriate trajectories. However, there is no good reason to 
suppose that it is possible to finesse the carrying out of an infinite 
number of operations in finite time in such universes. 

If there are possible universes in which these external relations are 
of some other kind, then nothing that we have said so far in this chapter 
answers the question of whether there can be infinite aspects of those 
external relations in those universes. If, for example, there are possible 
universes in which there are nonmanifold external relations — discrete 
(lattice-based) relations, quantised relations, relations based on alter- 
native algebraic fields, relations based on non-Archimedean geome- 
tries, relations based on topological fluctuations (as in spacetime foam 
models), relations analysable in terms of loop space representations, 
relations based on noncommutative geometries and quantum groups, 
relations based in quantum pre-geometries (as in twistor algebras), 
and so forth — then, for all that has been said here, it remains an open 
question of whether the external relations in these universes introduce 
large and small infinities. 

Whether the system of external relations in the actual world involves 
large and small infinities depends on which system of external relations 
that is and on the ontology that is required to support such a system of 
external relations. Even if it is possible to give a relationalist construal 
of Euclidean spacetime — and perhaps even of some general relativistic 
spacetimes — it remains a further question whether it is possible to 
give a relationalist construal of the other possibilities canvassed in 
the previous paragraph. Since it remains a task for future science to 
determine the system of external relations that is instantiated in the 
actual world, we should be very cautious in making any proclamation 
about the finitude, or otherwise, of the system of external relations 
that provides the “frame” for the actual world. 


Physical Infinities 


Consideration of the structure of spacetime does not exhaust discus- 
sion of physical infinities. There are cases in which physical quanti- 
ties take on infinite values that have nothing to do with either the 
small-scale or large-scale structure of spacetime. For example, follow- 
ing the discussion of Ehrlich (1982), we note that modern physics 
legitimates the notions of negative, infinite, and hotter than infinite tem- 
peratures. Understanding how this can be and yet not be problematic 
requires an understanding of the distinction between extensive and 
intensive magnitudes; so, after a brief discussion of thermodynamics, 
we shall conduct an exploration of the relevant parts of the theory of 
measurement. 

Next, we turn our attention to whatis, perhaps, the most bewildering 
role for the concept of the infinite in modern physics: namely, the 
discussion of the role of renormalisation in quantum field theory. At 
least initially, it seems that quantum field theories use methods of 
approximation that produce infinite terms that are then “thrown out” — 
though only after finite parts of these terms are removed — prior to the 
production of answers that are in better agreement with observation 
than are answers in any other branch of science. If there is any part 
of science that justifies belief in physical infinities, then at least, prima 
facie, it seems that it will be quantum field theory. 

The third case study in this chapter involves the pretty problem of 
the dark night sky. If the universe contained infinitely many ‘randomly 
distributed’ stars, then it seems that, no matter the direction in which 
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one looked, there would be light entering one’s eye from a star. But 
if that’s right, then surely the night sky shouldn’t be dark; rather, it 
should be a dazzling blaze of light. Since simple observation tells us 
that the night sky is dark, it seems that we have here an argument for 
the conclusion that there are only finitely many stars. 

In the last part of the chapter, we turn to some more general ques- 
tions about the characterisation of physical infinities. While there is 
no doubt that each of our case studies does involve something that, 
at least prima facie, deserves to be called a physical infinity, there are 
various questions that arise when we try to give a more general account 
of what it is for there to be physical infinities. 

For example, there are the questions that arise when we think about 
the different ways in which we can characterise a physical system. Con- 
sider, for example, the various different spaces that can be used in the 
characterisation of the system: configuration space, state space, phase 
space, and so forth. Should we worry equally about infinities in any of 
the spaces, or are there some spaces in which infinities would be more 
worrying than in others? 

More generally, there are various interesting questions to be raised 
about different aspects of the physically infinite. For example, we might 
ask: Exactly which conceivable variations of our world should we sup- 
pose to be genuine physically possible worlds? To carry out an inves- 
tigation of this question, we need to spend some time thinking about 
the nature of possibility and, in particular, the nature of physical pos- 
sibility: There are, after all, theories of possibility that suggest very 
different answers to our question about the range of possible variation 
of our world. 


5.1 HOTTER THAN INFINITE TEMPERATURES 


A temperature scaleis a function from the thermal states of objects to the 
real numbers. An empirical temperature scaleassigns numbers to states on 
the basis of a chosen property of a chosen substance that is known to 
vary in continuous monotonic fashion when heated or cooled. So, for 
example, the Centigrade scale assigns the numbers 0 and 100 to the 
thermal states associated with the standardised height of a standardised 
mercury thread immersed in an ice bath at its melting point and in 
water at its boiling point. In principle, the properties of length on 
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the real number line then determine the assignment of numbers to 
all other thermal states. In practice, things are not so simple: The 
described procedure clearly breaks down for temperatures below the 
freezing point of mercury and above the softening point of glass. 

Kelvin’s absolute temperature scale assigns numbers to states in a way 
that is independent of selected properties and selected substances. 
Carnot had discovered that heat engines obey the equation Q9/Q; = 
/(u, &), where Q; is the amount of heat absorbed at the hotter 
source, Qs is the amount of heat rejected at the colder source, f and 
f are the temperatures of the hotter and colder sources as measured 
on some arbitrarily selected empirical scale, and / is a function whose 
form depends on the chosen empirical scale. Kelvin showed that there 
is a function h whose form also depends on the chosen empirical scale, 
such that /(4, 2) = h(&)/h(h). Thus Qo/Q) = h(te)/h(t,), and we can 
define the absolute temperature T = Cg(t), where Cis aconstant. The 
value of C can be assigned either by assigning a number to an interval 
between two selected thermal states — as was done prior to 1954, when 
the difference between the ice point and the boiling point of water was 
set at 100°K - or by assigning a number to a selected thermal state — 
as has been done since 1954, when the triple point of water was set at 
273.16°K. Thus, the current absolute temperature scale is defined by 
T= —273.16 Q/Q273.16- 

From the first and second laws of thermodynamics, we have that 
T = (0U/0S) x1, ..., Xn, where Sis the entropy of a system and U is the 
internal energy of that system, and x1,..., x, are parameters that are 
held constant during the differentiation. It follows from this equation 
that a necessary condition for the existence of a system with an infinite 
or negative temperature is that the system has an upper bound with 
respect to energy. This condition can be satisfied, in particular, in 
systems that have only finitely many energy levels. 

The systems standardly discussed in thermodynamics have an infi- 
nite number of energy levels; consequently, in these systems, infinite 
temperatures are unattainable. However, systems in which there are 
only finitely many energy levels are not uncommon, though often 
they occur as subsystems of systems in which there are infinitely 
many energy levels. To ascribe temperatures to these systems, it must 
be possible to isolate the subsystem from the system for sufficient 
time to allow the subsystem to enter thermal equilibrium. The first 
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finite-level system in which this was found to be feasible is the set 
of nuclear spins of lithium ions in a lithium fluoride crystal. Several 
other sets of nuclear spins have since been found that meet the same 
requirement. 

It may be easiest to understand what is going on here by considering 
a toy example. Suppose that we have a very simple system, each of 
whose elements can occupy only one of two energy levels. Since the 
elements of the system have only two energy levels, the system attains its 
upper bound with respect to energy when all of the elements are in the 
higher level. In this state of the system, S = 0 and T = —0. Similarly, 
the system attains its lower bound with respect to energy when all of 
the elements are in the lower level. Again, in this state of the system, 
S=0and T= 0. In intermediate states, in which some elements are 
in the higher level and some elements are in the lower level, S > 0, and 
there is some point at which S takes on a maximum value, Smax. At 


this point, T= too. While the upper bound and lower bound states 
are not actually physically attainable, the state in which S takes on its 
maximum value is physically attainable, as are states with higher energy 
than this one. 

It is perhaps surprising to learn that, on Kelvin’s absolute tempera- 
ture scale, temperatures range from coldest to hottest in the following 


order: 0,..., +00,... —0. Negative temperatures are hotter than pos- 
itive temperatures, and they are hotter than infinite temperatures! 
Moreover, there are systems in the world that have negative tempera- 
tures, and there are systems in the world that have infinite tempera- 
ture! However, as Ehrlich goes on to argue, there is no good reason for 
fans of physically instantiated infinities to get excited by these results: 
These infinities are no more exciting than are regular points on the 
b-boundaries of general relativistic spacetimes. It will require a bit of a 
detour through the theory of measurement to explain why. 


5.2 EXTENSIVE MAGNITUDES 


A measurement scale is a function from the properties of objects and 
events to a number system. A useful measurement scale captures a 
homomorphism between structural features of the measured prop- 
erties (and the empirical relations that obtain between them) and 
structural features of numbers (and the arithmetical relations that 
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obtain between them). In the standard case, the system of numbers 
is the real numbers; we shall proceed under the assumption that our 
measurement scales are real-valued. 

In the case of some properties of objects and events, there exists a 
natural empirical operation that corresponds to the arithmetical oper 
ation of addition over the real numbers. Extensive measurement scales 
capture this natural additivity. In consequence, extensive measure- 
ment scales conform to (something like) the following conditions. 


1. There is a quasi-serial ordering of the elements of the domain 
of objects that possess the measured quantity q: For any a and 
bin the domain, either a~ bor a>b, or a <b, where~ is an 
equivalence relation, and > is transitive and asymmetric. 
2. There is a closed binary operation * over the elements of the 
domain of objects that satisfies the following properties 
(a) Associativity: a*(b*c) ~ (a*b) *c 
(b) Nonnegativity: Either a*b~ aor a*b >a 
(c) Monotonicity: a~b iff a*c~ b*c iff cla~c*b; a>b iff 
a*c > b*ciff c*a > c*b 

(d) Archimedeanism: If a>, then for any oc, d in the 
domain, there exists some positive integer n such that 
na*c >nb*d, where na is defined inductively by la= a, 
(n+ l)a=na*a. 


Intuitively, ~ means “is equal in quantity gto” and > means “is greater 
* 


in quantity q than”. * is an operation that concatenates elements of 
the domain. The first of the above conditions ensures that there is a 
real valued function S on the domain such that, for all elements in the 
domain, a~ b iff S(a) = S(b) and a > biff S(a) > S(b). The second of 
these two conditions ensures that $(a*b) = S(a) + S(d).! 

It is clear that measures of temperature are not extensive: If we take 
two systems of a given temperature and combine them, the tempera- 


ture of the composite system is equal to the temperatures of the two 


' Mundy (1987) argues for a different conception of physical extensive measurement 
that does without any version of the Archimedean axiom and makes various other 
changes as well. Ehrlich (1982) does not allow that one can have a*b ~ ain 2(b), so 
that his requirement is properly called Positivity. There is no need for us to enter into 
dispute about these matters here. 
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systems that were combined. It is plausible to claim that a thermomet- 
ric scale need satisfy only the following constraint: 


There is a quasi-serial ordering of the elements of the domain of objects that 
possess temperatures: For any aand bin the domain, either a ~ bor a > b, or 
a < b, where ~ is the equivalence relation 7s the same temperature as, and > is the 
transitive and asymmetric relation has greater temperature than. 


Clearly, the Kelvin absolute temperature scale satisfies this require- 
ment, provided that we take the range of our temperatures to be the 
extended real numbers 4. However, there are many other choices 
of a temperature scale that also conform to the above requirement. 
Consider, for example: {(7) = 1/T, which yields the range of val- 
ues —00,..., £0,...,00; or f(T) = Tanh(1/7T), which yields the range 
of values —1,..., +£0,..., 1. Since these scales are also perfectly 
acceptable, we can be sure that there is nothing problematic about the 
infinities that appear in the Kelvin absolute temperature scale; and we 
can also be quite sure that there is nothing problematic about the exis- 
tence of systems that have infinite temperatures. While it is most con- 
venient, all things considered, to adopt a system in which certain states 
are assigned infinite temperatures, the assignment of infinite temper 
atures is just a consequence of our choice of scale and does not indi- 
cate the existence of a genuinely problematic infinite quantity in the 
world. 


5.3 INFINITE EXTENSIVE MAGNITUDES? 


One of the most interesting features of Ehrlich (1982) is his attempt 
to defend the claim that there are possible worlds in which there are 
infinite extensive quantities. To make his case, Ehrlich begins with an 
example taken from the writings of Poincaré, and then adapts it to his 
own ends. 

Poincaré’s world is enclosed in a large sphere of radius Ro. The 
absolute temperature of the sphere varies as Rs —r?, where ris the 
distance from the centre of the sphere, R,. Thus, the temperature is 
greatest at the centre and gradually decreases to zero at the surface of 
the sphere. Moreover, all bodies have the same coefficient of dilation, 
and this coefficient is proportional to temperature. Finally, a body 
transported from one point to another of different temperature is 
immediately in thermal equilibrium with its surroundings. 
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Ehrlich’s world consists of a sequence of concentric spheres of radii 
Ri, 1= 2, where R; > R; for i > 7. The innermost sphere, of radius Re, 
is just like the sphere in Poincaré’s world, except that the centre and 
surface of the sphere are at the same nonzero temperature, and all 
objects moving from the centre return to the size that they have at 
the centre as soon as they reach the surface of that sphere at Ro, with 
expansion away from the centre of the sphere. The nth concentric 
shell, consisting of the result of subtracting the nth sphere from the 
n + Ith sphere, is much like the sphere of Poincaré’s world, except that 
the inner and outer surfaces of the shell are at the same temperature 
as the centre of the innermost sphere, and the length of an object 
in the interior of this shell is proportional to the temperature that is, 
in turn, proportional to (R,+2 — Risiy" — (r— Ryy1), where R,49 and 
R,+41 are the radii of the n+ 1th and nth spheres. As in the innermost 
sphere, all objects return to the size that they have at the centre as soon 
as they reach the surface of any of the spheres. In the most general 
case, we can suppose that the series of concentric spheres is merely 
countable and well ordered. 

Poincaré claimed that an attempt to measure the radius of his world 
using a standard measuring rod would yield the result that the radius 
is infinite, since the laws governing the shrinking of the object allow 
that an infinite number of ‘identical’ measuring rods can be placed 
end to end between the centre and the outer surface of the sphere 
or, alternatively, that a single measuring rod can be turned end-on- 
end infinitely many times in moving it between the centre and the 
outer surface. Ehrlich claims that, in his extended world, attempts to 
measure its radius will yield the result that there are greater than 
infinite lengths, because reaching the surface of any of the spheres 
requires a count of w units since departure from the preceding sur- 
face ofa sphere. Indeed, according to Ehrlich, the example shows that 
there can be a series of longer than infinite lengths that corresponds to 
the entire countable portion of Cantor’s well-ordered universe of trans- 
finite ordinals. (We are restricted to the countable portion because 
any collection of nonoverlapping nonzero three-dimensional regions 
of space is at most denumerably infinite.) 

Itseems to me that there are various difficulties with Ehrlich’s claim. 
First, even if a measurer can complete a journey between two surfaces 
in Ehrlich’s world, and even if that measurer claims that the distance 
between the two surfaces is actually infinite, the construction of the 
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world shows that the measurer is mistaken: We were told at the outset 
that the distance between any two surfaces is finite. So it simply isn’t 
true that we have an actually infinite extensive quantity: There are no 
two points in Ehrlich’s world that are anything other than finitely far 
apart. However, if a measurer can complete a journey between two 
surfaces in Ehrlich’s world, then — for all that has been argued so far — 
it seems that a measurer could have good reason to suppose that there 
are actually infinite extensive quantities, and it might be thought that 
that is trouble enough for those who reject the possibility of physically 
instantiated infinities. 

Second, it is quite unclear what the grounds are supposed to be 
for insisting that, when the measurer reaches the second surface, the 
count of the distance will stand at w. Since our measurer is making 
repeated use of a unit rule, and since — ex hypothesi— the measurer is 
not supposed to notice anything unusual when he or she reaches the 
second surface, what are we to suppose is the standing of the count 
immediately before he or she reaches w? It is simply incoherent to 
suppose (1) that at any point before he or she reaches the second 
surface, the count is definitely finite, (2) he or she reaches the second 
surface by making one more use of the unit rule, and (3) that the count 
stands at w when he or she reaches the second surface. Of course, there 
is nothing special about w here. Pick any other infinite Conway number 
say, and the incoherence remains. The problem is that there is a gap 
between the finite numbers and the infinite numbers that cannot be 
bridged by the mere finite addition of units. 

Third — for the reasons just given — it is not clear that we can make 
sense of the idea that the measurer does indeed reach the second 
surface. If we suppose that the amount of time that it takes for the 
measurer to lift and replace the unit rule is constant, then, at any 
finite time, the measurer will be short of the second surface. Conse- 
quently, it seems that we shall need to suppose that the speed with 
which the measurer works increases as he or she gets closer to the sec- 
ond surface. (Since the temperature approaches zero as the second 
surface is approached, we might suppose that he or she needs to work 
faster in order to keep warm!) If we think of the unit rule’s motion 
on the model of a propeller that is moved transversely in the plane 
of rotation of the propeller, then I suspect that the velocity of the 
tip of the unit rule will then be unbounded as the second surface 


Physical Infinities 141 


is approached; and, if that’s right, we have good kinematical 
grounds for declaring that the envisaged scenario is not a logical 
possibility. 

For the reasons given here, I think that Ehrlich’s example does not 
establish that it is possible for there to be infinite extensive quantities; 
and neither does it establish that it is possible for a measurer to have 
good grounds to suppose that there are infinite extensive quantities. 
Perhaps we can make sense of the idea that a being can make infinitely 
many measurements of length in a finite period of time; but if so, the 
total length that is measured will have to be finite and will have to be 
taken by the measurer to be finite. Consider, for example, Grunbaum’s 
staccato run, and suppose that the “runner” is measuring the distance 
that the Tortoise travels in a convergent infinite series of time intervals. 
At the very least, the kinds of considerations that have been rehearsed 
here fail to show that there is anything incoherent in ¢his measurement 
scenario. 

Even if we have reason to suppose that there cannot be infinite 
extensive quantities, and even if there is no reason to suppose that 
infinite nonextensive quantities are in any way problematic, there are 
other ways in which questions about infinity can intrude into thought 
about the physical world. We turn next to a discussion of the treatment 
of infinite quantities in quantum field theory. Since the nicest discus- 
sion that I know of these matters is provided in Teller (1989), we shall 
follow his presentation fairly closely. 


5.4 RENORMALISATION 


In the classical theory of electromagnetism, each electron produces an 
electric field. But, given an electric field and an electron, the electron 
must interact with the field. So, in the classical theory of electromag- 
netism, it must turn out that each electron interacts with its own electric 
field. The standard way of interpreting this interaction in the classical 
theory of electromagnetism is to suppose that the self-interaction of 
an electron — that is, the interaction of an electron with its own electric 
field — is a (not necessarily proper) part of the electron’s mass. While 
this is fine if the electron has a nonzero radius, the self-interaction is 
infinite in the case of a point charge. But if the electron has a finite 
radius, then the electron has structure, and, in particular, the electron 
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has a charge distribution. Why, then, doesn’t the charge distribution 
cause the electron to fall apart under the influence of the repulsive 
charge? 

This problem, which seems to have no satisfactory resolution in 
classical electromagnetism, carries over to quantum field theory. As in 
the classical case, in quantum field theory an electron interacts with 
its own field. This self-interaction gives rise to a quantity that can be 
taken to be part of the mass of the electron. The difficulty that arises 
is that the self-interaction quantity turns out to be infinite. 

Our first task is to say a little bit more about where these problematic 
divergences arise in quantum field theory, and how quantum field 
theory deals with them. Since the exact description of quantum field 
theory is highly complicated, I shall follow Teller in introducing various 
simplifications that make no difference for the purposes of the present 
discussion. 

We suppose that, associated with a particle of mass m, we have a 
propagator S(m). S(m) is a function of the mass of the particle and 
can be used in the calculation of many of the observable properties 
of the particle. Since no one knows how to calculate the value of S(m) 
by exact, or analytic, methods, we can calculate its value only by a 
series of approximations, thatis, bya perturbation expansion in a small 
parameter. That is, we calculate a first-order approximation S;(m), and 
then a series of corrections C;(m) that yield higher-order approxima- 
tions S;(m). It turns out that the first-order approximation, Sj(m), gives 
good results that agree quite well with experiment, but that the first 
correction term, Co(m) — the first point at which the self-interaction 
of the particle is taken into account — is divergent. While it might 
be thought that this divergence shows that there is something wrong 
with the underlying theory, with the scheme of approximation, or with 
the combination of these two, quantum field theorists have devised a 
method for dealing with the divergence. 

The divergent quantities that appear in the second-order correc- 
tion terms Cy(m) are divergent integrals of the form i g(k) dk, where 
fo'g(h) dk ~ InL. Suppose that we choose a large value of L, and 
put S(m) in the form S(m— fo gh) dk). When we expand S(m — 
fo'g(h) dk), we do not get any divergent terms, because we use L to “cut 
off” all of the divergent integrals. Moreover, if we take m — fe glk) dk 
to be an expression of the real, observable mass of our particle — so that 
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we are free to take the value of the in principle unobservable m to be 
such that m — fog) dk is the actual value that we measure — we find 
that limz-,.4.S(m — So g(h) dk) is well defined. (Think of mas the bare 
mass of the electron, i.e., the mass that it has when interaction and 
self-energy is ignored. Then m, — the renormalised mass, the mass that is 
actually observed — is lim _. oo (m(L) — fo g(h) dk) for an appropriately 
selected m(L).) 

The above account is a very crude approximation to the actual 
method of quantum field theorists. In particular, it makes no men- 
tion of the fact that there are finite “radiative corrections” that are 
not removed when renormalisation removes divergent integrals. Since 
these “radiative corrections” are needed to deal with the Lamb shift 
and anomalous magnetic moment, we need to be able to justify 
their inclusion. To do this, we begin by noting that mass measure- 
ment situations can be characterised by a parameter gq that is small 
when the momentum exchanged in the mass measurement is small. 
Given q, we can write fo gk) dk = Jo ga(k) dk + gfe g(k) dk. Conse- 
quently, the observed mass is m, = m — Jo galk) dk = q fy gp(k) dk = 
m — So galk) dk when q ~© 0, as it is in any actual measurement situa- 
tion. In situations in which we don’t have g* 0, we need to add back in 
the “radiative correction” term q i gy(k)dk in order to get the right 
answer. Thus — recalling that so far we have only been discussing the 
situation in which there is a finite cut-off - we can take the renor- 
malised mass of our particle to be limy-+o.(m(L) — Jo gah) dk) — 
qfo gk) dk), and secure agreement with actual measurement for the 
Lamb shift, and so on. 

The above discussion deals only with the second-order correction 
terms. When we move on to the third-order correction terms, we get 
new divergent integrals that we deal with in the same way. To show 
that a quantum field theory is renormalisable, what must be shown 
is that, at each order of correction, all of the divergent integrals can 
be absorbed. Of course, in the case of the electron, not all of the 
divergent integrals need to be absorbed into the electron’s observed 
mass; for example, some could be absorbed into its observed charge. 
However, a renormalisable theory can contain no more than finitely 
many constants whose values are fixed by observation; and hence it is 
a highly nontrivial matter to show that a theory is actually renormal- 
isable. Nonetheless, there are quantum field theories that have been 
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shown to be renormalisable; and these theories yield the best agree- 
ment between theory and experiment that has been found anywhere 
in science. 

There is another way in which the above discussion is a very crude 
approximation to the actual methods of quantum field theorists. There 
are various different ways in which one can introduce a parameter that 
leads to divergence as that parameter goes to infinity, but that yields 
finite values when it is finite. Cutting off the upper bound of integra- 
tion is the crudest method (but the easiest to understand). There are 
methods that alter the integrand so that the integral is well defined 
over (0, 00), where this alteration depends on a parameter that can be 
allowed to go to infinity. There is also the method of dimensional reg- 
ularisation, which begins by finding an expression for a problematic 
integral as a function of number of dimensions, and then considers 
the limit as the number of dimensions approaches 4. In general, the 
method of regularisation works by replacing the divergent integrals 
with nondivergent expressions that are a function of a parameter that 
yields back the expressions for the original divergent integrals in the 
limit as this parameter goes to infinity. 

As Teller says, there are at least three different ways of thinking 
about renormalisation in quantum field theory. 

The first is to adopt the regularisation approach presented above. 
This approach yields an unambiguous and mathematically consistent 
scheme for predicting the outcomes of measurements that is in excel- 
lent agreement with observation. However, some theorists reject this 
approach, because they object to the fact that the regularised theo- 
ries — the intermediate theories before the limit of the parameter is 
taken — do not satisfy important theoretical constraints such as gauge 
invariance, unitarity, or Lorentz invariance. While, as Teller says, this 
does not seem to be a decisive objection — it is, after all, the theory that 
results after the limit is taken that is supposed to apply to the world - 
it is worth asking whether there are alternative approaches that can 
satisfy this further requirement. 

A second way of thinking about renormalisation is to suppose that 
renormalisation really does have to be understood in terms of the 
mathematically inconsistent procedure of “throwing away” real infini- 
ties. On this view, there really are infinite self-interactions that are 
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balanced by infinite bare masses and infinite bare charges. If we go 
this way, then we are supposing that our best-confirmed scientific the- 
ory commits us to the most dramatic actually infinite quantities, for 
example, points at which the magnitudes of fields are greater than 
any finite value. Since it seems doubtful that we so much as under 
stand this proposal, it seems plausible to suggest that proponents of 
this approach should be taken to be putting their faith in a future 
conceptual revolution in mathematics.” 

A third way of thinking about renormalisation is to suppose that 
quantum field theories are at best approximations to the truth and 
that, in a more correct theory of the world, all of the problematic 
divergent quantities disappear. This approach still has the resources 
to explain why renormalisability is a good thing: We want our theories 
to be renormalisable because we want to have tractable approxima- 
tions to the truth. If we can renormalise, we can calculate; if not, not. 
Quantum field theories are in good agreement with observation; but 
a correct theory of the world would be thoroughly finite. Of course, 
this approach must incur the burden of explaining why it is that quan- 
tum field theory is in such good agreement with observation; but it 
can hardly be expected to provide this explanation in advance of the 
production of a more satisfactory theory. 

Arriving at a satisfactory understanding of physical particles and 
their interactions with physical fields is a very difficult task, and one 
that is still beset with difficulties. Whether this fact should be taken 
as good news for friends of physical infinities remains a matter for 
dispute. My inclination is to follow Teller in thinking that it would 
be incautious to suppose that it is really good news: Either we can 
understand renormalisation in terms of regularisation or there will be 
no renormalisation in theories of the world better than those that we 
currently possess. As things stand, it isn’t obvious that there is anything 
in quantum field theory to encourage friends of physical infinities. 


? Teller suggests that it might be possible to use Conway’s No as the basis for such a 
revolution. However, it seems to me that this suggestion is unpromising. As I have 
already noted, Conway himself is sceptical that No has any significance for analysis. 
Moreover, the familiar methods of nonstandard analysis — e.g., internal set theory — 
that involve “throwing away” of infinities do not give back anything other than the 
results of standard analysis. 
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5.5 THE DARK NIGHT SKY 


The third of our case studies of the physical infinite is the interesting 
case of the dark night sky. If the universe contained infinitely many 
‘randomly distributed’ stars or groupings of stars (galaxies, clusters of 
galaxies, or the like), then it seems that, no matter the direction in 
which one looked, there would be light entering one’s eye from a star 
(or grouping of stars — but we shall suppress this qualification hence- 
forth®). However, if that’s right, then surely the night sky shouldn’t be 
dark; rather, it should be a dazzling blaze of light. Since simple obser- 
vation tells us that the night sky is dark, it seems that we have here an 
argument for the conclusion that there are only finitely many stars. 

There are many different explanations that might be offered of why 
itis that the night sky is dark. Following Harrison (1987), we can divide 
these explanations into two classes: those that suppose that there are 
stars in any direction that we choose to look, but that there is some rea- 
son why we fail to see some of those stars; and those that suppose that 
there are not stars in every direction that we choose to look. 

Examples of explanations of the first kind include the following: 
(1) that the light of distant stars is too faint to be seen (this solution 
was offered by Thomas Digges, the discoverer of the puzzle of the 
dark night sky, in 1576), (2) that the light of distant stars is slowly 
absorbed as it travels inmense interstellar distances (this solution was 
offered by Jean-Philippe Loys de Chésaux in 1744, and again by Wil- 
helm Olbers in 1823), (3) that the vast majority of stars are nonlumi- 
nous (this is one of the solutions that was suggested by Fournier d’Albe 
in 1907) (4) that there is a cycle in which stars decay into starlight and 
starlight transforms into matter that then aggregates into stars (this 
solution was offered by William MacMillan in 1925), and (5) that the 
light from distant stars is red-shifted into invisibility by the expan- 
sion of the universe (this solution was offered by Hermann Bondi 
in 1952). 


5 The qualification is strictly required. After all, it is well known that the stars are not 
uniformly distributed in the sky; rather, they cluster into galaxies, etc. Of course, this 
fact helps to explain why the stars do not appear to be uniformly distributed in the 
sky from our vantage point: The earth is in one of the spiral arms of a roughly disc- 
shaped galaxy, so that most of the stars that can be seen by the naked eye appear to 
be clustered in a narrow band (the Milky Way). 
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Examples of explanations of the second kind include the following: 
(1) that there aren’t enough stars to cover the sky (this solution is sug- 
gested by the ancient Stoic cosmology in which the universe is a finite 
sphere located in infinite empty space, and by the neo-Aristotelian 
cosmology in which there is a cosmic wall that marks the outer limit of 
the universe), (2) that the universe consists of an appropriately organ- 
ised infinite hierarchy of clusters, with stars grouped into clusters, star 
clusters grouped into galaxies, galaxies grouped into galactic clusters, 
galactic clusters grouped into superclusters, and so forth (this solution 
was proposed by John Herschel in 1848), (3) that stars are not old 
enough for the light from distant stars to have yet reached us (this 
solution is offered by Edgar Allan Poe in 1848, and in quantitative 
form by Lord Kelvin in 1901), (4) that starlight cannot travel across 
intergalactic space but rather remains trapped within galaxies (this 
solution is offered by Simon Newcomb in 1878 and developed by John 
Gore in 1888), (5) that the light emitted from stars travels around 
a spherically curved universe and returns to the stars from whence 
it originated (this solution was given by Johann Zollner in 1883 and 
endorsed by Stanley Jaki in 1969), and (6) that there is not enough 
mass/energy in the universe to make the night sky bright (this solution 
is the one defended by Harrison in 1987). 

Almost all of these attempted explanations are flawed in one way 
or another. Amongst the explanations of the first kind, we can dismiss 
Digges’s hypothesis on the grounds that the combination of enough 
weak signals will not itself be weak; we can dismiss the suggestion of de 
Chésaux and Olbers on the grounds that an absorptive medium will 
heat up until itreaches thermal equilibrium, in which state it reradiates 
as much energy as it absorbs; we can dismiss Fournier d’Albe’s solution 
on the grounds that we have solid independent reasons for denying 
that the universe contains so many nonluminous stars; we can dismiss 
MacMillan’s proposal on various grounds, not least that there is no way 
of transforming light into matter in the way that his solution requires; 


4 Fournier d’Albe proposed a much simpler variant of this solution, with the stars 
arranged in rows leading away from the earth. (As Alan Hajek pointed out to me, 
it is logically possible that the universe contains infinitely many stars even though only 
one is visible from earth, if the stars are all arranged in a single row.) But we have 
good physical grounds for refusing to take d’Albe’s proposal seriously given that we 
are seeking to explain why it is actually the case that the night sky is dark. 
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and we can dismiss Bondi’s hypothesis on the grounds that, while it 
is an adequate solution for an expanding steady state universe, we 
have good independent reasons for denying that ours is an expanding 
steady state universe. It seems, then, that none of these proposals of the 
first kind is satisfactory: It is not true that we can explain the darkness 
of the night sky by adverting to any of these versions of the claim that, 
even though there are stars in any direction that we choose to look, 
there is a reason why we fail to see some of those stars. 

Amongst the explanations of the second kind, we can dismiss those 
based on Stoic and neo-Aristotelian cosmology on the grounds that 
there are good, independent grounds for rejecting those cosmologies; 
we can reject the Newcomb/Gore hypothesis on the grounds that the 
radiation level will rise inside the cavity that surrounds a galaxy to pro- 
duce a bright night sky; and we can dismiss the Zollner/Jaki suggestion 
on the grounds that, in fact, spherical space will not act as a perfect 
lens, which means that the level of reabsorption of light by sources will 
be much less than is required to make this proposal fly. To assess the 
remaining proposals properly, we need a modest amount of theory. 

In his discussion of the problem, Lord Kelvin noted, roughly, that 
the fraction of sky covered by stars = the brightness of the starlit sky/the 
brightness of the sun’s disk = the size of the visible universe/the back- 
ground limit, where the background limit, or mean free path, is the 
average distance of visible stars in a universe populated uniformly with 
stars. Given this result, it follows that the night sky is dark iff the size 
of the visible universe is less than the background limit. From observa- 
tion, we can determine that the background limit is about 1,000 trillion 
light years. So, unless the size of the visible universe is also about 1,000 
trillion light years or more, the night sky will be dark. But the size of 
the visible universe is much less than 1,000 trillion light years. 

So, why is the night sky dark? Well, there are several ways of answer- 
ing this question. If what you want to know is why the size of the visible 
universe is less than the background limit, then a plausible answer 
is that the mass-energy density of the universe is too small. (This is 
Harrison’s answer.) If what you want to know is why the size of the 
visible universe is less than 1,000 trillion light years, then a plausible 
answer is that it is not true that luminous stars have been shining for 
1,000 trillion years. (This is the Poe/Kelvin answer.) There are, of 
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course, other considerations that might be raised here: for instance, 
that, given the finite speed of light and the finite age of the universe, 
the size of the visible universe is determined to be a particular value 
that is less than 1,000 trillion light years. 

Which explanation we adopt depends on what else we are prepared 
to assume and which facts about the universe we are prepared to take 
for granted. It seems to be true that, if there are only finitely many stars, 
and those stars are not crammed too closely together, then the night 
sky will be dark. However, it is not true that having less than infinitely 
many stars guarantees that the night sky is dark. So, roughly, appealing 
to the finitude of the number of stars works as an explanation only if 
we hold fixed facts about the actual distribution of the stars in space. 
Likewise, it seems to be true that, if the universe has the right kind of 
hierarchical structure, then the night sky will be dark even if there is 
no upper bound on the speed of light. Given that we hold fixed facts 
about the finite speed of light, there is no need to appeal to any such 
kind of structure in order to explain the darkness of the night sky; but 
it may nonetheless be true that the universe has such a structure and 
that, because it does so, there is a guarantee that the night sky would 
be dark even if light could travel arbitrarily fast. 

Returning to the argument that was set out at the beginning of 
the current section, we see that there is no good argument from the 
darkness of the night sky to the finitude of the number of stars in the 
universe. Both the Harrison answer and the Poe/Kelvin answer work 
whether the universe is finite or infinite, and whether the number 
of stars is finite or infinite. Moreover, it seems that there are nearby 
possible universes in which there are only finitely many stars in which 
the night sky is bright, even though the speed of light is finite and the 
laws of thermodynamics are such as to require stars to burn out after 
a finite lifespan; and it seems that there are nearby possible universes 
in which there are infinitely many stars in which the night sky is dark, 
and in which the speed of light is as large as you please and the laws 
of thermodynamics are such as to permit stars to burn forever. In our 
world, and in worlds like ours, the darkness of the night sky gives 
no encouragement to either friend or foe of physically instantiated 
infinities. 
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5.6 SOME MORE GENERAL CONSIDERATIONS 


Our three cases, and the discussion thereof, barely begin to scratch 
the surface of the topic of physical infinities. There are many different 
ways that discussions of infinities turn up in the physical sciences, and 
many different considerations that must be borne in mind in trying to 
assess what are the implications of these discussions. Here, we shall try 
to survey some of the most important questions that arise when one 
thinks in general terms about the possibility of physical infinities. 

First, there are different kinds of infinitary assumptions that can be 
made in physical theories. One might suppose that one has infinitely 
many objects of a given kind (e.g., that there are infinitely many stars, 
electrons, or the like). One might suppose that there are infinitely 
many distinct states that it is possible for objects to occupy (e.g., 
infinitely many energy levels for electrons in an ideal gas). One might 
suppose that there are divergent (or infinite) physical magnitudes (e.g., 
divergent (or infinite) temperatures in systems in which there are 
infinitely many energy levels). One might suppose that there are 
continuous field distributions (e.g., a continuous gravitational field). 
One might suppose that there are point objects, that is, objects that 
are instantiated at single spatiotemporal points (e.g., electrons, when 
these are thought of as point particles). One might think that there 
are infinitesimal physical magnitudes (e.g., infinitesimal changes in an 
electromagnetic field distribution). And so forth. 

Second, there are different views that one can take about what it is 
that one is committed to by the adoption of a given physical — or, more 
generally, scientific — theory. 

One can construct scientific models in which the large is approxi- 
mated by the infinite, and/or the small is approximated by the infinites- 
imal, in order to obtain an advantage of some kind, for example, 
computational tractability. As Segel (1991) notes, there are problems 
about, for example, pendulums, chemical decay, coagulation kinetics, 
diffusion, convection, economic equilibrium, and fluid flow in which 
progress has proven to rely on the approximation of the large by the 
infinite and/or the small by the infinitesimal. In these cases, there is no 
commitment to the existence of infinite or infinitesimal quantities in 
nature, for the theory is merely a convenient approximation to reality 
in which everything is finite. 
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One can construct scientific theories in which infinities and/or 
infinitesimals appear, and for which there is no underlying theory 
in which these infinities and infinitesimals are replaced by finite quan- 
tities, and yet insist that these theories should be given a merely instru- 
mentalist, or otherwise antirealist, interpretation. Ifwe think that accep- 
tance of a scientific theory does not require commitment to the truth 
of that theory — so that, in particular, acceptance of that theory does 
not require commitment to the existence of the entities over which 
the theory quantifies — then we shall think that references to infinities 
and infinitesimals in our accepted scientific theories have no serious 
implications for questions about the existence of physical infinities. Of 
course, it is a hotly contested question whether one can be, or should 
be, an antirealist about accepted scientific theories; to mention that 
this is an option on the philosophical menu is not to endorse it. 

Third, there are different views that one can take about how one 
works out what it is that one is committed to by the adoption of a 
given physical — or, more generally, scientific — theory. We might follow 
Quine in thinking that quantification (in canonical notation) isa mark 
of ontological commitment: Wherever we quantify over a domain of 
objects, we are committed to the existence of objects of that kind. Or 
we might have a discriminating view, according to which only some 
instances of quantification (in canonical notation) are ontologically 
committing, while others are not. On the latter kind of view, we might 
hold that, even though physical theories in canonical notation quantify 
over the real numbers, it does not follow that acceptance of those 
theories brings with it ontological commitment to the existence of 
uncountably many objects. 

Fourth, there are different views that one might take about the 
nature of the canonical notation in which scientific theories should be 
framed. In particular, there is a question about how one should view 
possible trade-offs between ontological commitments and ideological 
commitments. If we suppose that it is possible to trade in ontological 
commitments for ideological commitments — as, perhaps, in the move 
from a substantivalist to a relationalist treatment of spacetime — then 
we might suppose that we can avoid any problematic commitment to 
an infinite realm of objects by recasting all of our theories in terms of, 
for example, the instantiation of properties. On the other hand, one 
might think that an infinity of property instantiations — or, at any rate, 
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an infinity of more or less natural property instantiations — is no better 
than an infinity of objects. 

Fifth, there are different views that one might take about how to 
characterise the physical: physical objects, physical states, physical prop- 
erties, physical magnitudes, and the like. While the characterisation of 
physical objects may be relatively straightforward — physical objects are 
those objects that have spatiotemporal locations or, at any rate, those 
objects that stand in a system of external relations that is relevantly 
similar to the system of spatiotemporal relations and that possess the 
property (or properties) that corresponds to possession of spatiotem- 
poral location — it is not at all easy to demarcate the physical properties 
from the nonphysical properties. If we are prepared to assume that cur- 
rent physics is at least in the ballpark of correct physics, then we might 
try saying that the physical properties are all of the properties that 
belong on the following list: mass, charge, spin, colour, strangeness, 
and so on. However, if we are prepared to suppose that it may turn 
out that none of these properties is actually instantiated, then it is not 
clear where to turn to look for an informative account, that is, for an 
account that says something more than that the physical properties 
are those contingently instantiated properties of physical objects that 
figure in a complete true theory of the universe. (In the end, the pos- 
sible differences of opinion here may not be overly important. While 
we have been focusing on the physical, it is actually the category of 
the contingent — and/or, perhaps, the nonabstract — that will be most 
important when we move on to apply the results of our discussion of 
the infinite. ) 

Sixth, even if one supposes that the difficulties involved in the char- 
acterisation of the physical are overstated, one might well suppose that 
there are very serious difficulties that confront any attempt to explain 
the notion of physical possibility. If we are interested in the question of 
whether it is possible for there to be physically instantiated infinities, 
then we need to have some idea of the bounds of physical possibility. 
This question divides into two parts. First, there are some general ques- 
tions about possibility, for instance, how do we determine what is, and 
what is not, a genuine possibility? Second, there are particular ques- 
tions about physical possibility: Supposing that we have a fairly good 
understanding of the notion of possibility, how should we go about 
delimiting the class of physical possibilities within the larger class of 
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possibilities? In the next two sections of this chapter, we shall consider 
each of these questions in turn. 


5.7 POSSIBILITIES 


Much work has been done in the past half-century on the logic, meta- 
physics, and epistemology of modality — that is, roughly, on the logic, 
metaphysics, and epistemology of necessity and possibility. As is typi- 
cally the case in philosophy, this vast effort has not led to much in the 
way of consensus: There is a vast array of different preferred modal 
logics, and there is a great diversity of views about the metaphysics and 
epistemology of modality. 

If we begin by thinking about modal talk, then we can distinguish 
between those who hold that there are sentences of the form “Nec- 
essarily, p” and “Possibly, p” that are literally — though perhaps deriva- 
tively — true, and those who deny that there are sentences of the form 
“Necessarily, p” and “Possibly, p” that are literally true. Among those 
who deny that there are sentences of the form “Necessarily, p” and 
“Possibly, p” that are literally true, there are modal instrumentalists who 
allow that utterances of sentences of these forms may nonetheless 
properly serve some useful purpose, and modal eliminativists who deny 
that utterances of sentences of these forms may properly serve some 
useful purpose. 

Among those who hold that there are sentences of the form “Nec- 
essarily, p” and “Possibly, p” that are literally — though perhaps deriva- 
tively — true, there are those who suppose that, when a sentence of one 
of these forms is true, the truth of that sentence is to be explained 
in terms of the properties of a domain of possibilia (possible objects); 
and there are those who suppose that, when a sentence of one of these 
forms is true, the truth of that sentence is not to be explained in terms 
of the properties of a domain of possibilia (possible objects). Among 
those who deny that, when a sentence of one of these forms is true, 
the truth of that sentence is to be explained in terms of the properties 
of a domain of possibilia (possible objects), there are those who sup- 
pose that the truth of the sentence should be explained in terms of 
the properties of the mental states of actual human agents; there are 
those who suppose that the truth of the sentence should be explained 
in terms of the properties of the mental states of idealised human 
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agents; and there are those who suppose that there is no explanation 
to be given of why it is that one of these sentences is true. The last of 
these positions is a kind of modal primitivism; the first two are varieties 
of modal conceptualism. 

Among those who suppose that, when a sentence of one of these 
forms is true, the truth of that sentence is to be explained in terms 
of the properties of a domain of possibilia (possible objects), there 
are those who suppose that the objects in question are concrete par- 
ticulars — for example, Lewisian possible worlds — and there are those 
who suppose that the objects in question are abstract particulars — for 
example, maximal consistent sets of propositions or the like. Both of 
these views are varieties of modal realism, but the latter might be said 
to be committed to ersatz possibilia. 

The various different views that one might take concerning the 
ontology — or metaphysics — of modality are naturally associated with 
different questions concerning the epistemology — or doxology — of 
modality. If one is an eliminativist, then an important question that 
one faces is why it is that we so naturally suppose that our modal 
talk does serve some properly justified purpose, and how it might 
be that we could get by without it. If one is an instrumentalist, then 
an important question that one faces is how to explain the fact that 
modal talk does serve some properly justified purpose given that none 
of that talk turns out to be literally true. If one is a primitivist, then an 
important question that one faces is how to give a plausible account of 
the (evident) constraints on reasonable modal belief: If modal truth 
is primitive, then what is it about human subjects that allows them to 
be good trackers of modal truth (if, indeed, they are good trackers of 
modal truth)? If one is a conceptualist, then one major difficulty that 
one faces is to get the deliverances of one’s theory to match up with 
pretheoretical intuitions about which modal sentences are in fact true. 
If one is a modal realist, then an important question that one faces is 
how to answer the objection that it seems impossible to see how the 
properties of the objects in question could play any role in constraining 
reasonable modal belief. 

The discussion to this point is very imprecise and impressionistic; 
there is much more detail that can be added, and there are many 
arguments for and against each of these kinds of views that could be 
examined. While, for our purposes, we shall not need to pursue that 
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kind of investigation here, there are some further points and distinc- 
tions that we need to note. 

First, following Quine (1953), one can distinguish between modal 
sentences in which modal operators take widest scope and sentences 
in which modal operators occur within the scope of quantifiers and 
other sentential operators. At least at the outset, there is no obvious 
reason why one cannot take a different view about these two kinds of 
modal sentences, for example, by being an eliminativist only about 
sentences of the second kind. More generally, it seems that the cate- 
gories that we distinguished above for the case of sentences in which 
modal operators take wide scope with respect to all nonmodal oper- 
ators might be specialised to various different subclasses of sentences 
that involve modal vocabulary. 

Second, whether or not one is a modal realist, it seems that one can 
accept that modal talk can be ‘replaced’ by talk about possible worlds 
(and possible objects), in the following sense: We can specify a scheme 
of translation that takes us from modal sentences to possible worlds 
sentences, and from possible worlds sentences to modal sentences. 
True enough, some people have thought that the expressive power 
of possible worlds talk outruns the expressive power of modal talk — 
see, for example, Hazen (1976) — but I think that the argument in 
Nolan (2002) makes it plausible to hold that this alleged difficulty is 
merely apparent. If this is right, then, no matter what views one takes 
about the metaphysics and epistemology of modality, one should not 
be afraid to indulge in the idiom of possible worlds: For either one will 
think that that idiom wears its ontological commitments on its sleeve 
or one will be able to translate back into what one takes to be the more 
ontologically sober vocabulary of orthodox modal talk. 

Third, while I have hitherto talked blithely about ‘modal talk’, one 
might well think that there are many different kinds of modal talk that 
need to be distinguished. For instance, one might think that there are 
various kinds of restricted modalities: “logical possibility”, “metaphysi- 
cal possibility”, “physical possibility”, “epistemic possibility”, “doxastic 
possibility”, and the like, all of which can be explained in terms of 
restrictions on quantification over the same underlying domain of 
possible worlds. Or, alternatively, one might think that at least some 
of these should be explained in terms of (restricted or unrestricted) 
quantification over distinct domains of possible worlds. While we are 
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keen to insist on the distinction among alethic, epistemic, and doxas- 
tic modalities, we shall not try to settle here any of the further issues 
that arise about different kinds of alethic modalities; in particular, we 
shall leave it open whether there is a kind of metaphysical possibility 
that is distinct from broadly logical possibility. 

Fourth, one of the key questions that arises for any theory about 
the metaphysics and epistemology of modality concerns the connec- 
tion between imagination — conception — and modality. Many theo- 
rists have supposed that there is a very strong link between a certain 
kind of imagination and possibility, for example, that whatever one 
can clearly and distinctly imagine is at least possible, in a quite strong 
sense of ‘possible’. So, for example, there are many theorists who are 
prepared to suppose that talking donkeys are possible — that there are 
possible worlds in which there are talking donkeys — on the grounds 
that we can clearly and distinctly imagine talking donkeys. However, 
there are other theorists who are not prepared to make the supposi- 
tion that talking donkeys are possible and who maintain that there are 
very severe restrictions to be placed on reasonable modal theorising 
precisely because clear and distinct imagining is such a poor guide to 
possibility. (Sometimes, the view is not so much that clear and distinct 
imagining is a poor guide to possibility, but rather that it is so difficult 
to tell whether or not what one is indulging in is clear and distinct 
imagining.) While it seems plausible to suppose that conceptualists 
may be better placed to insist on a strong link between imagination 
and possibility, it is not clear that this kind of strong link is desirable, 
at least in the case of alethic (and epistemic) modalities. 

Fifth, whatever else is controversial in the analysis of modality - 
and, in particular, in the theory of what is possible — there is one 
principle that seems absolutely solid: Whatever is actual is possible. 
No matter how sceptical we might be about the connection between 
clear and distinct imagining and possibility — or about our ability to 
tell whether our imaginings are clear and distinct — it seems that we 
can be quite sure that whatever is true of the actual world is true of at 


5 Of course, we can get apparent counterexamples to the principle if we mix our 
modalities: For example, the alethically actual world typically will not be doxastically 
possible for human believers. I claim only that ‘unmixed’ readings of this claim are 
uncontroversial. 
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least one possible world. Even if we are sceptical about the reliability 
of principles of recombination — for example, the principle that says 
that any recombination of parts of a possible world is itself a possible 
world — we can hardly doubt that the actual combination of objects 
and properties that is to be found in the actual world is to be found in 
a possible world. 

As we noted earlier, the very sketchy remarks that have been made 
in this section admit of almost indefinite extension. However, we shall 
not need greater precision or depth for the purposes that we shall be 
pursuing. 


5.8 PHYSICAL POSSIBILITIES 


Given that we fix an account of modality and, in particular, that we 
fix an account of possibilities, we can then turn our attention to the 
question of the characterisation of the physical possibilities. Making 
use of the idiom of possible worlds, we might say that the question to 
be addressed is the question of the characterisation of the class of 
physically possible worlds. What distinguishes the physically possible 
worlds from the possible worlds that are not physically possible worlds? 
Given our absolutely foundational modal principle — namely, that 
the actual world is a possible world — and given that the world in 
which we live is a physical world, we can be sure that there is at least 
one physically possible world. Moreover — whether or not we accept a 
fundamental modal recombinatorial principle — it seems that we can 
be sure that any possible world that is sufficiently similar to the actual 
world in certain respects is also a physically possible world. The key 
question, of course, concerns the dimensions along which relevant 
similarity preserves physical possibility when all else is held constant. 
First, it seems that we are on fairly solid ground if we suppose that 
there are physically possible worlds that obey exactly the same physical 
laws that hold in the actual world, but in which some of the “initial” 
conditions — or the conditions that hold “at infinity” - in the actual 
world take on different values in those other physically possible worlds. 
If, for example, we suppose that the actual world is globally hyperbolic, 
and we consider a Cauchy surface for the actual world at some very 
early point in the history of the actual world, then it seems reasonable 
to suppose that there are other physically possible worlds in which, at 
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that same early point in the history of those worlds, some of the values 
on the Cauchy surface for that world differ from the values on the 
Cauchy surface for the actual world. 

Second, it also seems that we are on fairly solid ground if we suppose 
that there are physically possible worlds in which the physical laws 
have exactly the same form that they have in the actual world, but 
in which the values of some of the parameters that appear in these 
laws are different from the values that those parameters take in the 
actual world. So, for example, it seems reasonable to suppose that, if 
there are different fundamental forces in the actual world, then there 
are physically possible worlds in which the ratios of the strengths of 
the various fundamental forces take different values from the ratios of 
those strengths in the actual world. 

Third, it seems plausible — though rather more controversial — to 
suppose that there are physically possible worlds in which the physical 
laws take on a form that differs from the form that the laws of physics 
take in the actual world. If, for example, we can think of the world as a 
distribution of physical properties across a manifold, and if, further, we 
can suppose that the physical laws govern — or describe — the evolution 
of the distribution of these properties along one of the dimensions 
of the manifold, then we might think that it is reasonable to suppose 
that there are many possible ways in which distributions of physical 
properties on a manifold can evolve. Of course, it might not be the 
case that our world does consist of a distribution of properties on 
a manifold; but there is some correct account of the basic physical 
structure of our world, and it seems plausible to suppose that the same 
kind of idea can be made to apply no matter what form that correct 
account takes. 

Even if it is conceded that there are physically possible worlds in 
which the initial conditions, conditions at infinity, values of physical 
constants, and physical laws differ from the initial conditions, condi- 
tions at infinity, values of physical constants, and physical laws that 
obtain in the actual world, it is unclear what follows for the cases that 
were discussed in chapter 3 above. Can we suppose that there is a 
physically possible world in which matter is infinitely divisible? Can we 
suppose that there is a physically possible world in which there is no 
upper limit to the speed of signals? Can we suppose that there is a 
physically possible world in which there is no thermodynamic noise? 
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Can we suppose that there is a physically possible world in which there 
is no lower limit to the accuracy with which agents can make physical 
discriminations, such as measurements of lengths? The discussion to 
this point seems to be of almost no help when we turn to address these 
kinds of questions. 

If we are prepared to suppose that conceivability is a defeasibly 
reliable guide to possibility, then we can go much further. We can surely 
imagine worlds in which, for each finite speed, there are signals that 
travel at that speed. We can surely imagine worlds in which, for each 
degree of precision of measurement, there are measurements that 
have more than that degree of precision. Since we can devise logically 
consistent models in which there is no thermodynamic noise, it seems 
that we can imagine worlds in which there is no thermodynamic noise. 
Since we can devise logically consistent models in which there is gunk, 
it seems that we can imagine worlds in which there is gunk. And so 
forth. What we should conclude from these observations depends on 
the view that we take about the connection between imagination and 
possibility. 


Probability and Decision Theory 


Decision theory — the theory of decision making under risk — raises 
various questions about large infinities (infinite utilities) and about 
small infinities (infinitesimal probabilities). There are various puzzle 
cases — for example, the St. Petersburg Game and the Two-Envelope 
Paradox — which put pressure on the suggestion that we can allow 
infinite utilities into decision theory. There are other puzzle cases — 
for example, the case of an infinite fair lottery — which might be taken 
to suggest that we should be cautious about supposing that probability 
measures are more than finitely additive. 

We shall begin with the mathematics of probability theory and with 
a discussion of additivity principles for probability measures. Next, we 
shall turn to decision theory and a discussion of infinite utility. With 
that discussion behind us, we shall move on to a discussion of some 
hard cases that bring out the potential costs of various assumptions 
about the infinitely large and the infinitely small in the theories of 
probability and decision. 


6.1 PROBABILITIES 


We begin with some mathematical preliminaries. 

If ¥ is a nonempty set of subsets of a nonempty set _X, then ¥ is an 
algebra of subsets of X iff ¥ is closed under finite unions and comple- 
mentation. An algebra of subsets ¥ is a o-algebra iff ¥ is closed under 
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countable unions. If © is a nonempty set of subsets of a nonempty 
set X, then the algebra (o-algebra) generated by © is the intersection of 
all algebras (o-algebras) that include ©. An algebra ¥ is /inite iff ¥ is 
finite. 

If ¥is an algebra of subsets of X, then a probability measure on ¥ 1s a 
real-valued function p on ¥ that satisfies the following three axioms: 


1. p(A)> 0 forall A 
2. p(X)=1 
3. p(AU B) = p(A) + p(B) for all A, Be ¥such that AN B= 9g. 


A probability measure p on an algebra ¥ is simple iff there is a finite 
A €¥ for which p(A) = 1. If pis simple, and {x} € ¥ for all x € X, then 
p(x) = 0 for all but finitely many x € X. Moreover, if p is simple, and 
{x} € ¥ for all x € X, then, for all A € ¥, p(A) = exe ap(x). 

A probability measure p on an algebra ¥ is countably additive iff 
for any pairwise disjoint sets Aj,..., An,...€ ¥ P(UnAn) = Donp(An)- 
It is standard practice to suppose that o-algebras are equipped with 
countably additive measures and to say that, according to the stan- 
dard Kolmogorovian account of probability, a probability measure on 
a o-algebra — or Borel field — of sets is nonnegative, normalised, and 
countably additive. However, we shall not assume that measures on 
o-algebras must be countably additive. 

A probability measure pon an algebra ¥ is discrete iff ¥ is a o-algebra, 
pis countably additive, {x} € ¥ for every x € X, and p(A) = | for some 
countable A ¢€ ¥. If pis discrete, then p(x) = 0 for all but a countable 
number of x € X. Moreover, if p is discrete, then p(A) = Yoxeap(x) = 
sup{ > xeBp(x): Bisa finite subset of A}, that is, the least upper bound 
on {> xegp(x): Bis a finite subset of A}. 

We shall say that a triple (X, ¥, p) is a probability space iff X is a 
nonempty set, ¥ is an algebra of subsets of X, and p is a probability 
measure on ¥. If (X, ¥, p) is a probability space, and p(A) > 0 for some 
A, then p4(B) = p(B A)/p(A) forall B € ¥is the conditional probability 
measure of p given A. If (X, ¥, p) isa probability space, and p(A) p(B) > 0 
for A, B € ¥, then p(A)pa(B) = p(B) pp(A) = p(AN B), and pp(A) = 
pA) pa(B)/p(B). The latter result is known as Bayes’ Theorem . 

Ris a random variable on a probability space (X, ¥, p) iff Ris a real- 
valued function on X such that, for each JE R, {xe X: R(x) € I} E¥. 
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A univariate distribution is a probability measure whose domain con- 
sists of subsets of the real line. If p is a univariate distribution, then 
F(b) = p(—o, b] for each bis a univariate distribution function of the 
distribution p. The univariate distribution px(/) = p{x € X: R(x) € I} 
for each interval J € R is the distribution of the random variable R. It 
is easy to show that any univariate distribution function is monotone 
nondecreasing, right continuous, and such that lim)_,_../(b) = 0 and 
limp oof(b) = 1. 


If pis a univariate distribution, and there isaset {xo,..., X,,... } such 
that p(A) = )>x.cap{xi} for each A, then the restriction of p to {x9,..., 
Xn... } is a discrete probability function for p. A sequence p1,..., Pyn,...i8 


a discrete probability function iff p; > 0 for each k and )°7., py=1. An 
example of a discrete probability function is the binomial distribution 
function p, = (edap™4, if 7 = 0, 1,..., n, and 0 otherwise. A 
second example is the Poisson distribution with mean [1, py =e" w"/R, 
R= 0 2 yee 

If pis a univariate distribution, and we can represent the distribu- 
tion function F of pin the form F(x) = ty Jo dt for all real x, then 
jis the density of the distribution p. The density of the distribution pr 
of a random variable R, fr, is the density of R. A real-valued function f 
of a real variable is a probability density iff f(¢) > 0 for all real ¢, and 
fe J(®) dt = 1. An example of a density function is the normal distr- 
bution with mean pw and variance o, f(r) = (1/V2702)e7 (1 #)"/20* for 
y € R. A second example is the uniform — or rectangular — density on 
[a, 6], f(y) = 1/(b—a) for a< r< b, and 0 otherwise. 

The definitions of discrete probability functions and densities can 
be generalised to the case in which there are n real-valued variables, 
and conditional density can be defined by generalising the notion of 
conditional probability. Since we won’t require these generalised def- 
initions, we omit to give them here. 

If Ris a random variable, with p(R = b) = p, j = 1,..., k, and 
ae pj = 1, then the expectation — expected value, mean — of R, E(R) = 
= a1 if Moreover, the variance of R, Var(R) = on = ae 
(b)—-[) 2 pj, and the standard deviation of R, op, is the nonnegative square 
root of the variance. 

If Ris a random variable with p(R = ) = pj, and i Bj = 1; 
and real Blpj is finite, then the expectation of R, E(R) = w= i Djpj. 
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Moreover, if (5) — LL) 25 is finite, then the variance of R, Var (R) = 
oe = pee (b; — L)* pj, and the standard deviation of R, o pr, is the non- 
negative square root of the variance. 

If Ris a random variable with density /r, and [ioe I7fr() dr is 
finite, then the expectation of R, E(R) = bw = i rfr(7) dr. Moreover, 
if fee (r—)* fr(7) dr is finite, then the variance of R, Var (R) = os = 
fee (r—)* fr(7) dr, and the standard deviation of R, o z, is the nonneg- 
ative square root of the variance. 

Given these definitions, we can go on to define conditional expecta- 
tion, conditional variance, and so forth, on analogy with the definition of 
conditional probability and conditional density. But, again, we won’t 
require these further definitions in our subsequent discussion. 

While the fundamental mathematical theory of probability is mostly 
relatively uncontroversial, there is a vast debate about how the notion 
of probability should be understood. We shall merely gesture at some 
of the more prominent interpretations of the notion of probability in 
what follows. (One important controversy in the fundamental mathe- 
matical theory of probability is whether we should accept the definition 
of conditional probabilities in terms of unconditional probabilities, or 
whether we should suppose that the notion of conditional probability 
is fundamental. We shall not need to worry about this dispute in our 
subsequent discussion. ) 

According to subjective or doxastic interpretations of probabilities, 
probabilities are credences or rational degrees of belief. Roughly 
speaking, the idea here is that, in an ideally rational belief system, 
degrees of belief admit of numerical representations that conform to 
the mathematical definition of probability. This rough idea admits of 
many different precisifications. Few subjectivists suppose that an ide- 
ally rational believer must have nothing but precise real-valued degrees 
of belief; rather, the typical view is that the doxastic state of a rational 
believer is accurately represented by a family of assignments of precise 
real-valued degrees of belief, or perhaps by a family of assignments 
of intervals whose endpoints are precise real numbers. This suggests, 
perhaps, that subjectivists suppose that ideal rationality is concerned 
only with the relationships between beliefs, and not at all with the 
contents of individual beliefs. However, it is perfectly possible for sub- 
jectivists to insist that there are constraints on ideal rational belief that 
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go beyond rules that govern the updating of beliefs in the light of new 
evidence. 

According to statistical interpretations of probabilities, probabili- 
ties are relative frequencies: long-run frequencies, limiting relative 
frequencies, hypothetical relative frequencies, or the like. There are 
problems that confront statistical interpretations of probabilities. If 
probability is limiting relative frequency in an infinite sequence of 
trials — or, perhaps, limiting relative frequency in an infinite sequence 
of uniform trials — then one might well think to object that there 
are no probabilities, since there are no infinite series of trials. If prob- 
ability is hypothetical relative frequency — what the limiting relative 
frequency would have been if there had been an infinite sequence of 
(uniform) trials — then one might suspect that, again, there are very 
few probabilities, since there are very few cases in which there is 
an answer to the question of what the limiting relative frequency 
would have been if there had been an infinite sequence of (uniform) 
trials. 

According to objective interpretations of probabilities, probabilities 
are chances or propensities: objective features of the world. In deter 
ministic worlds — for example, universes in which there are Cauchy 
surfaces on which data determines all past and future data — there are 
no nontrivial chances or propensities: Events that occur have probabil- 
ity 1 and events that do not occur have probability zero.! However, in 
nondeterministic worlds, there may be nontrivial chances: It may, for 
example, be a fundamental fact about a given radioactive particle that 
it has a given chance of decaying in a given time interval (where this 
fact does not supervene on facts about the decay behaviour of similar 
radioactive particles and the like). 

It should not be thought that one is necessarily required to choose 
between these different interpretations of probability. While it is con- 
troversial whether there are chances, it seems relatively uncontrover- 
sial that there are both credences and frequencies. Moreover, while 
it seems highly questionable whether frequencies really are a kind 
of probability, it seems very plausible to suppose that chances and 
rational credences will obey the fundamental mathematical theory of 


! Or, at least, so ’'m tempted to say. But this claim has been controverted, e.g., by Levi 
(1980). 
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probability. If there are chances, then it seems clear that knowledge 
about chances must constrain rational credences: If one knows that the 
chance that a particle will decay in an interval Tis x%, then — except 
perhaps in a small range of exceptional cases — one ought to believe to 
degree x% that the particle will decay in interval T. Similarly, if there 
are chances and if one has statistical data about the decay of particles 
of a given kind, then this data will surely constrain the beliefs that one 
has about the chance that a given particle will decay in a given time 
interval. 

There is, of course, much more that can be said about the interpre- 
tation of probability. However, with these brief introductory remarks 
behind us, we turn now to the one controversial aspect of the math- 
ematical theory of probability that will be important for subsequent 
discussion, namely, the question of additivity principles. 


6.2 ADDITIVITY PRINCIPLES 


There are various places where infinities intrude into the mathematics 
of standard probability theory. It is standard to allow probability spaces 
in which ¥ is a o-algebra, that is, to consider a set of subsets that is 
closed under countable union. It is standard to suppose that random 
variables are real-valued functions. And so forth. But the most con- 
troversial questions about the role of infinities in standard probability 
theory arise when we consider the additivity principles that are obeyed 
by probability measures. 

The key question is whether we should suppose that probability 
measures can be countably additive — that is, whether we can accept 
measures in which it is true that, for any pairwise disjoint sets Aj,..., 
An,» €¥, P(UnAn) = Yonp(An) — or whether we should insist that any 
acceptable probability measure must be merely finitely additive — that 
is, whether we should insist that all that is true is that, for any pairwise 
disjoint sets Aj,..., Ay € ¥, pur, Ay) = yi p(An)- 

Perhaps the most obvious — though by no means the only — consider- 
ation in favour of allowing that probability measures can be countably 
additive is that there are central results in modern statistical theory 
whose proof relies on the assumption of countable additivity. Con- 
sider, for example, the Central Limit Theorem. There are many cases 
in which one has a collection of independent random variables Xj,..., 
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Xn, with a common distribution function Fy, ... x, = F, finite expec- 
tation 4, and finite variance o*. (Simple examples include cases in 
which one wishes to compute accumulated timing errors or round-off 
errors in calculations.) The Central Limit Theorem says that, for each 
real f: 


(1) lim, soop{U/Vn) 0") (Xi n)/o) <= f',,(1/V 2m) eo H2/? 
du; and 

(2) Ip{/Vn) 022, (Xi — w)/o) < — f,, A/V 2m) #2? dul < 
(2/Vn) E [|(X — 4) /o°]. 


But this theorem can be established only if we suppose that our 
probability measure is countably additive. Ifwe give up countable addi- 
tivity and insist only on finite additivity, then, plausibly, we forfeit the 
right to use this valuable statistical tool. And this is not an isolated 
case: There are many tools in the modern statistical kitbag whose jus- 
tification depends on the assumption that probability measures are 
countably additive. Of course, it has not yet been ruled out that one 
might fashion a collection of satisfactory replacement tools using noth- 
ing but finitely additive probability measures — but, at the very least, it 
has not yet been shown that this can be done. 

There are various arguments that might be given in favour of the 
view that we should not countenance countably additive probability 
measures. 

First, one might argue that, contrary to the demands imposed by 
countable additivity, it can be rational to be certain of each given 
member of an infinite class of events that that member will not occur, 
while nonetheless being certain that one of the events from that class 
will occur. So, for example, if there were a fair infinite lottery — that 
is, a fair lottery in which there were countably many tickets — then it 
can be rational to hold both (1) that it is certain that one of the tickets 
is going to win and (11) that, for any given ticket 7;j, it is certain that 
T; will not win. Since the only way to model this is to suppose that 
p(T; wins) = 0 for each T while p(V; (7; wins)) = 1, we have here a 
direct argument against countable additivity. 

This argument depends on the highly dubious assumption that 
there could be a fair infinite lottery (or, perhaps, on the still highly 
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dubious assumption that one could reasonably believe that there is 
a fair infinite lottery). But let’s defer discussion of this assumption 
here. If we allow that there could be a fair infinite lottery, then it 
seems entirely obvious that we are required to suppose that p(V; (7; 
wins) /plausible assumptions) = 1. (The plausible assumptions here 
are, for example, that a winning ticket is drawn in the lottery.) How- 
ever, given that this is so, it is quite unclear why we should allow that, 
in a fair infinite lottery, p(T; wins) = 0 for any given T;. At least prima 
facie, it sounds incoherent to suppose that it is certain that there will be 
a winner in the lottery and that each ticket in the lottery is certain not 
to win. What is true is that, for any € > 0, you cannot believe that p(T; 
wins) = € for each T;. Moreover, given that the lottery is fair, you are 
constrained to suppose that p(77) = p(7;), for all cand j, if you assign 
values to p(77) and p(7;). So it seems that, if there were a fair infinite 
lottery, one ought to refrain from assigning any value to the probability 
that a given ticket wins. At the very least, given the prima facie incoher- 
ence of the claim that it is certain that there will be a winner in the 
lottery and that each ticket in the lottery is certain not to win, it seems 
that those who suppose that there could be a fair infinite lottery should 
seriously consider the suggestion that there is just no way to apply the 
theory of probability directly to propositions of the form T; winsin this 
case. 

Just to fix intuitions a bit further, suppose that God runs a lottery 
for entry to Heaven. Infinitely many tickets are made up, and one 
ticket is given to each person on earth. Then finitely many numbers 
are drawn at random from amongst the natural numbers, and, if there 
are people who have those numbered tickets in their possession, then 
those people are admitted to Heaven. To gain admission to Heaven, 
one must still have the ticket that one has been given in one’s posses- 
sion; if one has torn up the ticket or given it to someone else, then 
one is not a winner of the lottery. (Since God is running the lottery, 
we can suppose that no one can illicitly obtain someone else’s ticket 
without detection.) If you had a ticket in this lottery, would you tear 
it up? If you really think that, in an infinite lottery in which there 
are guaranteed to be finitely many winners, there is no chance that 
a given ticket will win, then you should be prepared to say that it 
would make no difference to you whether or not you tore up your 
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ticket. After all, no chance of winning is no chance of winning. If you 
have any reluctance about tearing up your ticket, then surely that 
shows that you don’t really think that you have no chance of winning 
a fair infinite lottery in which you hold no more than finitely many 
tickets.? 

Second, one might try to argue that any intuitive support for count- 
able additivity is bound to be intuitive support for uncountable addi- 
tivity. Yet we can be quite certain that uncountable additivity is an 
unacceptable requirement: We know, for example, that it is possible 
to have a rational uniform distribution over the interval [0,1] such 
that p{r} = 0 for all r € [0,1]. So there can hardly be reliable intuitive 
support for countable additivity. Consider, for example, the claim that 
I made earlier that it sounds incoherent to suppose both that it is 
certain that there will be a winner in the infinite fair lottery and that 
each ticket in the lottery is certain not to win. If we have a uniform 
distribution over the interval [0,1], then it seems that we are both 
certain that our variable takes a value in the interval [0,1], and that 
p( R= r) = 0 for each point r in the interval, that is, that, for each point 
in the interval, we are certain that the variable does not take a value 
at that point. So, the argument that we gave previously in defence of 
countable additivity is no good, since it would work just as well as a 
defence of the indefensible uncountable additivity. 

There are several ways that one might respond to this argument. 
For example, one might reformulate one’s theory so that it does 
not have the consequence that p(R = r) = 0 when ris a point in a 
bounded continuous interval over which a (uniform) density function 
has been defined. Just as one can develop theories of physical space 
in which regions are fundamental, so, too, one can develop theories 
of probabilistic space in which regions are fundamental. Since such 
an approach will lead to changes to the underlying logic, there are 
reasons to be cautious about adopting it, but it is clearly an option 
worth exploring at this point. 

Another response that one might give at this point is to insist the 
interpretation of p(R = r) = 0 in the continuous case is relevantly 
different from the interpretation of p(X= x) = 0 in the discrete case. 
While we can be happy to allow that p(X = x) = 0 should be taken 


* Cf. Skyrms (1966). 
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to mean that it is certain that X ¢ x, we should not be prepared to 
accept that p(R = r) = 0 can be taken to mean that it is certain that 
R# rin the continuous case. Rather, in the continuous case, we should 
say that it can only be certain that R¥ rif there is a subinterval J - 
or, more generally, a subregion — with nonzero measure such that 
ry € Tand for which p(R C J) = 0. It seems to me that this response 
preserves the intuition, that it is incoherent to suppose both that it is 
certain that a variable takes a value at some point in a region and that 
each point in the region is such that it is certain that the variable does 
not take a value at it, without resorting to an ad hoc modification of 
the interpretation of the classical theory of probability. However, Iam 
sure that there will be many who disagree. 

A final response that one might countenance is to consider what 
happens to conditional probabilities in the two cases. As I noted above, 
there is a perfectly good definition of conditional densities that can be 
given in the continuous case, which makes use of the possibility of tak- 
ing limits as quantities are continuously approached. Having p({r}) = 
0 for all r€ Ris no barrier to this definition of conditional densities. 
However, if we suppose that p({x}) = 0 for all x € X, then it seems 
that there will be no conditional probabilities at points or at finite sets 
of points. Since this is a technical problem, it is perhaps unsurpris- 
ing that it is amenable to a technical fix; I mention it merely to draw 
attention to the fact that there are obvious differences between the dis- 
crete case and the continuous case that may be relevant to the present 
discussion. 

Third, one might try to argue that it must be prima facie unpromising 
to suppose that intuitions about reasonable credences could be sensi- 
tive to the difference between countable and uncountable infinities, 
since that distinction belongs to the recondite domain of higher math- 
ematics, while intuitions about reasonable credences are widespread 
and resilient even amongst those who have little or no knowledge of 
higher mathematics. I think that there are various reasons why little 
weight should be given to this argument. Since it often seems plausible 
to say that our behaviour is guided by theories of which we have an 
implicit grasp but for which we find extraordinarily difficult to give 


3 Kolmogorov provides the fix by appealing to the Rodon Nikodyn theorem, and the 
notion of probability conditional on a sigma algebra. 
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explicit formulation, it is doubtful that there would be much support 
supplied to the opponents of countable additivity if it were true that 
intuitions about reasonable credences are widespread and resilient 
amongst those who have little or no explicit knowledge of mathemat- 
ics. But, in any case, it is not clear why we should suppose that it is 
true that intuitions about reasonable credences are widespread and 
resilient amongst those who have little or no explicit knowledge of 
mathematics. There is plenty of psychological data that tells us that 
people are not very good at probabilistic and statistical inference, so 
we should be cautious in supposing that there ave widespread resilient 
reliable intuitions about reasonable credences without undertaking 
studies that establish that this is so. 

Perhaps there are yet other ways in which one might try to argue 
against countable additivity. I do not know of any argument stronger 
than those that I have presented here, but this certainly does not mean 
that such arguments are not to be found. In the absence of such argu- 
ments, however, I think that it is plausible to claim that there is no 
particularly good reason to suppose that one ought to give up on 
countable additivity, and to accept only finite additivity, in one’s the- 
ory of probability. 


6.3 DECISION THEORY 


Decision theory takes as its subject matter situations in which agents 
choose between alternatives. We assume that each possible choice that 
an agent might make - each alternative for which the agent might opt- 
has consequences or outcomes and that the agent has a preference 
ranking for these consequences or outcomes. 

We distinguish between descriptive decision theory — which is con- 
cerned with what agents actually do in choice situations — and normative 
decision theory — which is concerned with what rational agents ought 
to do in choice situations. Our focus here will be entirely on normative 
decision theory. 

We suppose that the outcome of a choice or decision depends on 
two factors: (1) the choice that is made and (2) the state of the world at 
the time that the choice is made. Since we are supposing that an agent 
in a choice situation has a preference ranking for outcomes, we can 
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suppose that the preference ranking of an agent can be represented 
by a table of the following form: 


Si Ss os S; ae: S, 
Ay Uy1 Uj2 article Uy j eee Uin 
Ag Us] Us9 eae Ug; caren U2n, 
A; Uj) eee Ui; eee Uin 
An Umi cee Umj tee Umn 


Here, the A; are the alternatives between which the choice is to be 
made, and the S; are the states of the world that might obtain at the 
time of the choice decision. (At least until further notice, we shall 
suppose that there are only finitely many alternatives, and finitely many 
possible states of the world.) 

We distinguish between decisions under uncertainty — in which we 
suppose that the agent does not assign probabilities to all of the S;— 
and decisions under risk — in which we suppose that the agent assigns 
probabilities to all of the S;. While we shall be principally concerned 
with decisions under risk, we begin with a few brief remarks about 
decision under uncertainty. 


(a) Decisions under Uncertainty 


There are various decision rules that one might propose to use in 
cases of decision under uncertainty, and various criteria that one 
might suppose that such decision rules ought to obey. We shall begin 
by listing criteria, and then mention a few rules that have been 
countenanced. 


1. Ordering of alternatives: The rule should yield an ordinal ranking 
of the alternatives. 

2. Dominance: If every utility u;; associated with alternative A; is 
greater than the corresponding utility u,; associated with alter- 
native A;, then A; should have a higher preference ranking 
than Ag,. 
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Symmetry: Relabelling the rows or the columns of the matrix 
should not affect the result of applying the rule. 

Linearity. The result of applying the rule should be invariant 
under positive linear transformations of the utilities. 

Column linearity: Adding a constant value to all of the utilities in 
a column should not affect the result of applying a rule. 
Redundancy: Duplicating a column or removing one of two iden- 
tical columns should not affect the result of applying a rule. 
Addition: The addition of a row should leave the relative ranks 
of the original rows unaltered. 

Convexity: If an agent is indifferent between two alternatives A; 
and A,, then that agent should be indifferent between either of 
them and their equiprobable mixture ( 5 Ai, 5Aj) , thatis, flipping 
a fair coin and letting the result of the toss decide between them. 


Some rules that have been considered for decision under uncertainty 


include: 


Maximin: Choose the alternative of which the worst possible out- 
come is the best of all of the worst outcomes associated with the 
alternatives. 

Maximax: Choose the alternative that has the best of the best 
possible outcomes amongst the alternatives. 

Hurwicz-a: Suppose that ui” and u;™** are the worst and best 
outcomes associated with alternative A;. We compute aun + 
(1— a) u;"**, for some 0 < a < 1, and choose the alternative for 
which this quantity isa maximum. Here, @ is a parameter that is 
characteristic of the agent: When @ = 0, we get back Maximax; 
and when @ = | we get back Maximin. 

Minimax Regret: Given the preference table for an agent, we con- 
struct a regret table by replacing each entry in the preference 
table by the difference between it and the largest entry in the 
column in which it lies. We then choose by applying the mini- 
max rule to the regret table, that is, we choose the alternative 
on which the largest entry in the regret table is minimised. 


Inspection shows that none of these rules satisfies all of the stated 


criteria. (For example, Maximin, Maximax, and Hurwicz-a violate 
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Column Linearity; Minimax Regret violates Addition; and Hurwicz-a 
also violates Convexity.) Thus, either we don’t yet have a satisfactory 
rule for decision under uncertainty on our list or some of the stated 
criteria are unacceptable. 

It is an interesting question whether we should suppose that there 
is a satisfactory rule for decision under uncertainty, or whether we 
should suppose that rationality requires that every decision problem 
be treated as a problem of decision under risk. If we could help our- 
selves to a principle of indifference — that is, a principle that allows us to 
assign equal probabilities to outcomes in situations in which we have 
no reason to assign other values to them — then we would surely be able 
to treat decisions under uncertainty as decisions under risk. However, 
it seems doubtful that there is any generally acceptable principle of 
indifference. 


(b) Decisions under Risk 


In the case of decision under risk, we suppose that the agent associates 
a probability p; with each of the possible states of the world S; such that 
ee) pj = 1. We define the expected utility of an alternative A; to be 
EU(A;) = i=l pjuj- Our decision rule then says that a rational agent 
acts so as to maximise expected utility; that is, a rational agent chooses 
the alternative that has the greatest expected utility.* 

While the decision rule of maximising expected utility is easy to 
state, there are many questions that it prompts. The claim that is 
made by those who endorse this decision rule is that an ideally ratio- 
nal agent will act always so as to maximise expected utility. This claim 
from normative decision theory is intended to make some kind of con- 
tact with descriptive decision theory and with our prior conception of 
how ideally rational agents would behave. Many people have thought 


+ Of course, as it stands, our rule is incomplete. In case of a tie, our rule requires 
an arbitrary choice: A rational agent arbitrarily selects one of those alternatives that 
has greatest expected utility. In the case that there is no alternative that has greatest 
expected utility, our rule is silent. Perhaps our rule should say that, in such a case, 
a rational agent arbitrarily selects an alternative that has ‘sufficiently large’ expected 
utility. Trying to sort this out would take us far beyond the bounds of the current 
discussion. 
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that there are reasons for rejecting the suggestion that ideally rational 
agents act always so as to maximise expected utility. 

Some objections to the decision rule of maximising expected util- 
ity are arguably based on straightforward misunderstandings. We have 
already seen — in our discussion of subjective interpretations of proba- 
bility theory — that we need not suppose that an ideally rational agent 
ascribes precise real-valued probabilities to possible states of the world. 
Rather, what we suppose is that the beliefs of an ideally rational agent 
can be represented by a family of assignments of precise real-valued 
degrees of belief or, perhaps, by a family of assignments of intervals 
whose endpoints are precise real numbers. In a similar way, we need 
not suppose that an ideally rational agent ascribes precise real-valued 
utilities to the alternatives among which he or she is to choose. Rather, 
what we suppose is that the preferences — desires, values — of an ideally 
rational agent can be represented by a family of assignments of precise 
real-valued utilities or, perhaps, by a family of assignments of intervals 
whose endpoints are precise real numbers. While this still represents 
a considerable degree of idealisation, it is much less obviously absurd 
than the supposition that the degrees of belief and strengths of prefer- 
ences of ideally rational agents can be calibrated directly using precise 
real values. 

In our discussion of decision under uncertainty, we suggested that 
strength of preferences should constitute an ordinal scale. A bunch 
of preferences p),..., p, lie on an ordinal scale — that is, a bunch of 
preferences p),..., px are weakly ordered — iff the following conditions 
obtain: (1) Irreflexivity of Preference: It is not the case that p; is preferred 
to pj (2) Asymmetry of Preference: If p; is preferred to pj, then it is not 
the case that p; is preferred to pj; (3) Transitivity of Preference: Tf p; is 
preferred to p;, and p; is preferred to p,, then p; is preferred to py; 
(4) Transitivity of Indifference: If it is not the case that p; is preferred 
to p;, and it is not the case that p; is preferred to ;, and it is not the 
case that p; is preferred to p,, and it is not the case that p, is preferred 
to p;, then it is not the case that /; is preferred to p, and it is not the 
case that pf, is preferred to p;. (If we drop the requirement of transi- 
tivity of indifference, then the preferences would obey a strict partial 
order.) 

However, for the application of the decision rule of maximising 
expected utility, we need more: It isn’t enough that numbers are 
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assigned to preferences in such a way as to order the preferences 
weakly, with stronger preferences being assigned larger numbers. 
Rather, for the purposes of the decision rule of maximising expected 
utility, we need the assigned numbers to indicate how much one alter- 
native is preferred to another. If we follow the standard practice of 
characterising measurement scales in terms of the magnitudes that 
are invariant under admissible transformations of those scales, then 
our ordinal scale admits positive monotone transformations under 
which all that is invariant is the relative magnitudes of the numbers 
assigned to the alternatives. However, it seems that what we need is 
a scale that admits only transformations of the form x’ = ax, a > 0, 
that is, a ratio scale. (An intermediate possibility is to adopt an interval 
scale that admits only transformations of the form x’ = ax + B, a > 
0. A weaker intermediate possibility is to adopt a difference scale that 
admits only transformations that are positive monotone on both the 
magnitudes and the differences between magnitudes.) 

There are various methods that have been proposed for establishing 
the utilities of rational agents. One can establish an interval scale based 
on an agent’s preferences amongst lotteries; and one can establish a 
ratio scale based on choice experiments in which an agent is invited 
to make pairwise comparisons of alternatives. We shall not need to 
pursue the details of these constructions here. 

Among the assumptions of the decision theory presented here that 
can be questioned, some of the most important are the assumption that 
rational preferences are transitive, the assumption that decision under 
uncertainty obeys a principle of dominance, and the assumption that 
probability is countably additive. There are various levels of structure in 
decision theory, and the assumptions at each level of structure require 
careful examination. 


6.4 APPROACHING INFINITE DECISION THEORY 


So far, we have proceeded under the assumptions (1) that there are 
finitely many alternatives, (2) that there are finitely many relevant 
different possible states of the world, and (3) that there is an upper 
bound to the utilities that appear in any given decision problem. When 
we model rational human agents, it seems that these assumptions are 
reasonable. Nonetheless, we might want to consider whether we can 
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extend our theory to accommodate cases in which one or more of 
these assumptions is dropped. 

Supposing that there might be infinitely many alternatives among 
which an agent must choose is uninteresting if we suppose that there 
are only finitely many relevant states of the world and finitely many dif- 
ferent utilities that can be assigned to outcomes. Under these assump- 
tions, decision theory becomes intractable in all but the most special 
of cases: Often, our “decision rule” will do no better than to enjoin 
us to make an arbitrary choice from amongst infinitely many equally 
good alternatives. However, if we allow that there are infinitely many 
different utilities that can be assigned to outcomes, then we needn’t 
worry about this kind of consideration. 

Supposing that there are infinitely many different relevant states 
of the world between which the agent must choose can be interest- 
ing even if we suppose that there are only finitely many alternatives 
between which an agent must choose, and even if we suppose that 
there is a fixed upper bound to the utilities of outcomes. Consider, for 
example, a case in which p(S;) = (3), and uj = fi(j)B,9 < fi7) < 1 
for all 7, 7 € N, and Be N. In this case, EU(A;) = YS iNB < B. 
So, at least for all of the considerations that have been raised thus 
far, there is no barrier to getting unequivocal decisions from infinite 
decision theory in cases in which there are infinitely many different 
relevant states of the world. Moreover, this remains true even if we 
suppose that there are infinitely many alternatives among which the 
agent must choose: We could have an array of utilities bounded by 
Bsuch that EU(A;) # EU(A;) whenever 7 ¥ j for all i, 7 € N. Finally, 
we can see that there is no danger that any calculations of expected 
utility will diverge under the assumptions now under consideration: 
No matter how the agent distributes probabilities over the different 
relevant states of the world, if there is a finite upper bound B to utility, 
then the expected utility of any alternative course of action can be no 
greater than B. 

If we suppose that there is no upper bound to utility, and we suppose 
that there are infinitely many alternatives, then we can easily describe 
situations in which EU (A; ) diverges as 7increases. Consider, for exam- 
ple, a case in which there are only two equiprobable relevant states 
of the world, and in which u;} = uj = 7 Under these assumptions, 
EU(A;) = « In this kind of case, one might suggest that an appro- 
priate “decision rule” is to select arbitrarily any sufficiently large Aj; 
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alternatively, one might say that, in this case, there is no reasonable 
decision to be made. 

Ifwe suppose that there is no upper bound to utility, and we suppose 
that there are infinitely many relevant states of the world, then, again, 
we can easily describe situations in which EU (4; ) diverges for some, or 
all, values of EU (A; ), regardless of whether the number of alternatives 
is finite or infinite. Consider, for example, a case in which there are 
only two alternatives A; and Ag, p(S}) = (3), and uj = i2/, for allie {l, 
2} and jeé N. In this case, EU(A}) =1+14+1+...and EU(Ag) = 2+ 
2+2+2+....In this case, the expected utility of the two options is 
equal, even though there seems to be a good intuitive sense in which 
the second option is better than the first. To cope with this case, one 
might propose a modified “decision rule”: If two alternatives have the 
same expected utility, but one option dominates the other — that is, 
has higher utility on each possible relevant state of the world — then 
one ought to select the dominant option; alternatively, one might say 
that, in this case, there is no reasonable decision to be made, and that 
any arbitrary choice will do. 

While the extension of finite decision theory that arises by allowing 
(1) infinitely many alternatives, (2) infinitely many possible states of 
the world, and (3) unbounded utilities, and adopting the standard 
decision rule is mathematically unproblematic, there may be cases that 
arise in which we feel that further rules should be added to break ties 
in some cases in which there are many alternatives that have infinite 
expected utility. We have noted some of the kinds of cases in which 
this sort of pressure might arise, and some of the kinds of responses 
that might be made to it. A further — and more detailed — investigation 
of these matters lies beyond the scope of the present inquiry. 


6.5 INFINITE UTILITY STREAMS 


Depending on the further assumptions that we are prepared to make, 
we may think that we can make sense of the idea of infinite utilities, 
that is, utilities that take on an infinite value. We shall consider the 
consequences of this suggestion after we have considered an example 
in which infinite utilities arise. Since it seems to be the least problem- 
atic suggestion, we shall consider a case in which one must choose 
between different infinite utility streams, that is, streams of finite daily 
utility that accumulate over an infinite future. 
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Suppose that a day spent in Heaven has utility 1 and that a 
day spent in Hell has utility —1. Suppose further, that for all 
n, n days in Heaven has utility n, and n days in Hell has utility —n. 
Suppose still further, that for all n and m, any combination of m days 
in Heaven and n days in Hell has utility m — n, and any combination of 
n days in Heaven and m days in Hell has utility n — m. Then consider 
the following alternatives: 


(a) an infinite number of days in Heaven (with no days in Hell); 

(b) an infinite number of days in Hell (with no days in Heaven); 

(c) an infinite number of days in Heaven (with no days in Hell), 
preceded by a finite number of days in Hell (with no days in 
Heaven); 

(d) an infinite number of days in Hell (with no days in Heaven), 
preceded by a finite number of days in Heaven (with no days in 
Hell); 

(e) an infinite number of alternating days, first in Heaven and then 
in Hell; 

(f) an infinite number of alternating days, first in Hell and then in 
Heaven; 

(g) a day in Heaven, followed by an infinite number of alternating 
days, first in Heaven and then in Hell; 

(h) aday in Hell, followed by an infinite number of alternating days, 
first in Hell and then in Heaven. 


Straightforward arithmetic considerations suggest, first, that scenarios 
(a) and (c) have positive infinite utility and that scenarios (b) and 
(d) have negative infinite utility. One might think that (a) should be 
preferred to (c) — on the grounds that, on any day, the sum of utility 
to that day is greater on option (a) than on option (c) — or one might 
think that one should be indifferent between (a) and (c) — on the 
grounds that it is only the total utility that matters, and this is the same 
in each case. Similarly, one might think that (d) should be preferred 
to (b) —- on the grounds that, on any day, the sum of utility to that 
day is greater on option (d) than on option (b) — or one might think 
that one should be indifferent between (b) and (d) — on the grounds 
that it is only the total utility that matters, and this is the same in 
each case. 
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Since the series of partial sums in scenarios (e) to (h) are oscillating, 
it is less straightforward to determine what to say about the total utility 
in these cases. As before, one might think that (g) should be preferred 
to (e) and that (f) should be preferred to (h), because, on any day, 
the sum of utility to that day is greater on the former option than it 
is on the latter option. However, if you suppose that the order of the 
days shouldn’t make any difference to your preference — that is, if you 
suppose that you should be indifferent to permutations of the utilities 
that are assigned to days — then it seems that you should be indifferent 
between all four of these options. After all, if we represent option 
(g) by {1, 1, —1, 1, -1, 1, -1,...}, then one permutation — that is, 
exchange of adjacent options — yields {1, —1, 1, —1, 1, —1,1,...}, that 
is, option (e). Then, a second permutation yields {—1, 1, —1, 1, —1, 
1,—1...), that is, option (f). And a final permutation yields {—1, —1, 
1, —1, 1, -1,1,...}, that is, option (h). 

The considerations that apply if one is to choose between (e) and 
(f) — or between (g) and (h) — seem to be even more delicate. On 
any day, the sum of utility to that day in scenario (e) is never less 
than the sum of utility to that day in scenario (f), and it is greater on 
every other day. Moreover, on any day, the sum of utility to that day 
in scenario (g) is always greater than the sum of utility to that day in 
scenario (h). So, if we think that these partial sums determine choice, 
it seems that we shall be obliged to say that (e) is to be preferred to 
(f), and that (g) is to be preferred to (h). However, at least the first 
of these recommendations seems evidently wrong: There cannot be 
a good reason to prefer (e) to (f). Of course, this conclusion could 
be bolstered by appeal to considerations about permutation — (e) is 
a single permutation of (f) — but it seems to me that it could also 
be based in independent symmetry considerations: Each case is an 
infinite alteration between two options; they differ only in which is the 
initial option; and you are stipulated to be indifferent to the ordering 
of pairs of options. 

In the case of choice between (f) and (g) — and in the case of choice 
between (e) and (h) — there is another kind of consideration to which 
one might appeal. If one compares utilities day by day, one sees that (g) 
dominates (f): There is no day on which the utility of (f) is greater than 
the utility of (g), and there is a day on which the utility of (g) is greater 
than the utility of (f). So, in this case, one doesn’t need to appeal 
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to the partial sums of the utilities: One can argue directly that (g) 
should be preferred to (f) on grounds of dominance. And, of course, 
the same kind of argument establishes that (e) should be preferred to 
(h). It should be noted that, if there is day-by-day domination of one 
alternative by another, then there will also be partial sum domination 
of the one alternative by the other; and it should also be noted that the 
reverse claim is not true: There can be partial sum domination of one 
alternative by another even though there is not day-by-day domination 
of the one alternative by the other. 

Collecting the threads of the discussion to this point, we have the 
following candidate principles for the comparison of alternative future 
utility streams: 


1. Prefer the possible future utility stream that has maximal total 
utility, if there is one. 

2. If more than one possible future utility stream has divergent 
utility, prefer the divergent future utility stream whose partial 
sum is dominant, if there is one. 

3. If more than one possible future utility stream has divergent 
utility, maintain indifference between divergent future utility 
streams that are permutations of one another. 


Since — as we have seen above — (2) and (3) give contradictory 
advice, we cannot accept them both. Moreover, there seem to be clear 
cases in which (2) gives the wrong advice — for example, in the com- 
parison between (e) and (f) above — and there seem to be clear cases 
in which (3) gives the wrong advice — for example, in the comparison 
between {1, —1,1, —1, 1, -1,...} and {1, —-1, 1, 1, -1,1,1,1,-1,1, 
1, 1, 1, —1,...}. In the face of these difficulties, one might propose 
replacing (2) and/or (3) with the weaker principles: 


2’. If more than one possible future utility stream has divergent 
utility, prefer the divergent future utility stream that is day-by- 
day — or, more generally, step-by-step — dominant, if there is one. 

3’. If more than one possible future utility stream has divergent 
utility, maintain indifference between divergent future utility 
streams that are finite permutations of one another (i.e., that 
can be derived from one another by finitely many exchanges at 
neighbouring days or, more generally, steps). 
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However, there are two difficulties with this proposal. First, there 
are cases where these principles fail to yield the advice that one might 
expect to receive — consider, again, the case of the comparison between 
{1, -1, 1, -1, 1, -1,...} and {1, -1, 1, 1, -1, 1,1, 1, -1,1, 1,1, 
1, —1,...}. Second, and more important, there are still anomalies. 
Intuitively, it may seem reasonable to suppose that one ought to prefer 
an infinite series of alternating days in Heaven and Hell preceded by 
any finite number of days in Heaven to an infinite series of alternating 
days in Heaven and Hell preceded by any finite number of days in 
Hell. However, while our principles licence preference of {1, 1, —1, 
1, -1, 1, -1,...} to {-1, 1, —1, 1, -1, 1,...} - by (2’) — they fail to 
licence preference of {1, 1, —1, 1, —1, 1, -1,...} to {-1, —-1, 1, -1, 
1,-1,1,...}. While Ido not suppose that these objections are decisive, 
I think that they show that we are far from the development of a 
satisfactory account of comparison of alternative infinite utility streams 
— and, in particular, that it is far from clear that we have good reason 
to endorse (2’) and (3’). 

Clearly, there is much more to be said about the assessment of alter- 
native infinite utility streams. Nonetheless, the little that has been said 
here may be enough to motivate the suggestion that there are good 
grounds for pessimism about the prospects of developing a satisfying 
account of infinite utility streams. At the very least, those who think 
that it ought to be possible to accommodate infinite utility streams in 
decision theory have work to do to develop a satisfactory set of princi- 
ples that the envisioned account can endorse. Moreover, since infinite 
utility streams are pretty clearly the least problematic way of generat- 
ing infinite utilities, the pessimism — and the need for work on the part 
of those who wish to kick against that pessimism — extends to infinite 
utilities in general.° 


6.6 INFINITE DECISION RULES 


Suppose that we do think that we can construct a satisfying account of 
infinite utility streams, and suppose that we think that we can make 


5 This discussion of infinite utility streams mirrors a debate about “infinite utilitarian- 
ism”. See, e.g., Diamond (1965), Segerberg (1976), Jeffrey (1983), Nelson (1991), 
Vallentyne (1993; 1995), Cain (1995), Ng (1995), Van Liederkerke (1995), Lauwers 
(1997), Vallentyne and Kagan (1997), and Dreier (2003). 
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sense of the idea that one might be in a choice situation in which one 
of the options is to enter into an infinite utility stream. If we think 
this way, then we shall want a decision theory that works when the 
utilities uj in our decision matrix take values from 4, that is, from the 
extended real line. To keep things simple, let’s suppose that there is 
only one candidate infinite utility stream and that there is exactly one 
open alternative A that lands one in that utility stream on at least one 
possible state of the world (to which nonzero probability is assigned). 
Under these assumptions, it may seem that one ought to be able to 
conclude that the choice of A maximises expected utility. For instance, 
if there are only two alternatives, Aj and Ag, and two possible states S; 
and $2, with probabilities p) and 1 — pi, p) 4 0 and wy, = co while uj 
is finite for 7, 7, not both equal to 1, then EU(A;) = oo, and EU (Ag) is 
finite. 

While this may sound fine, there are various considerations that 
suggest that there are potholes along the road to application. In a gen- 
uine decision situation, one ought to take all relevant alternatives into 
account. But in a genuine decision situation, there are always ‘mixed’ 
alternatives. If Aj and Ao are alternatives, then so is 1/2(A), Ag): If 
the toss of a fair coin comes down Heads, choose Aj; if it comes down 
tails, choose Ag. But in our previous example, EU(1/2(Aj, Ag)) = 00. 
Unless we revise our decision rule, it seems plausible to suppose that 
infinite decision theory is not going to yield much in the way of 
decisions. 

Perhaps it might be proposed that we add to our decision theory the 
rule that, in the kind of case that we have just been considering, one 
ought to select the alternative that is most likely to lead one to end up in 
an infinite utility stream.® At least roughly, what this proposal amounts 
to is to treat cases of decision under risk in which there are infinite 
utilities as cases of decision under uncertainty and to adopt the Max- 
imax rule. However, there are obvious objections to that proposal: If 
there can be positive infinite utility streams, then surely there can also 
be negative infinite utility streams. But in circumstances in which one 
is choosing between alternatives, some of which are positive infinite 
utility streams and some of which are negative infinite utility streams, 


6 This proposal has been made by Schlesinger (1994), and discussed by, e.g., Sorenson 
(1994). 
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the Maximax rule has all of the evident disadvantages that the Max- 
imax rule has in cases in which all utilities are finite. If we are to 
incorporate consideration of infinite utility streams into decision the- 
ory, then we need generally applicable rules to regulate our treatment of 
them. I do not think that the proposed Maximax rule should find wide 
acceptance. 

Moreover, it is not clear that there is any good justification for treat- 
ing cases of decision under risk involving infinite utility streams as 
cases of decision under uncertainty. We have already seen that there 
are severe theoretical difficulties that face theories of decision under 
uncertainty and that there is at least some reason to suppose that 
we should treat all decision problems as cases of decision under risk. 
Furthermore, if we are to suppose that there can be infinite utility 
streams — and hence the possibility of infinite utilities —- then it seems 
that we ought also to be able to make sense of the idea that there are 
infinitesimal probabilities. If we are prepared to work with oo, then 
surely we should be prepared to countenance 1/oo as well. But if we 
are prepared to countenance infinitesimal probabilities, then we shall 
again have cases of decision under risk — though perhaps we shall find 
that almost all such cases are now computationally intractable. (Just as 
we have trivial finite additivity for co in A, we have trivial finite addi- 
tivity for 1/oo in the extension of A that also contains 1 /oo. If we sup- 
pose that a number is sampled uniformly from the natural numbers, 
then the probability that that number is in any finite set of size n ¢ N 
is 1/00.) 

Furthermore, one might well think that there are other grounds for 
maintaining that thoughts about possible addition of further decision 
rules in cases in which there are infinite utility streams into which 
one might fall are premature. Suppose that there is an infinite utility 
stream. Suppose, further, that for any alternative that one might select 
at any time — in any choice situation — prior to entry into the infinite 
utility stream, there is some chance — however small — that choosing 
that alternative will lead to entry into the infinite utility stream. In 
those circumstances, it is tempting to suggest that every alternative 
will have infinite expected utility. To see this, suppose that we begin 
with a standard decision problem, with alternatives Aj, possible states 
S; with probability p;, and utilities uj. Suppose we are then told that 
there is an infinite utility stream and that there is some chance that 
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one might obtain entry to this stream by performing any given one of 
the Aj;s. It seems that we should then reassess our formulation of the 
decision problem. The alternatives are still the same Aj, but each S; 
should be replaced by two states S;, and S;, with probabilities p;, and 
Pio Pi, + Pp = pj, Where S;, = S; + you gain entry to an infinite utility 
stream, and S, = S;+ you do not gain entry to an infinite utility stream. 
If we suppose, as seems plausible, that uj, = oo, then we do indeed 
get the result that each alternative has infinite expected utility. Ifeach 
alternative might lead to entry into an infinite utility stream, then you 
have no way of choosing between alternatives on any other grounds. 
Against the argument in the last paragraph, it might be suggested 
that, if this reasoning were cogent, then it would show that ordinary, 
finite decision theory is unworkable. After all, there are large but finite 
utility streams and large but finite disutility that one might fall into 
whenever one makes a decision: It is possible — though, of course, 
massively unlikely — that the fate of the next federal election turns on 
what I choose to have for breakfast tomorrow. (The world is chaotic; 
a butterfly effect cannot be ruled out.) But in that case, surely I am 
required to partition states of the world and assign probabilities, in the 
same manner as was suggested for the infinite case. Well, yes and no. 
If the probabilities were high enough, and the utilities and disutilities 
were large enough, then, indeed, this is what one would need to do. 
If there is a high enough chance that the outcome of the next federal 
election hinges on my choice of breakfast cereal, then I should try to 
take that into account when I am deciding what to do. But, of course, it 
is entirely reasonable to suppose that the probability that the outcome 
of the next federal election hinges on my choice of breakfast cereal 
is so small that redoing the calculation of expected utility along the 
suggested lines would make no difference to the result of the calcula- 
tion. But the case that we described in the previous paragraph is rele- 
vantly different: Whereas large but finite utilities and disutilities can be 
ignored when the probabilities are small enough, any finite probability 
demands that infinite utilities and disutilities must be considered. So 
this response fails to show that we do, after all, have good grounds for 
supposing that we can construct a tractable infinite decision theory. 
In sum, then, we see that the development of an infinite decision 
theory — where that theory doesn’t merely consider infinitely many 
alternatives, infinitely many states of the world, and the absence of 
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an upper bound on utilities, but rather extends to consideration of 
infinite utilities — is fraught with difficulties. While, for all that has been 
argued so far, it seems that we can happily countenance countably 
additive probabilities, countably many alternatives, countably many 
states of the world, and the absence of an upper bound on utilities, 
the introduction of infinite utilities promises to wreak havoc with the 


theory of decision.’ 


6.7 TWO ENVELOPES 


Despite the slightly optimistic conclusion of the previous section, there 
might be reasons for worrying about the development of decision the- 
ory in contexts in which there is no upper bound on utilities. In the 
next two sections of this chapter, we present two well-known cases in 
which decision-theoretic reasoning seems to go awry once we counte- 
nance unbounded utility functions. We begin with various versions of 
the Two-Envelope Paradox, and then move on to discuss the — in some 
ways simpler and yet even more puzzling — case of the St. Petersburg 
Game. 

There are many different versions of the two-envelope — ‘exchange’, 
‘trading’ — paradox.® We begin with a simple version, and then go on to 
consider some of the more complex cases. Along the way, I shall argue 
that one of the advantages of supposing that probability measures are 
countably additive — and not merely finitely additive —is that this affords 
a ready solution to certain versions of the two-envelope paradox. I 
shall also defend the view that one can respond to the two-envelope 
paradoxes without rejecting unbounded utility functions out of hand. 


Version I. A person is offered a choice between two envelopes, A and 
B. She is told that one envelope contains twice as much money as the 
other, but she has no further information (e.g., information about 


7 For more in this pessimistic vein, see McClennen (1994), and Hajek (2003). 

8 For other presentations and discussion of the two envelope paradox, see Littlewood 
(1953), Nalebuff (1989), Cargile (1992) Christensen and Utts (1992), Castell and 
Batens (1994), Jackson, Menzies, and Oppy (1994), Broome (1995), Arntzenius 
and McCarthy (1997), McGrew, Shier, and Silverstein (1997), Scott and Scott (1997), 
Wagner (1999), Clark and Schackel (2000), Horgan (2000), Chalmers (2002), and 
Chase (2002). 
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which envelope contains the higher amount). She chooses A, say. 
Before opening A, she asks herself whether she ought to have taken B 
instead. There is a line of reasoning that suggests that she should. Sup- 
pose that the amount of money in A is $x. Then either B contains $2x 
or B contains $0.5x. Each possibility is equally likely, so the expected 
value of taking B is 0.5$2x + 0.5$0.5x = 1.25$x, that is, an increase of 
0.25$x. This conclusion cannot be right. The mere choosing of A can- 
not give her a reason to say that she ought to have picked up B instead. 
For the situation is symmetrical: There is nothing to favour choice of 
A over choice of B, at least until one of the envelopes is opened. Had 
she chosen B initially, the same line of reasoning would suggest to 
her that she ought to have chosen A, instead. Since, no matter which 
choice she makes, the line of reasoning leads her to the conclusion 
that she ought to have made the other choice instead, there must be 
something wrong with the line of reasoning. But what? 

At least initially, ’'m tempted to say that one mistake in this line 
of reasoning lies in the assumption that a reasonable person might 
reasonably believe that, for all $x, it is equally likely that there is $2x 
and $0.5x in the other envelope. No reasonable person could reason- 
ably have a ‘flat’ distribution for the random variable x. After all, any 
reasonable person will believe that there is a minimum unit of cur- 
rency — for example, if the envelope she holds contains | cent, then, 
if the other envelope either contains half or double the contents of 
her envelope, then the other envelope certainly contains 2 cents. And 
any reasonable person will believe that there is a limit to the amount 
of money that could have been placed in the envelopes — for exam- 
ple, to take a really extravagant upper bound, if more than half of the 
money in the world economy is in the envelope she holds, then, if the 
other envelope either contains half or double the contents of her enve- 
lope, then the other envelope certainly contains half of the amount 
that is contained in the envelope she holds. While there is, perhaps, 
very little that we can say in advance about the shape of the ‘prior’ 
distribution that the person who undertakes the line of reasoning pos- 
sesses, we can be quite sure that no reasonable person will have the 
‘flat’ distribution that is assumed in the statement of the paradoxical 
reasoning. 

There are at least two reasons why one might be dissatisfied with 
this initial response. As we shall go on to see, there are ways in which 
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our first version of the two-envelope paradox can be varied, producing 
lines of reasoning that seem immune to this particular style of criti- 
cism. True enough, this version of the paradox involves a flat prob- 
ability distribution over an infinite domain, and may be criticisable 
on that account. But other variants of the puzzle that involve nonflat 
probability distributions (and, perhaps, nonstandard or peculiar util- 
ity functions) will have to be criticisable on other grounds. If there is 
a more general criticism that takes in all of the variants of the initial 
version of the puzzle, then there are good grounds for claiming that 
it identifies the (fundamental) mistake in the line of reasoning. While 
this would not undermine the claim that our initial response identifies 
amistake in the line of reasoning in the initial version of the paradox, 
it could be taken to show that that initial response is, in a certain sense, 
too superficial. 

A second reason for dissatisfaction with my initial response is that 
it is not obviously correct to claim that no reasonable person could 
reasonably believe that, for all $x, it is equally likely that there is $2x 
and $0.5x in the other envelope. On the one hand, if we suppose that 
it is logically possible for there to be a world in which there is no 
minimum unit of currency and no upper bound on the amount of 
money that could be contained in an envelope, then, at the very least, 
it isn’t clear why we shouldn’t also suppose that it is logically possible 
for there to be a reasonable person who reasonably believes that, for all 
$x, it is equally likely that there is $2x and $0.5. in the other envelope. 
And on the other hand, even if it is logically necessary that there is a 
minimum unit of currency, it is not clear that this fact entails that no 
reasonable person can reasonably believe that, for all $x, it is equally 
likely that there is $2x and $0.5x in the other envelope. Perhaps, for 
instance, someone could reasonably come to hold this belief on the 
basis of a trusted informant. If decision theory is to provide ‘the logic 
of decision’, then it ought to apply to the deliberations of all rational 
agents in all logically possible worlds. 

To probe these suggestions a bit further, I turn now to the next of 
the versions of the two-envelope paradox that I propose to discuss. 


Version 2. You are rotting in Hell. Because you have been good, God 
decides to offer you a temporary stay in Heaven. He offers you two 
envelopes, one of which will entitle you to N days in Heaven, and 
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the other of which will entitle you to 2N days in heaven, where N is 
a natural number that God tells you he has chosen uniformly from 
the set of all of the natural numbers. In your position, you are des- 
perate to spend as much time in Heaven as you can. You choose one 
of the envelopes, and then God offers you the chance of taking the 
other envelope instead. You reason as follows: Suppose that the enve- 
lope you have chosen entitles you to D days in Heaven. Then either 
the other envelope entitles you to 2D days in Heaven, or the other 
envelope entitles you to 0.5D days in Heaven. Moreover, since God has 
chosen the amount by uniformly sampling the entire set of the natural 
numbers, you are required to suppose that these two possibilities are 
equally likely. So the expected utility of holding the other envelope 
is 0.5 x 2D + 0.5 x 0.5D = 1.25D. So, by the principle of maximising 
expected utility, you should trade envelopes. Of course — for the same 
reasons as in the previous case — there is something wrong with this 
line of reasoning. But what? 

In this case, it seems prima facie that we cannot make the same 
initial objection that we made in the previous case. After all, it is 
built into the story that you have good reason to have a ‘flat’ distri- 
bution for the random variable that ranges over amounts of money in 
the envelope that you choose first: Ifan omnipotent, omniscient and 
omnibenevolent being tells you that he has brought it about that p, 
and if you correctly and reasonably believe that this being is omnipo- 
tent, omniscient, and omnibenevolent, then you have the best possible 
reason for believing that p. Nonetheless, I do not think that we should 
suppose that the background information in this scenario establishes 
that it is at least possible that a reasonable agent have a ‘flat’ dis- 
tribution over a countably infinite domain. Rather, I think that we 
should insist that not even God could choose a number uniformly 
from the set of all of the natural numbers: This version of the two- 
envelope paradox does not describe a logically possible scenario, and 
so, in particular, it does not describe a logically possible scenario in 
which a rational agent has a ‘flat’ distribution over a countably infinite 
domain. 

If we are prepared to endorse the principle of countable additivity, 
then we might give the following argument in defence of our rejection 
of the possibility of this scenario. If we have a ‘flat’ distribution 
over a countably infinite domain, then either each of the elements 
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in the domain is assigned probability zero, or each of the elements in 
the domain is assigned a finite value, &, say. If each of the elements 
in the domain is assigned probability zero, then, by countable additiv- 
ity, the sum of probabilities over the entire domain is 0 (which contra- 
dicts the axiom that the measure of probability on the entire domain 
is 1). If each of the elements in the domain is assigned probability &, 
for some finite €, then, again by countable additivity, the sum of prob- 
abilities over the entire domain diverges (which again contradicts the 
axiom that the measure of probability on the entire domain is 1). 
Given countable additivity, it is impossible to have a ‘flat’ distribution 
over a countably infinite domain. However, if a being could sample 
uniformly from a countably infinite domain, then one would have a 
probability distribution that is ‘flat’ over a countably infinite domain. 
Whence it follows that it is logically impossible for a being to sample 
uniformly from a countably infinite domain. 

Ifwe are not prepared to endorse the principle of countable additiv- 
ity, but maintain instead that probability measures need only be finitely 
additive, then the above route to the rejection of the possibility of the 
case under consideration is blocked. If we suppose, under this new 
assumption, that each of the elements in the domain is assigned prob- 
ability €, for some finite €, then, as before, we shall find that we do 
not have a well-defined probability measure: For we can choose n € N 
such that the product vé is as large as we please (and certainly greater 
than 1). However, if we suppose that each of the elements in the 
domain is assigned probability zero, then the only conclusion that 
we can draw is that any finite subset of the domain also gets assigned 
probability zero: Without the assumption of countable additivity, we 
cannot go on to conclude that the measure of the entire domain is also 
zero. At the very least, there is a challenge here for those who are only 
prepared to endorse finite additivity: How is the plainly mistaken line 
of reasoning to be blocked in the version of the two-envelope paradox 
that is here under consideration? 

To help with the development of other lines of criticism of the first 
two versions of the two-envelope paradox, I turn now to a third version, 
which brings up a new range of issues. 


Version 3. A person is told that money has been placed in two envelopes 
using the following method. A coin that has a 1/3 probability of falling 
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heads and a 2/3 probability of falling tails is tossed. If it falls heads, 
then $1 is placed in one envelope and $2 is placed in the second enve- 
lope. If the coin falls tails, it is tossed again. If it falls heads, then $2 
is placed in one envelope and $4 is placed in the second envelope. 
If the coin falls tails, it is tossed again....If the coin falls heads on 
the nth toss, then $2”7! is placed in the first envelope, and $2” is 
placed in the second envelope. ... Since the person is rational, he or 
she believes that the probability that the smaller of the two amounts 
in the envelopes is $2” is 9"/3"+1 The person chooses one of the 
envelopes, and then is offered the opportunity to switch. The person 
reasons as follows. Suppose that the amount of money in the enve- 
lope I hold is $x. Then the expected value of holding the other enve- 
lope is 3/10$x + 8/10$x = 11/10$« (unless, of course, my envelope 
contains $1, in which case the expected value of holding the other 
envelope is $2). So, by the principle of maximising expected utility, I 
should trade envelopes. Once again, it seems that there must be some- 
thing wrong with the line of reasoning in this case. But what could the 
mistake be? 

We might think that, even if we have been told the truth about 
the method that was used to place money in the envelopes, we could 
hardly be justified in adopting the proposed probability distribution, 
since it conflicts with what any reasonable person will believe about 
large amounts of money: At the time of writing there is, for example, 
no chance that there is more than $10! available to place in the 
envelopes. However, we can retell the story so that God chooses from 
the natural numbers, with a 1/3 chance of choosing 29 = 1, a 2/9 
chance of choosing 2! = 2. a 4/27 chance of choosing 22 = 4 an 
8/81 chance of choosing 2° = 8, and so on, and uses this as the basis 
for a gift of days in Heaven. There is nothing obviously incoherent 
about that version of the story. So we can set this kind of objection 
aside. 

The distribution that we have described has unusual features. In par- 
ticular, as Broome (1995) points out, this distribution does not have 
a (finite) mean: } 2": (2" /3")= 5 ey (4°/3"), which diverges. 
Moreover, as Broome proves, one can get the apparently paradoxi- 
cal reasoning to run only if one has a distribution that lacks a finite 
mean: No distribution with a finite mean will support the paradoxical 
reasoning. Given this result, one might think that the solution to the 
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version of the paradox now under consideration is to ban distributions 
without finite means: If no rational agent can have a distribution that 
lacks a finite mean, then no rational agent can become embroiled in 
the paradoxical line of reasoning. 

Of course, as in our previous discussion, one might wonder whether 
it is correct to claim that no reasonable person could reasonably have 
a distribution that lacks a finite mean. On any ordinary account of 
reason, there are grounds for suspicion of this claim. So it is unclear 
whether we should put much faith in the above analysis. But there are 
alternatives. I shall consider two. 

First, as various authors have noted, the distribution that we are 
discussing belongs to a special class of distributions that lack a finite 
mean. Suppose that we take the total outcome space of envelope pos- 
sibilities to be {[1, 2], [2, 1], [2, 4], [4, 2], [8, 4], [4 8],...}, where 
[x, y] means $x in envelope | and $y in envelope 2. 

Plainly enough, there is a partition | | of this outcome space accord- 
ing to the amount of money in envelope 2: {{[2, 1]}, {[1, 2], [4, 
2]}, {[2, 4], [8, 4]},...}. For any element {[k/2, k], [2k, k]} of this 
partition, if you hold a Broome-paradoxical probability distribution, 
then the expected value of holding envelope | at this element (14 $h) 
is greater than the expected value of holding envelope 2 at this ele- 
ment ($k). Consequently, we have the line of argument that concludes 
that it is irrational to hold envelope 2: No matter which element 
of the partition we consider, you prefer to hold envelope 1 at that 
element. 

Equally plainly, there is a partition I” of this outcome space accord- 
ing to the amount of money in envelope 1: {{f[1, 2]}, {[2, 1], [2, 
4]}, {[4, 2], [4, 8]},...}. For any element {[k, k/2], [k, 2k]} of this 
partition, if you hold a Broome-paradoxical probability distribution, 
then the expected value of holding envelope 2 at this element ($k) 
is greater than the expected value of holding envelope | at this ele- 
ment ($k). Consequently, we have the line of argument that concludes 
that it is irrational to hold envelope 1: No matter which element 
of the partition we consider, you prefer to hold envelope 2 at that 
element. 

However, the reasoning to this point really only talks about 
conditional expected values: We calculated our expectation in the 
problematic line of reasoning conditional on a particular partition 
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of the outcome space. In order to draw a conclusion, we need to be 
able to discharge our assumption, that is, we need to be able to con- 
clude that we would get the same answer no matter which partition 
we chose. But this we cannot do: We have already seen that different 
partitions on the space of outcomes yield different answers in our cal- 
culation of expected value. (Strictly speaking, the series that we have 
used for the calculation of the expected value is: 1/6-(—1) + 1/6: 
UL) =k 1/9 (=2) se 1/9 (2) 2/27 (4) Se 2/27 +4) +e. This 
series does diverge, but not merely because the absolute values of the 
terms are unbounded; for there is also the matter of the oscillation of 
the signs of the terms.) The upshot is that, even if we admit distribu- 
tions that lack finite means, we can bar the paradoxical reasoning on 
the ground that it depends on the unjustified choice of a particular 
partition of the space of possible outcomes. 

If we allow that a rational agent can have a Broome-paradoxical 
distribution, then a rational agent might find herself in the following 
interesting situation: While she doesn’t have a good reason for trading 
if she has no asymmetrical information about the envelopes, if she is 
allowed to open one of the envelopes to see what is in it, then she 
will immediately want to swap for the other envelope, no matter what 
amount she sees! On the one hand, there is no good a priori argument 
for swapping without looking. On the other hand, there is a good a 
priori argument for the conclusion that, no matter which envelope one 
opens, and no matter what one sees, one will want to swap after one 
has looked. If one thinks that there is something pathological about this 
state of affairs, then one might prefer to return to the blanket ban on 
distributions that lack finite means. But we have already found some 
reason for dissatisfaction with that proposal. 

Second, some philosophers — for example, Adam Elga and Alan 
Hajek — have recently suggested a different analysis that shares some of 
the features of the analysis just discussed. On this analysis, the key step 
in the two-envelope reasoning is the move /rom the claim that for all 
$x, the conditional expectation for swapping, given that the amount in 
the envelope you hold is $x, is $1.25.~ to the conclusion that you should 
swap envelopes. How is this move to be justified? After all, in general, 
decision theory tells us to maximise expectation; it says nothing at 
all about what to do given various kinds of conditional expectations. 
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What is needed, it seems, is something like the following principle: If 
there is a partition of an outcome space such that for every element 
Pi of the partition E(Y/PI) > E(X/PI), then E(X) > E(Y). But the 
problem is that this principle is evidently false. On the one hand, as 
we’ve already seen, there are cases where this principle simply leads to 
contradiction, since there is one partition that would licence the con- 
clusion that E(X) > E(Y), and another partition that would licence 
the conclusion that E(Y) > E(X). And, on the other hand, there are 
(not necessarily distinct) cases where the unconditioned expectations 
E(X) and E(Y) are infinite. In those cases, whether we say that E(X) 
and E(Y) are both undefined or we say that E(X) and E(Y) are both 
infinite, we do not have that E(X) > E(Y). However we argue that 
case, there is no doubt that it is not true, in general, that if there is 
a partition of an outcome space such that for every element Pi of the 
partition E(Y/PI) > E(X/PI), then E(X) > E(Y). But how else are 
we to get to the conclusion that we should swap envelopes from the 
claim that for all $x, the conditional expectation for swapping, given 
that the amount in the envelope you hold is $x, is $1.25x? 

Itis worth noting that the analysis that we have just rehearsed applies 
equally well to all three versions of the two-envelope paradox that have 
been considered here. So, even if we suppose that, in our first version 
of the puzzle, no reasonable person could believe that, for all $x, it 
is equally likely that there is $2x and $0.5x in the other envelope, 
our latest analysis suggests that we should nonetheless suppose that 
this observation does not identify the most fundamental flaw in the 
paradoxical reasoning. 

In some ways, the discussion to this point barely scratches the surface 
of recent discussions of the two-envelope paradox. There are many 
variants of the puzzle that have not been mentioned here. There are 
more sophisticated formulations of the relevant mathematics that have 
been ignored. There are quite different proposals for resolution of 
the paradox that have not been considered. However, discussion of 
all of these matters must be deferred to some other occasion. The 
one conclusion that I will draw here is that, while one might take the 
various versions of the two-envelope paradox to give one some reason 
to refuse to countenance unbounded distributions of utility, there are 
other possible responses to these cases that might well be preferred. 
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If you think — for example — that it is possible that God might give you 
a gift of any finite number of days in Heaven, there are other points 
at which you can fault the plainly problematic reasoning. 


6.8 ST. PETERSBURG GAME 


Daniel Bernoulli introduced and studied the St. Petersburg game while 
he was working in St. Petersburg (hence the name). It works like this:° 
A fair coin is tossed. If the coin comes up heads, you get $2. If the 
coin comes up tails, it is tossed again. If the coin now comes up heads, 
you get $4. If the coin comes up tails, it is tossed again. If the coin 
now comes up heads, you get $8. If the coin comes up tails, it is tossed 
again. And so on. A play of the game continues until the coin comes 
up heads. If this takes n throws, then you get $2”. The question is: 
How much should you expect to pay to be allowed to play this game? 
Plainly enough, you have a 1/2 chance of winning $2, a 1/4 chance of 
winning $4, a 1/8 chance of winning $8, ...,a 1/2” chance of winning 
$2”,..., and so your expected gain for playing the St. Petersburg game 
is infinite. There is no finite amount of money that should entitle you 
to a single play of this game! That is, you should be prepared to pay 
any finite amount of money to play the game just once. Indeed, you 
should be prepared to pay any finite amount of money for a one ina 
million chance to play the game just once. 

Bernoulli himself noted that, if the utility of money decreases at 
an appropriate (logarithmic) rate as one obtains more of it, then the 
expected utility of playing the game may well be finite even though 
your expected monetary gain is infinite. However, we can run though 
the same argument in the case of a game that is played for wizls rather 
than for cash, that is, for a game in which declining marginal utility is 
irrelevant. So, while Bernoulli’s proposal may have satisfied him in the 
case of gambling for money, there is a theoretical problem here that 
remains unresolved. Moreover — and perhaps even more tellingly — 
if you have an unbounded utility function, then the problem that 
Bernoulli sought to avoid can be reinstated simply by stepping up the 


® For other presentations and discussions of the St. Petersburg game, see Samuelson 
(1977), Jeffrey (1983), Weirich (1984), Cowen and High (1988), Jordan (1994), and 
Chalmers (2002). 
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payoffs: Consider a super St. Petersburg game in which the payoffs 
escalate superexponentially. 

Ifwe suppose that there is no limit to the number of days in Heaven 
that could be granted to us by God, then the line of reasoning sketched 
above suggests that one ought to be prepared to give up any finite 
amount of utils in order to play a St. Petersburg gamble on days in 
Heaven with God. What response can one make? 

One suggestion that is often made is that there are further reasons 
why it is reasonable for us to decline the St. Petersburg gamble even 
though to accept it is to maximise expected utility. In particular, there 
are consideration about risk and aversion to risk. Consider a truncated 
St. Petersburg game, in which there will be at most N throws of the 
coin, and in which one wins $2”*! if one throws N consecutive tails. 
In this case, the expected value of the gamble is $N + 1. However, 
one will find very few people who are prepared to wager $10,000 to 
play a St. Petersburg game in which there will be at most 1,000,000 
throws, even though the expected value of the gamble is $1,000,001. 
Rather than suppose that people are typically irrational — for refusing 
a gamble at such attractive rates — we do better to suppose that people 
are risk-averse: It is better to have the $10,000 for sure than to have 
one chance in a hundred of winning $1,000,000. 

Another suggestion that is sometimes made is that — despite appear- 
ances — it is rational to give up any amount of utils for a single play 
of the St. Petersburg game. However, this response is not obviously 
attractive. If we suppose that the result is to be determined by the reg- 
ular tossing of a coin — and not by the use of an infinity machine 
that can perform an infinite number of tosses in a finite amount 
of time — then it seems that, if you receive a pay-off for playing the 
game, then you can be sure that the amount that you receive is finite: 
You cannot receive an infinite payout from a single play of the St. 
Petersburg game. But in that case, the expected value of the gamble is 
clearly greater than any amount of money that you can actually receive 
from playing the game. (If, perhaps per impossible, you had an infinite 
amount of utils to wager, then it would be irrational for you to bet 
everything you have on a single play of the St. Petersburg game: You 
cannot get your infinite stake back if you play. Of course, if you have 
an infinite amount of utils to wager, then you can play at more or 
less no cost, since an infinite number of utils can be partitioned into 
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an infinite collection of infinite numbers of utils — but that’s another 
story.) 

If we are unmoved by considerations concerning risk, but do not 
want to accept that it is rational to give up any amount of utils for a 
single play of the St. Petersburg game, then what else can we say? If 
we aren’t to give up on decision theory altogether — and that would 
indeed be counsel of despair — then it seems to me that, if we are 
unmoved by considerations of risk, we ought to accept that we do not 
have — and perhaps will never have — a good theory about what to do 
in cases in which there are distributions that lack finite mean, finite 
variance, or both. While decision theory can be extended to cases in 
which there is unbounded utility, we can trust the results of decision- 
theoretic calculations only in cases in which the expectation has finite 
mean, finite variance (and, one might expect, finite moments of all 
higher orders as well). As before, this conclusion might be taken to 
be too strong. However, those who would like to embrace a decision 
theory that tolerates infinite moments have work to do to develop a 
satisfactory theory of this kind.'® 


6.9 HEAVEN AND HELL 


There are many other puzzle cases that might be discussed at this point. 
Consider, for example, the following (from Arntzenius and McCarthy 
(1997)). 

Suppose that your utilities for one day in Heaven, Purgatory, and 
Hell are 1, 0, and —1, respectively. God reliably informs you that you 
have an infinite amount of time in Purgatory to which to look forward. 
God then offers you a St. Petersburg gamble where the payoffs are days 
in Heaven: a probability of a half of the next day in Heaven and then 
back to Purgatory; a probability of one-quarter of the next two days in 
Heaven and then back to Purgatory; a probability of one-eighth of the 
next four days in Heaven and then back to Purgatory; and so on. You 
accept the gamble, and win 2” days in Heaven, for some n € N. Next 


10 Other proposals for dealing with the St. Petersburg game include disallowing 
unbounded utility functions, disallowing utility/ probability profiles on which expec- 
tations are unbounded, and disallowing infinite state spaces. Given that decision 
theory is to provide “the logic of decision”, there is reason not to be happy with any 
of these suggestions. 
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morning, God meets you at the entrance to Heaven and offers you a 
deal. If you abandon the days in Heaven that you have won, and spend 
today in Hell, you can have another shot at the St. Petersburg gamble. 
But if you decline to play again, after your m days in Heaven, you will 
spend the rest of your days in Purgatory. Since it seems reasonable 
to you to accept this deal, you do so. You win 2” days in Heaven, for 
some m € N, and then spend the day in Hell. Next morning, God 
again meets you at the entrance to Heaven, and makes the same deal. 
Again, it seems reasonable to you to accept, so you do. However, you 
note that it now seems that you may have an unending life in Hell 
to look forward to! And that makes you suspect that something must 
have gone wrong with your reasoning. 

Arntzenius and McCarthy consider the suggestion that you might 
think that what has gone wrong is that you have been offered a gamble 
with infinite expectation. They respond with the observation that it 
seems that God could secure you unending life in Hell by first offering 
you one day in Heaven, and then three days in Heaven in exchange 
for one day in Hell, and then five days in Heaven in exchange for one 
day in Hell, and so forth. Consequently, it seems that your difficulties 
aren’t due to the fact that you’ve been offered a gamble with infinite 
expectation; the mere fact that there is no limit to how many days in 
Heaven can be offered to you by God is enough to trap you. 

In the original scenario, it seems to me that it might matter how the 
winnings are determined. If the winnings are determined by regular 
throws of a coin, then there will be plenty of days — and weeks, and 
years — that are spent tossing a coin with God (and hence in which one 
spends no time in either Hell or Purgatory). Moreover, in this case, 
there really is no chance that one can maximise one’s winnings: If one 
wins at all, one wins only a finite number of days in Heaven; and, no 
matter how much one wins, it is possible for one to win more. On the 
other hand, if the winnings are determined by an infinity machine, 
then there is the (unlikely) possibility that one will win an infinite 
number of days in Heaven: even if the chance is strictly zero, there is 
at least the possibility of maximising one’s winnings. Moreover, in this 
case, the time spent with God on any given day can be negligible. 

If, at the outset, one were given a choice between: (a) an infinite 
series of days in Hell, on each of which, as the result of a St. Petersburg 
gamble, one wins — but subsequently renounces — a finite number of 
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days in Heaven; and (b) an infinite series of days in Purgatory prefaced 
by the number of days in Heaven that one wins in a one-off St. Peters- 
burg gamble, then one would certainly opt for the latter. However, it 
is not clear that this fact somehow shows that it is irrational to accept — 
and then renounce — each of an infinite series of St. Petersburg gam- 
bles in the manner described: For it isn’t written into the story that 
God will continue to offer you more chances at a St. Petersburg gam- 
ble. To take the most dramatic example, suppose that, on any given 
day, you have no way of estimating how likely it is that God will offer 
you another St. Petersburg gamble on the following day: In that case, 
the fact that you end up spending an infinite number of days in Hell 
need not impugn your rationality at all. (True enough, you will acquire 
some inductive evidence as time goes by. But that inductive evidence 
could be overridden by other considerations.) 

Suppose, on the other hand, that you come to have good reason 
to think that God will continue to offer you St. Petersburg gambles 
forever. Then — at least in the version of the scenario in which one 
cannot win an infinite number of days in Heaven, and in which the 
utility of time spent tossing a coin with God is less than the utility 
of Purgatory — it seems clear that one has good reason arbitrarily to 
accept the result of the next St. Petersburg gamble. Whatever amount 
is won in that gamble, one could win more — and, if one waits long 
enough, one will win more. But this will be true of every future gamble 
as well. So, if one reasons in that way, one will spend all of one’s future 
in Hell. 

Setting aside cases in which the utility of tossing a coin with God is 
high enough to ensure that you prefer time spent in Hell plus time 
spent tossing the coin to time spent in Purgatory, the only case left 
to consider is that in which one can win an infinite number of days 
in Heaven. In this case, it is hard to know what to say — for now we 
are back in the realm of decision theory with infinite utilities (and not 
merely decision theory with unbounded utilities). At the very least, 
there seems to be little reason to rely on intuitions that are generated 
by this case. 

In the modified scenario — in which God offers ever-increasing but 
finite numbers of days in Heaven — the same kinds of considerations 
apply. Ifyou know for sure that God will offer you n + 2 days in Heaven 
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on the day after the day on which he offers you n days in Heaven, for 
all n € N, then it is hard to know what to recommend to you to do. If 
you don’t accept any of God’s offers, then you will spend an eternity 
in Hell: the worst outcome of all. But if you accept one of God’s offers, 
then you will have an eternity in Purgatory in which to reflect on the 
fact that, had you waited longer, you would have been able to spend 
more time in Heaven. Moreover, each day that you spend in Hell 
earns you two days in Heaven; so, provided that you do take up God’s 
offer at some point, the longer you delay, the greater your overall 
utility. 

If we allow that one can choose between infinitely many alternatives 
in circumstances in which utilities are unbounded, then one can face 
a decision problem with the following structure: There is just one rel- 
evant state of the world — God fulfills the conditions of your choice — 
and infinitely many alternatives A;, 1 < 7 < oo, where uj; = 2, for 2 <i 
< oo, and w,;= —o~. In this case, one cannot choose so as to maximise 
one’s expected utility; and there is no simple decision rule that leads to 
an intuitively acceptable result, since, in the envisioned circumstances, 
there is no intuitively acceptable result. However, it is clear that any 
arbitrary choice of an A;, 2 < i < ov, is better than the choice of Aj; 
so, as before, it seems most reasonable to suggest that you arbitrarily 
select some large j, and go with A,. (Perhaps, for example, you could 
first arbitrarily select the resources that you will allow yourself to use 
in choosing a number — so many days of calculation, so much paper, 
and so forth — and then spend your time constructing the largest num- 
ber that you can express given the resources that you have arbitrarily 
selected. No matter what you do, you could do better: But if failing to 
select one of the A;, 2 < 7 < ©, entails that one selects Aj, then any 
selection is better than none at all.) 


6.10 CONCLUDING REMARKS 


As the discussion in the previous section makes clear, decision theory 
with unbounded utilities and infinite alternatives makes no recom- 
mendations in a wide range of cases unless new decision rules are 
formulated. While the project of developing such decision rules is 
interesting, it seems clear that there is room for scepticism about the 
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prospects of developing a really compelling infinite decision theory of 
this kind. Moreover, even if one supposes that there is no reason to 
be sceptical about the possibility of developing a decision theory that 
can handle unbounded utilities and infinite alternatives, there is even 
stronger reason to be sceptical about the prospects for developing a 
compelling decision theory that permits infinite utilities. 


Mereology 


Mereology is the theory of the part/whole relation. The basic princi- 
ples of the theory of the part/whole relation may seem to be utterly 
straightforward. However, as we shall see, there are various different 
ways in which questions about infinity impose themselves on the inves- 
tigation of the general nature of part/whole relations. 

We begin with the “proofs” in Kant’s Second Antinomy, which con- 
cern the part/whole structure of the world. On the one hand, he offers 
a “proof” of the claim that the world — and everything in it — either 
is something that has no parts (i.e., a simple) or is composed with- 
out remainder from things that have no parts. On the other hand, 
he offers a “proof” of the claim that there are no simples, that is, 
there are no things that have no parts. In each case, the object of 
“proof” is a strong modal thesis — that it is necessary that any object 
either has no parts or else is composed without remainder of objects 
that themselves have no parts, that it is necessary that there are no 
things that have no parts — from which the desired results can be 
inferred bya simple application of the T-axiom (if it is necessary that p, 
then p). 

After this warm-up, we turn to a formal presentation of the basic 
concepts and axioms of mereology, and then to a discussion of the var- 
ious ways in which questions about infinity bear on these concepts and 
axioms. We shall follow the discussion of mereology in Lewis (1991) - 
partly on account of its simplicity and succinctness — but we shall not 
be supposing that there is any particularly clear reason to prefer that 
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account to, say, the one offered in Simons (1987). A full discussion 
of mereological principles would require far more space than we can 
afford here. 


7.1 SECOND KANTIAN ANTINOMY 


In the Second Antinomy of Pure Reason, Kant offers “proofs” of conflicting 
theses about the ultimate constituents of the world. On the one hand, 
there is the view that every composite entity is ultimately constituted 
from simple parts: Nothing exists apart from simples, and things that 
are composed of simples. On the other hand, there is the view that no 
composite entity is ultimately constituted from simple parts: There 
are no simples from which composite entities could be ultimately 
constituted. 


(a) On Behalf of Simples 


The thesis of the second antinomy is that nothing exists but simples 
and fusions of simples: “Every composite substance in the world is 
made of simple parts, and nothing anywhere exists save the simple 
or what is composed of the simple”. The “proof” runs more or less 
as follows. Suppose that there is a composite substance C that is not 
ultimately composed of simple parts. If we imagine that all composition 
is removed from G, then clearly we will be left imagining nothing. So it 
must be impossible to imagine that all composition is removed from C. 
But there is nothing impossible in imagining that all composition is 
removed from any object. Whence it follows that Cis impossible: There 
cannot be a composite substance that is not ultimately composed of 
simple parts. 

The strategy behind this “proof” is peculiar. Perhaps the simplest 
model for a composite entity that is not ultimately composed of simples 
is an infinite Russian doll: Inside each part of the Russian doll, there is 
another part of the Russian doll occupying a smaller, but nonetheless 
finite spatial volume. If we start with our infinite Russian doll, and 
imagine that “all composition is removed” — that is, that every one of 
the parts is taken away — then, of course, there is nothing left. But 
how does that in any way show that it is impossible to imagine that 
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“all composition is removed” from an infinite Russian doll or that it 
is impossible for there to be an infinite Russian doll? A proof that 
there can be only simples and fusions of simples has to be able to 
establish that there cannot be things that have the structure of an 
infinite Russian doll. I think that it is quite clear that there is nothing 
in the argument of the “proof” of the thesis of Kant’s second antinomy 
that does any such thing. 


(b) Against Simples 


The antithesis of the second antimony is that there are neither sim- 
ples nor fusions of simples: “No composite thing in the world is 
made up of simple parts, and there nowhere exists in the world 
anything simple”. The “proof” runs very roughly as follows. Sup- 
pose that a composite substance C is ultimately composed of sim- 
ple parts. Clearly, C must occupy a space that has as many parts as 
C itself possesses: Each part of C must occupy a space. Hence, each 
of the simples of which C is composed must occupy a space. But any- 
thing that occupies a space must “contain a manifold of constituents 
external to one another” and hence be composite. Whence it follows 
that C is impossible: There cannot be a simple that has no further 
constituents. 

If anything, this argument on behalf of the antithesis is even worse 
than the “proof” of the thesis. Suppose that we grant that simples 
are required to be point particles, that is, particles that occupy a sin- 
gle spatial point. Then the “space” that is occupied by a simple will 
be a single spatial point, that is, it will not be a space that “contains 
a manifold of constituents external to one another”. Kant’s argument 
provides no grounds for denying that composite objects are ultimately 
composed of simples that occupy single spatial points. To establish 
the desired conclusion, Kant would need to show that there cannot 
be point particles; but nothing in the “proof” of the antithesis of the 
second antinomy supports this claim. 

Apart from worries about the arguments that Kant marshals in 
defence of his “thesis” and “antithesis”, one might also have worries 
about the formulation of these two claims. Plainly enough, if there are 
neither simples nor fusions of simples, then it cannot be the case that 
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there is nothing in the world but simples and fusions of simples. How- 
ever, it can be true that there are both simples and fusions of simples 
even though it is not true that there is nothing in the world but sim- 
ples and fusions of simples. If, for example, the world contains some 
simples, and also some things that have the structure of an infinite 
Russian doll, then neither the “thesis” nor the “antithesis” is true. So 
there can hardly be any affront to reason in rejecting both the “thesis” 
and the “antithesis” as formulated. (Of course, given the way that I 
have formulated the arguments, they do yield something close to con- 
tradictory conclusions: It cannot be both that it is necessary that there 
are neither simples nor fusions of simples and that it is necessary that 
there is nothing in the world but simples and fusions, unless it is neces- 
sary that there is nothing at all. But the point that I have emphasised is 
that it should not be thought that these modal claims exhaust logical 
space.) 


7.2 SOME POSTULATES 


In the previous section, I introduced various terms from mereology 
without explaining them. As Lewis (1991) observes, there is a choice 
of which terms to take as mereological primitives. We might say: x and 
y overlap iff they have some common part; and that x and y are disjoint 
iff x and y do not overlap. Or we might say that something is a fusion 
of some things iff it has all of those things as parts and has no part 
that is disjoint from each of them. Or we might say that x is a part of 
y iff everything that overlaps x also overlaps y; or iff everything that 
is disjoint from y is also disjoint from x; or iff y is a fusion of x and 
something z. Given this circle of interdefinition, we can then go on to 
say that xis a proper part of y iff everything that overlaps xalso overlaps y, 
but not everything that overlaps yalso overlaps x; or iff everything that 
is disjoint from y is also disjoint from x and everything that is disjoint 
from xis also disjoint from y; or iff yis a fusion of xand something that is 
disjoint from x. (There are further terms for which definitions could 
be provided: ‘binary sum’, ‘binary product’, ‘difference’, ‘universe’ 
and ‘complement’ — see Simons (1987: 13-16). However, we shall not 
need these terms in our discussion.) 

Following Lewis (1991: 74), we might say that there are three basic 
axioms of mereology (together with whatever axioms one chooses in 
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Axiom I: (Transitivity) If xis a part of some part of y, then x is a part 
of y. 

Axiom 2: (Uniqueness of Composition): It cannot be that the same 
things have two different fusions. 

Axiom 3: (Composition): Whenever there are some things, there is a 
fusion of those things. 


While we shall consider alternatives to Axiom 3 — in particular, while 
we shall consider alternatives according to which it is only true that 
when we have fewer than a certain cardinal number of things, there is 
a fusion of those things — we can follow Lewis in noting that Axiom 2 
and Axiom 3 jointly licence talk of the fusion of a collection of things. If 
there are more things indicated than the limit imposed in alternatives 
to Axiom 3, then it may turn out that those things are permitted not to 
have a fusion by theories based on those alternative axiomatisations. 

Whether we should follow Lewis in saying that these are the basic 
axioms of mereology depends on the answers to two questions. First, 
there are many matters on which these axioms are silent, but on which 
one might suppose that the fundamental axioms of mereology ought 
to speak. So, for instance, the questions that are addressed in Kant’s 
second antinomy are not answered by Lewis’s axioms. Second, there 
are objections that can be made to each of the axioms that Lewis 
presents: It simply isn’t obvious that there is a topic-neutral conception 
of part and whole that conforms to these — or any other — collection 
of axioms. 

Enemies of the infinite must, I think, suppose that there are just 
finitely many atoms, that is, things that have no parts; and they must 
suppose that there is nothing that is not made up, without remainder, 
from those finitely many atoms. If this is right, then finitist mereologies 
require an axiom like the following: For some n € N, there are exactly 
natoms. Further, I think that enemies of the infinite will most plausibly 
allow that the number of atoms can change over time: that is, rather 
than hold that there is some n € Nsuch that, for all times ¢, there are n 
atoms at /, they will hold that, for each time ¢, there is some n € Nsuch 
that there are n atoms at ¢. Finally, it seems to me that enemies of the 
infinite will suppose that it is a necessary truth that there are always 
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only finitely many atoms: Necessarily, for each time /, there is some 
n € Nsuch that there are n atoms at 1. 

Friends of the infinite have more options. They might suppose 
that there are only finitely many atoms; or they might suppose that 
there are infinitely many atoms. They might suppose that there can 
be only finitely many atoms, or they might suppose that there can be 
infinitely many atoms. Moreover, if they suppose that there are, or can 
be, infinitely many atoms, they might suppose that the infinity in ques- 
tion is Xo, or &;, or some higher cardinality. Furthermore, friends of 
the infinite might suppose that there are possible worlds in which, at 
some times, there are only finitely many atoms but in which, at other 
times, there are infinitely many atoms; or they might suppose that this 
kind of variability in the number of atoms is impossible. 

Apart from considerations about the number of atoms, friends of 
the infinite might also suppose that there are objects that are not com- 
posed from atoms: objects that have parts, whose parts have parts, and 
so on ad infinitum. They might suppose that everything is composed, 
without remainder, from atoms; they might suppose that nothing is 
composed, without remainder, from atoms; or they might suppose that 
some, but only some, things are composed, without remainder, from 
atoms. Moreover, they might suppose that it must be that everything is 
composed, without remainder, from atoms; or they might suppose that 
it must be that nothing is composed, without remainder, from atoms; 
or they might suppose that it must be that some, but only some, things 
are composed, without remainder, from atoms; or they might suppose 
that it can be that everything is composed, without remainder, from 
atoms, and it can be that nothing is composed, without remainder, 
from atoms, and it can be that some, but only some, things are com- 
posed, without remainder, from atoms. And so on. 

If we suspect that we need different accounts of the part/whole 
relation for concrete individuals (occurrents and continuants) and 
for abstract individuals (classes), then we might also think that ques- 
tions about atoms and gunk can be answered differently in these dif- 
ferent cases. So, for example, those who are prepared to countenance 
abstract infinities but who are opposed to physically instantiated infini- 
ties might hold that, while there are infinitely many abstract atoms and 
there is abstract gunk, there can be only finitely many concrete atoms 
at any time, and there cannot be concrete gunk. More generally, those 
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who suppose that there are many different part/whole relations that 
apply in different domains may have a series of questions about atoms 
and gunk to answer concerning each of the domains that they recog- 
nise. 

Among the axioms that Lewis gives, the first is clearly the least con- 
troversial. While there are prima facie counterexamples to transitivity — 
for example, a handle is part of a door, and a door is part of a house, 
but a handle is not part of a house — these counterexamples work 
by introducing a qualified part/whole relation in which the qualifi- 
cation involves functional contribution, causal contribution, lines of 
command, or the like. A handle makes a direct functional contribu- 
tion to a door; and a door makes a direct functional contribution to 
a house; but a handle makes only an indirect functional contribution 
to a house. While there might be some interest in pursuing the theory 
of this or that qualified part/whole relation, it seems that there is no 
reason here to deny that fundamental mereology should focus on a 
transitive part/whole relation. 

Lewis’s Axiom 2 is plainly controversial. To begin with, there are 
cases in which it might be said to be evidently violated, namely, 
cases in which two individuals have the very same parts, but the 
organisation of the parts differs in the two cases. So, for example, 
the Promotions Committee and the Exclusions Committee may have 
the very same membership, even though these are very different 
committees; and I and my body may have the very same parts, even 
though, unlike my body, I exist only when there are certain kinds of 
processes going on in my body. Since it is unclear what are the parts 
of a committee — at the very least, one might suspect that the char- 
ter is part of the committee — there is reason to be sceptical about 
the first kind of case. Moreover, since I am inclined to the view that, 
when the relevant processes are no longer going on in my body, I 
shall be dead and buried, I do not think that the second case is any 
more compelling: When I am buried, the processes will have ceased, 
but there is a perfectly good sense in which I shall continue to exist - 
though, of course, I won’t be alive. While it is possible to exhibit cases — 
both about collectives and about individuals — in which there is some 
intuitive pull to the idea that Axiom 2 is violated, I do not know of 
any cases of these kinds that could reasonably be taken to be deci- 
sive. In general, as Lewis says, the problems that arise in connection 
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with Axiom 2 are problems about temporary intrinsic properties and 
accidental intrinsic properties that are hard problems for everyone. 
While there are undoubtedly (weakened) alternatives to Axiom 2 
that merit serious consideration — see, for example, the discussion 
in Simons (1987) — it is beyond the scope of the present study to 
examine them. 

There are two different ways in which Axiom 3 might be thought to 
be controversial. On the one hand, it is controversial because it allows 
that any arbitrary fusion of (parts of) objects is itself an object. If we 
have a trout and a turkey, then we also have the object that consists of 
the fusion of the trout and the turkey. If we suppose that there is such 
a thing as the top half of the trout and that there is such a thing as the 
bottom half of the turkey — under any way of dividing the trout and the 
turkey that is sufficiently determinate — then there is such a thing as 
the fusion of the top half of the trout and the bottom half of the turkey. 
If we suppose that all objects are just fusions of atoms, then Axiom 3 
entails that any fusion of atoms — no matter how spatially scattered the 
atoms may be — is an object. While, on this view, the vast majority of 
objects turn out to be “inhomogeneous, disconnected, not cohesive, 
not causally integrated,” and so forth, it is unclear whether this is a 
weighty objection. After all, one might think that, for most purposes, 
it is fine if one’s attention is fixed only on interesting subcollections of 
all of the objects that there are. Why should we insist that all objects 
fall under natural sortals? 

On the other hand, there is an objection that remains even if we sup- 
pose that there is nothing objectionable in the arbitrariness of mereo- 
logical composition. For, as noted above, if we suppose that there are 
infinitely many atoms — or if we suppose that there is gunk — Axiom 
3 will commit us to the existence of infinite arbitrary fusions, that is, 
arbitrary fusions that have countably many, or even uncountably many, 
parts. To see why this might be taken to be additionally problematic, 
we turn to an argument that is due to Forrest (1996). 


73 FORREST’S CHALLENGE 


One of the key claims that Lewis makes about his version of mereol- 
ogy is that it is ontologically innocent: Commitment to fusions is nothing 
over and above commitment to the objects fused. This claim about 
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ontological innocence is then an important component of the further 
thesis that the identity relation is a special, limiting case of a family 
of mereological relations: the composition relation, the overlap rela- 
tion, and the part/whole relation. Lewis calls this further thesis “Com- 
position as Identity”. If mereology were not ontologically innocent, 
then that would undermine the claim that composition is a kind of 
identity. 

Forrest (1996) objects to the claim that Lewis’s version of mereology 
is ontologically innocent on the grounds that it entails the falsity of a 
theory of space that cannot be known a priori to be false. 

The theory of space in question is Whiteheadian, and is committed 
to the following claims: 


1. Regions are the fundamental spatial entities. 

2. Regions have no parts other than regions and are parts of noth- 
ing other than regions. 

3. All regions have the same dimension. 

4. Regions may be represented by sets of points in such a way that 
each representing set contains a sphere — that is, all the points 
less than some distance z from some point Z. 

5. There are spherical — or at least approximately spherical — 
regions of arbitrarily small diameter; that is, for any point X 
and any positive real number y, there is a region represented by 
a set of points including all those of distance less than y from X 
and none of distance greater than 2y from X. 

6. The representation of regions as sets of points preserves vol- 
umes; that is, the volume of a region equals the Lebesgue mea- 
sure of the corresponding set of points. 


Forrest’s main argument proceeds as follows. Lewis’s Axiom 3 entails 
countable fusion: Any countable collection of objects has a fusion. In 
the context of the Whiteheadian theory that we have just sketched, we 
then have — in particular — that any countably many regions of space 
have a fusion that is itself a region of space. But consider. The points in 
space with rational coordinates are countable. Let them be the points 
A;, i€ N. Then there are approximate spheres R;, such that R; includes 
all points less then (1/2)'*! from Aj, and no points of distance greater 
than (1/2)! from A;. Suppose that the R; have a fusion. If this fusion 
is less than the whole of space, then there is a region T disjoint from 
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the fusion of the R;. Moreover, Tcan be represented by a set of points 
containing all points within 2z of Z for some positive z. So there must 
be a point with rational coordinates within z of Z. Suppose that it is 
A,. Then Tis not disjoint from Rx. So, if the R; have a fusion, then 
that fusion is the whole of space. But the sum of the volumes of the 
R; is 1, whereas we can choose units so that the volume of space is 
much greater than one. Whence it follows that the R; do not have a 
fusion. 

Forrest maintains that, since Countable Fusion entails the falsity of 
a theory that we do not have a priori reason to reject, we have good rea- 
sons to suppose that Lewis’s mereology is not ontologically innocent: 
We do not have enough a priori knowledge about the true nature of 
space to reject the Whiteheadian account of space in almost a priori 
fashion. 

Forrest also provides a subsidiary argument — a “further illustration 
of his case” — that goes as follows. It follows from the alleged innocence 
of mereology that, ifa region Sis the fusion of countably many regions 
R;, then there is no number v such that the volume of every finite fusion 
of the R; is less than v but the volume of Sis greater than v. (Why? 
Because the whole is no greater than the sum of its parts: There is 
nothing more to the fusion than the regions fused.) But now suppose 
that all regions of space are either empty or filled with a homogeneous 
fluid of density 1 g/cm*. Suppose, further, that region R; is filled at 
time 4 = 1—(1/2)', i € N, so that the ¢; converge to time 1. If both 
Countable Fusion and the Whiteheadian account of space hold, then 
at time 1, the whole of space is filled with matter at density 1 g/cm’. 
Yet it seems absurd to say that this counterintuitive result is just what 
one ought to expect if space is Whiteheadian and there are arbitrary 
countable fusions: Surely, we would need a better explanation than 
that of the spontaneous appearance of matter, if we are to be offered 
any explanation at all. 

While Forrest’s reductio arguments do make use of the assumption 
of countable fusion, it seems that it is possible to derive more or less 
equally counterintuitive consequences from the Whiteheadian the- 
ory of space alone. For simplicity, we shall focus on the case of one- 
dimensional space that is, the real number line — but nothing but 
computational ease hangs on this choice. We consider the line seg- 
ment (0, 10), and assume — with our Whiteheadian account — that, 
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while there are line segments, there are no points, so that there is no 
distinction among the intervals (0, 10), [0, 10), (0, 10], and [0, 10]. 
We assume, also, that all of the parts of space are perfectly precise — 
there are no fuzzy regions, or the like. 

Consider, now, the line segment (0, 1), that is, an arbitrary line 
segment of unit length. We can use this line segment to construct 
a ‘cover’ of the line segment (0, 10), following the recipe that For 
rest provides for deducing a contradiction from the conjunction of 
Countable Fusion and the Whiteheadian account of space. The ratio- 
nal points in the line segment (0, 10) are countable. Let them be the 
points, A;, 7 € N. There are line segments R; such that R; includes all 
and only the points of distance less than (1/2)'*! from A;. Thus, we 
can use our line segment (0, 1) to construct a ‘cover’ of the R;, using 
the sequence of intervals (0, 3) ( = 5) ( i 5), and so on. Under this 
‘cover’, there is no interval in — hence, according to our Whiteheadian 
account, no part of — the interval (0, 10) that is not overlapped by at 
least one of the Rj. 

To make this vivid: Suppose that you have a stick of length 10 metres, 
and a stick of length 1 metre. Suppose that you break the stick of 
length | metre in half infinitely often and that you can arrange the 
resulting parts on top of the stick of length 10 metres with perfect 
accuracy. Then, on the Whiteheadian account of space, you will be 
able to arrange the pieces of the stick of length 1 metre so that no 
part of the stick of length 10 metres is fully uncovered, that is, fully 
visible, even to infinitely discriminating vision. Remember: The White- 
headian account of space says that the only parts of a line segment are 
line segments. There are no points, nor anything corresponding to 
kinds of fusions of points other than line segments. So the fact that, in 
non-Whiteheadian space, there would be many points — and, indeed, 
entities that are neither points nor line segments — not covered is irrel- 
evant: No part of the 10 metre stick that the Whiteheadian says exists 
can be seen in its entirety. 

Suppose, further, that line segments can be assigned a colour. Sup- 
pose that all line segments with which we work initially are either 
entirely black or entirely white. Suppose that the line segment (0, 10) 
is initially all white — that is, it, and all of its subsegments — are entirely 
white. Suppose that region R; — and the corresponding part of the 
interval (0, 10) — is blackened at time ¢; = 1—(1/2)‘, so that the {; 
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converge to 1. At time 1, there is no region — however small — of the 
10 metre stick that is totally white — that is, white throughout — even 
though we only blackened regions with a total length of 1 metre. Now 
suppose that, over a finite period of time, we remove regions that are 
entirely black, until all of the entirely black regions are removed. For 
definiteness, we can suppose that larger regions are removed earlier, 
with the further provision that, where there are regions of the same 
size, they are all removed together. Let regions of measure a — where, 
by construction 0 < a < 10-—be removed at time 10 — a. Then, at time 
10, the process of removal of entirely black parts will be complete. 
What will be left? Well, according to the Whiteheadian, we shall have 
a pile of black line segments... and nothing else! What has happened 
to all of the white colour in the line segment (0, 10)? And what will 
happen if we put the black regions back together again to reconstruct 
a line segment isomorphic to (0, 10)? Will the white colour magically 
reappear? Will some other colour magically appear? Or what? 

I don’t think that it should be denied that the combination of Count- 
able Fusion and the Whiteheadian theory of space leads to counter- 
intuitive results. But the Whiteheadian theory of space all by itself 
leads to equally counterintuitive results. It seems entirely plausible — 
if not more or less knowable a priori — that, at least in cases in which 
‘F’ is restricted to spatially distributed properties such as volumes of 
colours — something that is partly F must have some parts that are 
entirely F. Since the Whiteheadian account of space violates this prin- 
ciple, we have good reason for thinking that the Whiteheadian theory 
of space can be rejected on more or less a priori grounds. If Forrest 
is happy to say that one should just expect that magical appearance 
of colour when one puts together regions according to the prescrip- 
tion at the end of the last paragraph, then what real grounds does 
he have for rejecting the suggestion that one should just expect the 
magical filling of space with matter of density 1g/cm® in the case 
that he claims casts doubt on the a priori knowability of Countable 
Fusion? 

In closing, it is perhaps also worth noting that the reasons that For- 
rest gives — on behalf of the claim that it follows from the ontological 
innocence of mereology that, if a region Sis the fusion of countably 
many regions Rj, then there is no number v such that the volume 
of every finite fusion of the R; is less than v but the volume of S is 
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greater than v — are specious. According to Forrest, the entailment 
claim is justified by the observation that our intuitive claim that the 
whole is no greater than the sum of its parts can be encapsulated in 
the more formal claim that a whole cannot have a volume in excess 
of the sum of the volumes of its parts. But if this justification were any 
good, it would establish that space cannot be taken to be a fusion of 
points. After all, the volume of a point is zero, as is the volume of a 
finite fusion of points. Space is a fusion of points. The volume of space 
can be nonzero. Wherefore, if a region Sis the fusion of uncountably 
many points R,, r € R, there is a number — 0 — such that the vol- 
ume of every finite fusion of the R, is no greater than that number, 
but the volume of S is greater than that number. So, if the justifica- 
tion that Forrest gives for the alleged entailment were good, then the 
detour through Whiteheadian space would be unnecessary — the inno- 
cence of mereology would be refuted by considerations concerning 
standard space alone. (It is no part of Lewis’s mereology that the vol- 
ume of a fusion of nonoverlapping regions is the sum of the volumes 
of those regions. There is nothing in Axioms | to 3 to support this 
suggestion.) 


7.4 TAKING STOCK 


Even if we are persuaded that Forrest’s objection to Lewis’s thesis of 
the ontological innocence of (his version of) mereology can be met, 
there are still further worries that one might have about the claim 
that Lewis’s axioms provide the basic axioms for mereology. A useful 
point of comparison at this point is the fundamental theory of Simons 
(1987). 

If we ignore time and modality, then Simons (1987: 362) proposes 
that the following are the basic mereological principles: 


1. Falsehood: If xis a proper part of y, then x and y both exist. 
Asymmetry: If xis a proper part of y, then y is not a proper part 
of x. 

3. Transitivity: If xis a proper part of y, and y is a proper part of x, 
then x is a proper part of z. 

4. Supplementation: If x is a proper part of y, then there is some z 
such that zis a proper part of y, and z does not overlap x. 
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If we do not ignore time and modality, then Simons proposes that the 
following are the basic mereological principles: 


1. Falsehood: Necessarily, for all t, if xis a proper part of y at ¢, then 
x exists at (and y exists at 1. 

2. Asymmetry: Necessarily, for all ¢, if xis a proper part of y at ¢, then 
yis not a proper part of x at 0. 

3. Transitivity: Necessarily, for all ¢, if xis a proper part of y at ¢, and 
yis a proper part of zat /, then xis a proper part of zat f. 

4. Supplementation: Necessarily, for all ¢, if x is a proper part of y at 
i, then there is some z at ¢ such that zis a proper part of y at /, 
and z does not overlap xat t. 


Setting aside Transitivity, we might try supposing that the remain- 
ing axioms are selected merely to “close the circle of interdefinition” 
between the basic terms of mereology. But that doesn’t seem right. On 
the one hand, Simons includes Falsehood so that he can introduce 
free logic into the base of mereology. On the other hand, Asymmetry 
is included because this seems to be a fundamental constraint on the 
meaning of ‘proper part’. Perhaps Supplementation can be put on the 
list of axioms “required to close the circle of interdefinition”, but even 
this is not entirely obvious. 

I suspect that the right thing to say at this point is that Lewis 
requires further axioms than those needed to “close the circle of inter- 
definition”, but that many of these further axioms are relatively unin- 
teresting. Since Lewis is not prepared to allow cross-world fusions, he 
accepts something like Falsehood. Moreover, he accepts something 
like Asymmetry and Supplementation as well. However, because he is 
prepared to make much stronger assumptions about the basic, topic- 
neutral conception of part and whole, there may well be further axioms 
that must be added in order to provide a fully explicit development 
of Lewis’s mereology. While those further axioms might have implica- 
tions for the treatment of infinity in the general theory of mereology, 
I think that we can leave this matter here. 

As Lewis (1987: 76) notes, there is a different range of matters on 
which his version of mereology is silent. His theory says nothing on 
the question of whether all objects are spatiotemporal. His theory is 
silent on the question of whether an object can have proper parts that 
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occupy no less spatial volume than is occupied by the whole. His theory 
is silent about the possibility of bilocation: For all that the theory says, 
it may be possible for one object to be wholly present in two disjoint 
locations. And his theory is silent on the question of whether, if an 
object occupies a region, each part of the occupied region must be 
occupied by a— perhaps improper — part of the object: For all that the 
theory says, there may be mereological atoms that occupy finite spatial 
volumes. 

Some of these matters are of interest to us. If, for example, we 
suppose (1) that if an object occupies a region, each part of the occu- 
pied region must be occupied by a — perhaps improper — part of the 
object, and (2) that space is a fusion of points, then we immediately 
get the consequence that finite spatially located objects have uncount- 
ably many parts. Moreover, we shall also get the immediate conse- 
quence that any finite spatially located object has countably many dis- 
joint parts, that is, countably many parts that are such that no one of 
these parts overlaps any other of these parts. Of course, the suppo- 
sition that space is Whiteheadian would not help to avoid infinitary 
consequences: Even if space is Whiteheadian, our main supposition 
yields the result that finite spatially located objects have countably 
many disjoint parts. (If we start with a finite region of Whiteheadian 
space, divide it in half, divide one of the resulting regions in half, 
divide one of the resulting regions in half, and so on, we shall par 
tition our finite region into infinitely many disjoint subregions. Now 
suppose that there is an object that occupies all of the finite region 
with which we began: Under our assumption, that object clearly has 
countably many disjoint parts.) 


7.5 ATOMS AND INDISCERNIBLE PARTICLES 


In section 7.2, I discussed the range of views that it is possible to take 
about atoms and gunk. In the present section, I want to consider the 
possibility that that earlier taxonomy was incomplete: There may be 
views that one could have about the fundamental part/whole struc- 
ture of the world other than the views countenanced in that earlier 
taxonomy. 

Consider, for example, the theory of indistinguishable particles that 
is offered in Lavine (1991). According to Lavine, the standard account 
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of quantum mechanics is that it is an atomistic theory, that is, a theory 
that obeys at least the following four principles: 


1. Objects in a system are represented as being composed of sim- 
plest elements — the atoms of the theory. 

2. Properties, relations, and behaviour of objects in a system are 
connected to properties, relations, and behaviour of the atoms 
of which they are composed. 

3. A theory of the properties, relations, and behaviour of atoms is 
given. 

4. Properties, relations, and behaviour of complex systems are 
explained or predicted by (1) using the general theory of the 
properties, relations, and behaviour of atoms to infer the prop- 
erties, relations, and behaviour of the particular atoms of which 
the systems in question are composed, and then (2) using the 
connections among the properties, relations, and behaviour of 
atoms and the properties, relations, and behaviour of the objects 
they compose to go from statements about atoms to statements 
about systems 


A standard model that justifies the claim that these postulates accu- 
rately characterise atomistic theories is that they accurately charac- 
terise the connection between the temperature of an ideal gas in 
nonextreme conditions and the mean kinetic energies of the atoms 
that compose the ideal gas. 

The assumption that quantum mechanics is an atomistic theory 
leads to difficulties when we come to the characterisation of indistin- 
guishable particles in quantum mechanics. The problem is generated 
by the presence of the following fundamental postulate in quantum 
mechanics: 


Indiscernibility Postulate. If a system in atomic physics contains a number of 
particles of the same kind, then these particles are indiscernible with respect 
to all of the physical properties used in quantum mechanics. 


If we suppose that one particle is in a state represented in a suitable 
Hilbert space by the vector |a), and another particle is in a state repre- 
sented in a suitable Hilbert space by the vector |b), then, if the particles 
are of different kinds, the state with the first particle in the state repre- 
sented by |a), and the second particle in the state represented by |b), is 
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itself represented in the product Hilbert space by |a;) |bz). However, if 
the particles are of the same kind, the analogous state is represented by 
the state |a;) |bo) + Jag) |b,). The state |a;) |b) is disallowed because 
it is not symmetric. Moreover, the state |a;) |be) = |ag) |b1) is not 


decomposable into separate states for each of the two particles. 

Given that we admit that there are particles that are indiscernible 
with respect to all of the physical properties used in quantum mechan- 
ics, it seems that there are just three options open to us. 


1. Hidden Identities: We can claim that quantum mechanics is incor- 
rect and that the individual particles differ in some not yet dis- 
cerned physical aspect; or 

2. Metaphysical Identities: We can claim that the particles are dif- 
ferent, but the difference is nonphysical: There is the property 
of being identical to particle a despite the fact that — even in 
principle — we cannot tell which particle has this property; or 

3. No Identities. We can cast aside our Quinean heritage and claim 
that there can be quantum mechanical entities without quantum 
mechanical identities. 


Each of these proposals is problematic. However, as just noted, it 
appears that they constitute exhaustive alternatives under the assump- 
tion that quantum mechanics is an atomistic theory. Lavine’s pro- 
posed alternative to these three problematic views is to give up the 
claim that quantum mechanics is an atomistic theory. Instead of sup- 
posing that quantum mechanics treats of atomic particles, suppose 
instead that quantum mechanics treats of substances — kinds of stuff — 
for which there are smallest possible amounts. Instead of the principles 
characteristic of atomic theories, suppose instead that basic quantum 
mechanical stuff obeys the following four principles: 


1. Objects are made of simple stuff that has smallest possible 
amounts in which it can occur. 

2. Properties, relations, and behaviour of complexes are con- 
nected with properties, relations, and behaviour of the simple 
kinds of stuff from which they are composed. 

3. Atheory of the properties, relations, and behaviour of the small- 
est amounts of simple stuff is given; and a theory of how the 
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smallest amounts of stuff combine to make larger quantities is 
given. 

4. The properties, relations, and behaviour of complex systems are 
explained or predicted by applying the theory of the properties, 
relations, and behaviour of the smallest amounts of the simple 
kinds of stuff and the theory of how these amounts combine 
to infer the properties, relations, and behaviour of the particu- 
lar configurations of kinds of stuff that occur in the systems in 
question. 


On Lavine’s theory, it seems that one could have a system in which 
there are n units of some quantum mechanical stuff — light, say —- and 
yet in which there are no parts of that quantum mechanical stuff — no 
photons that together make up the n units of light. Of course, if one 
has n units of this quantum mechanical stuff, then, under appropriate 
circumstances, one may be able to make it yield up 7 photons; but one 
should not suppose that this entails that the stuff is composed from n 
photons that exist prior to the procedures that cause the n photons 
to be yielded up. Rather, the situation is that one has some stuff that 
is potentially divisible, and yet which does not have parts — or, at least, 
does not have parts of the kind into which it can be divided. But doesn’t 
this possibility make difficulties for the taxonomy that was produced 
in section 7.2? 

I don’t think so. There is nothing in the theory of mereology that 
says that mereological atoms are required to obey all of the postulates 
that Lavine sets down for atomic theories. All that is required of a 
mereological atom is that it has no parts. If it is truly the case that 
there is a quantity of quantum mechanical stuff that has no parts, then 
that quantity of quantum mechanical stuff constitutes a mereological 
atom. Of course, for all that we have argued, it could be that our 
quantity of quantum mechanical stuff has parts other than units of the 
quantum mechanical stuff in question — and, in that case, we shall 
have independent reason for saying that our quantity of quantum 
mechanical stuff does not constitute a mereological atom. But if we 
suppose that there are no other kinds of parts that our quantity of 
quantum mechanical stuff can have, then there is nothing to prevent 
us from supposing that our quantity of quantum mechanical stuff is a 
mereological atom. 
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Perhaps this does suggest a wrinkle on our earlier taxonomy. I 
claimed that enemies of the infinite are required to suppose that there 
are only finitely many mereological atoms. However, I think that ene- 
mies of the infinite should not be happy with the suggestion that there 
is an infinite quantity of quantum mechanical stuff — that is, a quan- 
tity of quantum mechanical stuff from which infinitely many units of 
quantum mechanical stuff could be distilled - even in the case in 
which that infinite quantity of quantum mechanical stuff constitutes a 
mereological atom. At the very least, it seems that there are two cases 
that need to be distinguished. Perhaps some enemies of the infinite 
will tolerate infinite potential divisibility; if so, then we can distinguish 
between the case in which there are only finitely many mereological 
atoms, none of which is potentially infinitely divisible, and the case in 
which there are only finitely many mereological atoms, but at least one 
of these atoms is potentially infinitely divisible. 

In closing this section, it is perhaps worth noting that standard 
theories of mereology are silent on questions about divisibility, unless 
one adds to them the assumption that there can only be division — 
partition — where there are already parts. When Lewis discusses the 
trout-turkey, he discusses an object that is a fusion of two unproblem- 
atic objects: a trout and a turkey. He does not assume that there is such 
an object as the — or, at any rate, a — top half of the trout; and perhaps 
there isn’t, at least until the trout is actually cut in half. Of course, this 
line of thought leads us back to the question of whether, if an object 
occupies a region, each part of the occupied region must be occupied 
by a— perhaps improper — part of the object. 


7.66 VAGUENESS AND INFINITE DIVISIBILITY 


There is, perhaps, another way in which someone might think to ques- 
tion the taxonomy of section 7.2, and, indeed, anumber of the analyses 
that have been presented in earlier sections of this book. I shall begin 
by addressing the question in the context of infinite divisibility, and 
then turn to the application of this discussion in other contexts. 
Sanford (1975: 528ff.) argues that, when we come to the question 
of the infinite divisibility of (classical) space, we are not faced with 
two exhaustive options: We need not opt either for the view that space 
has infinitely many parts or for the view that space has only finitely 
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many quantised parts of some fixed minimum extension. Similarly, in 
the case of (classical) time, Sanford argues that we are not faced with 
two exhaustive options: We can reject the view that space has infinitely 
many parts while also consistently rejecting the view that time has only 
finitely many quantised parts of some fixed minimum duration. If 
Sanford is right about these cases, then one might think that we were 
too quick to suppose that enemies of the infinite must suppose that 
there are only finitely many mereological atoms; perhaps enemies of 
the infinite can avail themselves of Sanford’s fertium quid in the more 
general case as well. 

Following Sanford, we might suppose that the most plausible argu- 
ment for the conclusion — that either we suppose that there are 
infinitely many intervals or else there are only finitely many quantised 
intervals of some fixed minimum extension — begins with the observa- 


tion that, for any relation R, the following five claims are inconsistent: 


1. Existence. There are Frelated things. ((4x) (dy) Rxy) 


2. Asymmetry: The Rrelation is asymmetric. ((Vx) (Vy) (Rxy > 
~Ryx) ) 

3. Transitivity. The Rrelation is transitive. ((Vx) (Vy) (Vz) ((Ray & 
Ryz) > Rxz))) 

4, Existential Heredity. Anything that has an occurrence as the first 
term of the F-relation also has an occurrence as the second term 
of the Rrelation. ((Vx) (Vy) (Rxy > (dz) Rex) 

5. Finitude: There are only finitely many Rrelated things. ((dn € 
N) (AX: card (X) < n) (Vx) L{ (Ay) Rxy V (Ay) Ryx} > x € X1) 


Still following Sanford, suppose that we accept the following principle 
of homogeneous divisibility for intervals: Ifsome interval of extent ¢ exists, 
then every interval of an extent greater than econtains a subinterval of 
extent e. Suppose, further, that we interpret Rxy to be the relation x is 
a proper part of y, and that we take the variables x and y to range over 
intervals. Then, since it is clear that the relation R satisfies (1) to (3) 
when interpreted on a domain of intervals, we are left with a choice 
between (4) and (5) Either we accept that there are only finitely many 
intervals — and, in that case, given homogeneous divisibility, we must 
accept that there are only finitely many quantised intervals of some 
fixed minimum duration — or else we must accept that every interval 
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contains a smaller interval — and, in that case, we must accept that 
there are infinitely many intervals. 

To defuse this argument, Sanford observes that the argument does 
not go through if we are prepared to suppose that the relation R- or, 
at any rate, the predicate ‘R’ that is used to express the relation R- 
is vague. If the relation Ris vague, then it can be true both that there 
are only finitely many related things and that there is no identifiable 
“first member” of the Rrelated things. To see this, consider what hap- 
pens when we interpret ‘Rxy to mean ‘xis a mammalian ancestor of y’. 
Clearly, says Sanford, we believe both that there have been only finitely 
many mammals and that it is not true that there is something that is 
definitely a mammalian ancestor of ours but that does not have par- 
ents that are definitely mammals. The conclusion that we should draw 
is that, if the R-relation is vague, then the reasoning to the conclusion 
that (1) to (5) are inconsistent fails: In the case that the R-relation is 
vague, the reasoning in question is soritical and, hence, notoriously 
unreliable. 

Suppose that we agree with Sanford that (1) to (5) are not incon- 
sistent when the Rrelation is vague. Then, whether or not his strategy 
provides a tertium quid in the case of intervals seems to depend entirely 
on whether or not it is plausible to claim that the Rrelation is vague. 
In the case at hand, then, the key question is whether it is — or, at any 
rate, can be — a vague matter whether one interval is a proper part of 
another. 

Initially, it does not seem plausible to suppose that it can be a vague 
matter whether one interval is a proper part of another. Certainly, there 
is no vagueness in the mathematical theory of intervals. And while it 
seems plausible to suppose that one could be uncertain whether or 
not one interval is a proper part of another, it is also at least initially 
plausible to suppose that this merely reflects our epistemic limitations 
and tells us nothing at all about the nature of the intervals themselves. 

Sanford suggests that we might suppose that there is a very small 
number n such that there is no interval with magnitude less than n, 
even though there is no small number m such that there is an interval 
of magnitude m and no interval of magnitude less than m. I think 
that this suggestion amounts to the proposal that there is a very small 
number n such that there is no interval of magnitude n, but there are 
intervals of magnitude n + e for all ¢ > 0, for ¢ belonging to an at 
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least dense ball around 0. But in that case, while we may have averted 
one kind of infinite divisibility - converging on points — we find that 
there is a new kind of infinite divisibility - converging on intervals of 
magnitude n. It is hard to believe that this is progress. 

Perhaps Sanford’s proposal should be reconstrued in the following 
way. Space divides not into precise intervals, but rather into vague 
ones. The correct way to represent the measure of an interval is to 
include an error term: The measure of an interval has the form m+ 
6, where m > n and 6 > é¢ for all mand 6. In that case, n — € is an 
absolute lower bound on the measure of intervals, but one cannot say 
that any interval has measure n — «. So far, so good. But under these 
assumptions, when are we to say that one interval is a proper part of a 
second? If we say that the interval (1m =: €1, mg =£ €9) isa proper part of 


the interval (n +6, no + de) iff n}— 5) < m, —&, and m + &9 < no + d9, 
then there is no uncertainty about when one interval is a proper part 
of another. While this proposal is plainly unsatisfactory, it is hard to 
see what alternative might be offered in its stead. 

There are reasons for thinking that we do not face an easy task here. 
We have already noted Lewis’s proposal that we should think of the 
identity relation as a special, limiting case of a family of mereologi- 
cal relations: the composition relation, the overlap relation, and the 
part/whole relation. But there is at least strong prima facie reason to 
suppose that the identity relation cannot be vague — see, for exam- 
ple, Evans (1978). Moreover, there is good reason to suppose that, 
if the composition relation, the overlap relation, or the part/whole 
relation could be vague, then the identity relation could be vague. 
(How can it be determinate whether a is identical to 0 if it is not 
determinate whether ais a proper part of b?) So there is strong prima 
Jacie reason to suppose that none of the mereological relations can be 
vague. 

Even if we are prepared to suppose that the proper part relation 
can be vague, the most that we are entitled to conclude, on the basis of 
Sanford’s argument, is that there is no direct argument, for the joint 
inconsistency of the claim that there are only finitely many proper 
parts of objects and the claim that anything that has a proper part is 
itself a proper part of something else, that starts from the observation 
that (1) to (5) are formally inconsistent. But this leaves it open that 
there is some other inferential route that will lead us to the conclusion 
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that either there are finitely many mereological atoms or the world is 
infinite in some respects. Moreover, even if there is no other way that 
we can find to establish the claim that either there are finitely many 
mereological atoms or the world is infinite in some respects, there 
are still difficulties that must be faced in the application of Sanford’s 
proposal to particular cases. 

Consider, for example, the question of whether the measure of 
past time is finite or infinite. Sanford suggests that, if the concept of 
an event’s occurring at least an hour before another event is vague, 
then there may be borderline cases, and hence, there may be series 
of events that are finite, and yet contain no event that definitely is 
not preceded by an event that occurred at least an hour earlier. On 
this suggestion, even if there was no first eventful hour, it could be 
that the number of eventful hours in the past is less than some finite 
bound n € N. But why might we suppose that the concept of an event’s 
occurring at least an hour before another event is vague? Sanford 
says: 


The measurability of time is presumably a necessary condition of one event’s 
occurring an hour or more before another. Ifa systematic correlation of cyclic 
processes is a necessary condition of the measurability of time, then such a 
systematic correlation is a necessary condition of one event’s occurring an 
hour or more before another. And if such a systematic correlation did not 
always exist, it need not have come about suddenly. A gradual evolution from 
chaos to a systematic correlation of cyclic processes would result in the gradual 
realisation of the possibility of time measurement. 


In other words, Sanford’s proposal is that it might be a vague mat- 
ter whether time is measurable — because it might be a vague matter 
whether there is sufficient correlation between cyclic processes in the 
universe — and hence that it might be a vague matter whether one 
event occurs at least an hour before another. However, it is at the very 
least highly contentious whether we should suppose that there cannot 
be (metrical) time in the absence of cyclic processes; and it is per 
haps even more contentious whether we should suppose that there 
cannot be (metrical) time in circumstances in which it is impossible 
for observers to measure time. If Sanford’s proposal can be supported 
only by contentious subsidiary assumptions such as these, then it seems 
to me that it loses much of its interest. 
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While — as always — there is room for further discussion, it seems to 
me to be reasonable to conclude that Sanford’s terttwm quid does not 
pose a serious challenge to the claim that either we should suppose 
that there are finitely many mereological atoms or we should suppose 
that the world is infinite in some respects. 


7.7 CONTINUITY 


There are various ways in which one might test out the hypothesis that 
there are only finitely many mereological atoms. In this section of the 
present chapter, I shall explore the consequences that this hypothesis 
has for the claim that there are continuous processes in the world. 

Consider any property that varies across mereological atoms. Plau- 
sibly, no property of this kind can vary across a single mereological 
atom. For how are we to make sense of the idea that a mereological 
atom m possesses the property p both to degree d; and degree ds with- 
out contradicting ourselves? If there is an object that possesses the 
property p both to degree d; and degree dg, this can be only because 
the object has disjoint parts p, and fo, where fp; possesses property p 
to degree d;, and po possesses property p to degree dy. Hence, we can 
conclude that, if m possesses a degreed property p, then there is some 
unique degree d,, to which m possesses p. 

Now, suppose that there are only finitely many mereological atoms, 
m,..., mz, and that each atom m; possesses a property p to degree 
din. Then, when we consider the variation of the property p across any 
object that is a fusion of the mj, it is clear that the property p must vary 
discontinuously across the parts of that fusion, unless the quantities dj 
<::-<d 


form an order dj;, < d with the property that there are 


ijg thn 
no other possible degrees of property p that are intermediate between 
dij, and djj,. 

Suppose, for example, that a temporal interval of 1 minute between 
tf; and & iscomposed of finitely many subintervals, each of which has no 
further subintervals as parts. Suppose further that we have an object 
O that is at 15°C at 4. In the next subinterval, the temperature of 
O is either 15°C or some temperature other than 15°C. If it is some 
temperature other than 15°C, then there is a discontinuous variation in 
the temperature from one interval to the next unless the temperature 
15 + €°C of the object in that next interval is such that there is no 
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temperature between 15°C and 15 + e°C that it is possible for the 
object O to possess. (The intuitive idea here is, roughly, that a process 
is continuous only if it is passes through all of the possible values that 
could lie on the trajectory between the starting point of the process 
and the endpoint of the process. If there are possible values that have 
been skipped, then the process is discontinuous, with discontinuities 
at the skipped values.) 

If this is right, then the assumption that there are only finitely many 
mereological atoms has significant consequences for the possibility of 
continuous processes in the world. Suppose that we have two quali- 
tatively identical objects and that we apply different amounts of heat 
to them in a period of one minute, so that the temperature of O; 
rises from 15°C to 16°C during the course of our minute, while the 
temperature of Og rises from 15°C to 17°C during the course of our 
minute. Given that any temperature that Og possesses is a temperature 
that O; could possess, and that any temperature that O; possesses is 
a temperature that Og», could possess, it follows that it cannot be that 
the heating of both O; and Og are continuous processes: Either Oo 
skips over temperatures as it passes from one interval to the next or 
O; fails to change temperature in some cases in which it passes from 
one interval to the next — and in neither of these cases is it true that 
there is continuous change of temperature in both objects. 

The case that we considered above involved only two objects. When 
we move to consider more objects, we get more stringent constraints on 
continuity in situations in which there are only finitely many mereolog- 
ical atoms. The counterintuitive nature of these constraints provides a 
strong pro tanto reason for thinking that it is not the case that there are 
only finitely many mereological atoms. Of course, this pro tanto reason 
could be defeated by other considerations; nonetheless, at the very 
least, one should not be too hasty in supposing that one can accept 
the claim that there are only finitely many mereological atoms. 

(I think that a similar conclusion can be drawn from the tle argument 
in the case of discrete space. If we suppose that space is composed of 
very small square tiles, then it seems to follow that the length of the 
hypotenuse of a right-angled isosceles triangle is equal to the length 
of each of the other two sides, since there are just as many square tiles 
along the hypotenuse as there are along each of the other two sides. 
Moreover, if we suppose that space is composed of very small tiles of 
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some other shape, then it seems that we can show that the Pythagorean 
theorem fails to hold for some directions privileged relative to the grid 
of tiles. Either way, it seems that we are wrong to suppose that space is 
a grid of tiles. Even if the tile argument is not the immediate reductio 
that it appears to be, it surely suffices to show that we should be very 
wary about supposing that we can easily make sense of the suggestion 
that space is composed of a discrete set of points.) 

The argument that I have given in this section relies on the assump- 
tion that a process is continuous only if it is passes through all of the 
possible values that could lie on the trajectory between the starting 
point of the process and the endpoint of the process. This is a very 
weak constraint. Some may think that a process is continuous only if 
the points along its trajectory can be indexed using a segment of the 
real numbers: There is no sense in which counting the natural num- 
bers in their standard order involves some kind of continuity. But, of 
course, to insist on this account of continuity without further argument 
would be to beg the question against those who suppose that there are 
only finitely many mereological atoms. If I am right, we needn’t beg 
any questions in order to cast doubt on the claim that there are only 
finitely many mereological atoms. 


7.88 OUR UNIVERSE 


It is sometimes suggested that there is no such thing as our universe, 
even though there are such things as the familiar material objects with 
which we are in daily contact. Since one of the reasons that is given for 
this suggestion turns on scepticism about unrestricted mereological 
composition, there is some justification for concluding the present 
chapter with an examination of this view. 

Van Fraassen (1995) offers three kinds of reasons that we might 
have for supposing that there is no such thing as our universe. 

A first kind of reason is this: We know from set theory that there are 
limits on the size of things and that assumptions about the existence 
of ‘total’ entities — for example, the set of all non-self-membered sets — 
are apt to lead to paradox. Since the universe would be a ‘total’ entity, 
we have reason to be cautious about postulating its existence. 

A second kind of reason is this: If the world exists, then it is a mere- 
ological sum: the sum of all the things that exist. To believe in the 
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existence of such a thing, we need to accept the principles of mereol- 
ogy, and, in particular, the principle of unrestricted composition. But 
we should not accept the principles of mereology — in particular, we 
should not accept the principle of unrestricted mereological compo- 
sition — and so we have no reason to believe that the world exists. 

A third kind of reason is this: The expression ‘the world’ is only 
superficially a noun; in fact, it is a context-dependent term that indi- 
cates the domain of discourse of the sentence in which it occurs, on 
the occasion of utterance. It plays this role sometimes by denoting the 
domain and sometimes by purporting to denote an entity of which the 
members of the domain are parts. However, in the latter case, we need 
not take the purported denotation seriously; rather, it is to be con- 
strued as metaphor, colourful language, rhetorical extravagance, or 
the like. In all cases, then, the important semantic function is merely 
the contextually constrained indication of the domain of discourse. 
Consequently, there is never good reason to suppose that ‘the world’ 
really refers to an entity. 

None of these arguments strikes me as very impressive. 

First, while it is true that some kinds of assumptions about the exis- 
tence of ‘total entities’ lead to contradictions, it is hard to see what rel- 
evance this has to the existence of worlds. Suppose, for example, that 
one thinks of worlds in the way that Lewis (1986) does, that is, as maxi- 
mal collections of suitably externally related objects (the model for the 
external relations being classical spatiotemporal relations). Whatever 
problems one thinks there are with Lewis’s story, one should not think 
that there are cardinality problems that arise just given the worlds. 
Even if one took the worlds to be sets of objects, it isn’t clear that 
troubles would arise — it’s not as if we must be supposing that there 
are proper class many objects in each world, or that there are proper 
class many worlds;! and, in any case, it would just be a mistake to think 
that the worlds are sets of objects. On the contrary, the objects are 
parts of the worlds — and the mereological relation that this involves 
is not a relation that generates infinite collections from finitely many 
ur-elements. 


' Lewis(1986) certainly does not allow that there are proper class many worlds, or that 
there are worlds that have proper class many parts. For a contrasting view — and for 
an explanation of some of the benefits that might accrue — see Nolan (1996). 
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Second, while it is true that belief in the principle of unrestricted 
mereological composition might play a role in arguments for the 
existence of the world, one is not obliged to believe that principle 
in order to accept the conclusion that the world exists (and, in any 
case, there are reasons for thinking that there is nothing wrong with 
the principle of unrestricted mereological composition). One might 
think, for example, that whenever one has some things, there is a 
thing of which all those things are parts, while denying that, whenever 
one has some things, there is a thing that is exactly the mereological 
sum of those things. In other words, perhaps the principle of unre- 
stricted mereological composition is false, and yet it is impossible for 
there to be two things that are not both parts of the same thing. (By 
‘part’, I mean ‘proper or improper part’, of course.) Consequently, 
it is just a mistake to think that commitment to the existence of the 
world requires commitment to the principle of unrestricted mereolog- 
ical composition (or, indeed, to any other objectionable mereological 
principles). 

Third, it isn’t plausible to suggest that ‘the world’ is— or could always 
be — understood ‘distributively’ in ordinary language (and that when 
thus understood, there must always be some contextually supplied 
restriction on the ‘distributed’ collection). Clearly, we do ordinarily 
make claims in which ‘the world’ must be understood ‘collectively’: 
‘The world is an awesome place’, ‘God’s world is perfect’, and so on. 
No argument from ordinary language or ordinary practice can show 
that these claims are unintelligible. Moreover, it is a commonplace 
amongst cosmologists — both prescientific and scientific — that the 
world exists. One could not understand what they say unless there 
is some sense in which one understands the collective, unrestricted, 
use of the expression ‘the world’. No doubt, it is perfectly correct 
to claim that ‘the world’ often functions as a restricted ‘distributive’ 
quantifier; but there is no argument from this data to the conclusion 
that ‘the world’ never functions properly as an unrestricted ‘collective’ 
quantifier.” 


* It’s curious that van Fraassen just ignores that part of the OED definition of ‘world’ 
that doesn’t fit his case, viz.,‘the universe, or a region of it’. Perhaps uses in this sense 
are all metaphorical, colourful, or rhetorically extravagant — but if so, this needs to 
be argued from metaphysics, i.e., it is not a conclusion that is strongly supported by 
merely linguistic data. 
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Another kind of reason that some people have thought to give for 
denying that there is any such thing as ¢he world turns on an alleged 
ambiguity, or discourse relativity, in the interpretation of the existen- 
tial quantifier. On this Carnapian view, there are different kinds of 
discourses, and for each discourse, the internal question of whether 
the kinds that the discourse quantifies over exist is trivial (analytic); 
the external question of whether the kinds that the discourse quantifies 
over is purely pragmatic (is it useful to continue using this discourse?) ; 
and there is no other intelligible question about existence to be asked. 
So, in particular, there is no way of asking, in the one breath, whether 
objects that belong to different discourses (or frameworks, or theo- 
ries) exist — and hence there is no sense to be given to the question of 
whether there is one world or many. 

Even if this Carnapian position could be vindicated — and I must 
confess that my money is on the Quinian alternative that denies the 
Carnapian distinction between different senses of the existential quan- 
tifier — there is no reason to think that it is relevant to our present 
concerns. After all, we can take it that our question is one about the 
physical universe — that is, the subject of investigation of physical cos- 
mology. The assumption that there is a single physical world — which 
is all that the present kind of objection is putting in doubt — is not one 
that the Carnapian thesis tells against. 

Perhaps there is some other reason why we should not suppose that 
there is any such thing as the world. However, I can’t imagine what 
those reasons could be. Moreover — putting into practice the motto 
that the best form of defence is attack — there are positive reasons why 
we should think that there is such a thing as the world. In particular, it is 
hard to imagine what alternative is supposed to be put in place of this 
assumption. There are things that stand in physical relations. What 
could it possibly be like for there to fail to be a total of things that 
stand in these kinds of relations? Compare: There are some people 
under the roof. What could it possibly be like for there to fail to be 
a total of people under the roof? True enough, there might be cases 
for semantic decision: borderline cases of people, borderline cases of 
being under the roof, and the like. But we can precisify, and then get 
determinate answers. In this case, we might end up with bounds, rather 
than a definite answer. But nothing like that could happen in the case 
of the physical universe — so what problems could there be left to face? 
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Furthermore, it is— and has been for at least seventy years — standard 
practice for scientific cosmologists to suppose that there is a unique 
physical world, which their theories seek to model and describe. If you 
spend a bit of time reading popularisations of scientific cosmology and 
informal expositions of theories in scientific papers, you will find that 
it is virtually impossible to resist the conclusion that almost all scientists 
naturally suppose that there is a unique world. In these circumstances, 
it seems natural to me to think that some very powerful argument is 
required before this assumption should be given up. 


Some Philosophical Considerations 


To this point, the discussion of various different subject areas — space- 
time, physics, probability, decision, mereology — has taken classical 
mathematics more or less for granted. But there are various more 
fundamental considerations that need to be taken into account in 
assessing the material that we have already examined. 

We begin with an account of some basic distinctions that are fre- 
quently adverted to in discussions of the infinite: the distinction 
between actual and merely potential infinities, the distinction between 
completed and incomplete infinities, the distinction between additive 
and accretive infinities, and the distinction between abstract and con- 
crete infinities. 

Next, we turn our attention to pure mathematics and to the range of 
views that it is possible to take about the infinite in pure mathematics. 
We propose some very general constraints that it is plausible that any 
acceptable philosophy of pure mathematics must accept, and set outa 
rough taxonomy. In the light of that taxonomy, we then consider vari- 
ous ways in which one might try to justify the claim that it is reasonable 
to accept the axioms and methods of classical mathematics. 

After a brief survey of some of the outstanding problems that are 
raised by classical set theory, we turn to the question of the range of 
views that it is possible to take about the infinite in applied mathemat- 
ics, connecting the discussion in the previous parts of this chapter to 
the discussion in earlier chapters of this book. Finally, to round out 
the chapter, we provide some remarks on two topics that we have not 
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yet mentioned but that cannot be passed over in a comprehensive dis- 
cussion of the infinite: Skolem’s paradox and the debate about the 
usefulness of infinitesimals in natural scientific theorising. 


8.1 DISTINCTIONS 


There are various philosophical distinctions that require attention in 
any extended discussion of the infinite. In particular, there is the dis- 
tinction — or family of distinctions — between actual infinities and merely 
potential infinities. The main aim of this section is to try to arrive at a 
clear understanding of the range of views that can be distinguished 
using these kinds of labels. 


(a) Actual versus Potential 


Let’s suppose, for now, that we can help ourselves to quantification 
over the natural numbers: For example, we can make sense of the 
claim that, for each natural number », there is a point in space that 
is more than n metres in distance from the centre of the Earth. If 
we suppose that we can make sense of quantification over the natural 
numbers, then there are various different grades of involvement with 
the infinite that we can distinguish. 
Consider the following two claims: 


1. For each natural number », there is a point in space p, such that 
pis more than n metres from the centre of the Earth. 

2. There is a point in space p, such that, for each natural number 
n, pis more than n metres from the centre of the Earth. 


Clearly, (2) is stronger than (1); indeed, (2) entails (1). Each is plausi- 
bly construed to be a claim to the effect that there is an actual infinity 
of some kind. However, only the second claim requires that there are 
points that are infinitely distant from the centre of the Earth. For the 
first claim to be true, all that is required is that there are infinitely 
many points, each of which is at some particular finite distance from 
the Earth. While enemies of infinity will suppose that there are no true 
claims of either form, it is not necessary for friends of infinity to sup- 
pose that there are true claims of both forms. I have already indicated 
that I think that it is at least somewhat controversial to suppose that 
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there are true JV-claims but that itis much less controversial to suppose 


that there are true VI-claims. In much of the following discussion, I 
shall suppose that the claims in which we are primarily interested have 


the Va-structure. 
In our initial examples, we have helped ourselves to quantification 
over the natural numbers. So, the most general form of the kind of 


example that we are presently considering is this: (Vn € N) (4X) ( f(X) > 
n).' Instances of this claim are not modal; they tell us only about what 
is true at the actual world. But we are also interested in claims about 
what could be true; and the introduction of the modal operators > — 


‘it is possible that’ — and LJ - ‘it is necessary that’ — make it possible to 


consider a variety of new claims. At the very least, we need to distinguish 
between: 


3. (Wn€ N)O(AX)(f(X) > n) 
4. > (Wn e€ N)(AX)(f(X) > n) 
5. > (AX) (Vne N)(f(X) > n) 


If we think about these claims in terms of possible worlds, then 3 says 
that, for each n, there is a possible world in which a function on some 
things takes a value greater than n; 4 says that there is a possible world 
in which, for each n, there is a function on some things that takes a 
value greater than n; and 5 says that there is a possible world in which 
there is a function on some things that takes a value that is greater 
than nfor all n € N. Among these claims, again, 3 is weaker than 4, 
and 4 is weaker than 5 (and, indeed, 5 entails 4, and 4 entails 3). 
Each of these claims is plausibly a claim about ‘the potential infinite’: 
None of them entails anything at all about what is actually the case — 
at least, setting aside considerations about the existence of the natural 
numbers themselves. While I think that it is at least somewhat contro- 


versial to suppose that there are true claims of the }iV-form, I also 
think that it is less controversial to suppose that there are true claims 


of the ©Vi-form, and much less controversial to suppose that there are 


true claims of the Vi-form. Here, we can distinguish three different 


' Here, the variable Xis a variable of plural quantification: (3X) /(X) > msays that there 
are some things such that a function defined on these things takes a value greater 
than n. Ordinary objectual quantification is the special case in which we consider just 
one thing at a time. 
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views amongst those who allow that there are potential infinities but 
deny that there are actual infinities: There are those who allow that 


there are true claims of the iV-form; there are those who allow that 


there are true claims of the ©Vi-form but that there are no true claims 


of the dV-form; and there are those who allow only that there are 


true claims of the ¥}3-form. 

Perhaps it will help to illustrate the distinctions here by means of 
an example. Consider the case of distances between objects. Among 
those who reject the claim that, for any n, there are objects that are 
more than metres apart, there are those who allow that there are 
possible worlds in which there are objects that are more than n metres 
apart for all n; there are those who allow that there are possible worlds 
in which, for any n, there are objects that are more than n metres 
apart; and there are those who allow only that, for any n, there is a 
possible world in which there are objects that are more than n metres 
apart. All of these positions can be described as views according to 
which distance is merely potentially infinite — but they give different 
senses to the idea that distances could increase, or could be increased, 
without limit. 

Apart from the extreme views that we have considered so far, there 
are more nuanced views that discriminate among different domains of 
objects and among different classes of propositions. One can imagine 
someone who holds that it is possible that there is a domain of objects 
in which, for each n, there are more than n objects — > (4X) (Vn € N) 


(f(X) > n) - but who also insists that, while it is necessary that, for 
any pair of objects, there is an n such that those objects are no more 
than n metres apart, there is a possible world in which, for any n, 


there are objects that are more than n metres apart — © (Vn € N) (AX) 
(f(X) > n). On this view, while there are potential infinities of objects 


in the ©dV-sense, distances between objects are potentially infinite 


only in the ¢V-sense. In turn, this view might be extended with the 
additional claim that, while, for any n, there is a possible world in 
which there are objects that travel at more than n metres per second 
in some inertial frame of reference, there is no world in which, for 
any n, there are objects that travel at more than n metres per second 
in some inertial frame of reference. That is, it might be said that the 
velocities of objects — in inertial frames of reference — are potentially 


infinite only in the ¥i-sense. 
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As we have already noted, there are many different domains — and 
many different classes of predicates — for which questions about the 
infinite arise. One need not take the same kind of view about objects 
in general, the part/whole relation, the extent of space, the divisibility 
of space, the extent of time, the divisibility of time, temperature, utility 
streams, inverse probabilities, and so forth — or, at any rate, if one holds 
that one is rationally required to take the same kind of view in all of 
these cases, then it seems that one needs to give extensive justification 
for that contention. 

There are some cases that require further discussion at this point. 
In particular, it should be noted that we can make further distinctions 
if we allow ourselves to take account of temporal discriminations and 
make some controversial assumptions about the overall structure of 
the world. To keep things simple, let’s restrict our attention to worlds 
in which a global time function can be defined, so that we have an 
unambiguous meaning for the expressions ‘the state of the world at 
time ?’ and ‘the world as it is at time ¢’. Moreover, let’s suppose that 
the actual world is one of these worlds. 

Start with the current, actual global state of the world, G— the world 
as it is now. Suppose that there are many possible worlds that share 
the history of our world to the present but whose histories diverge 
thereafter; and suppose that there are worlds that share the current 
state of the world — or, at any rate, have a state of the world that is 
qualitatively indistinguishable from G — but in which the history of 
the world prior to G is different. (Of course, both of these claims are 
controversial. If we suppose that the actual world is deterministic, then 
there will be no worlds of the first kind that have the same laws as the 
actual world; and if we further suppose that the laws in the actual world 
are all time-symmetric, then there will be no worlds of the second kind 
that have the same laws as the actual world.) We shall call worlds that 
share the history of our world to G G-worlds, worlds that share the 
current state of our world but not its history G*-worlds, and worlds 
that are either G-worlds or G*-worlds G#-worlds. 

Here are some claims that one might make about the past in G- 
worlds and G*-worlds: 


(1)» (dn): There are no more than n days prior to G, 
(2)» (Vn): There are more than n days prior to G. 


236 Philosophical Perspectives on Infinity 


(3)» (An) (VG-worlds): There are no more than n days prior to G. 
(4)» (VG-worlds) (Vn): There are more than n days prior to G, 


(5)» (VG*-worlds) (Sn): There are no more than n days prior to G. 


(6)» (AG*-worlds) (Vn): There are more than n days prior to G. 


(7)» (Vn) (AG*-worlds): There are more than n days prior to G. 


And here are some claims that one might make about the future in 
G#-worlds: 


(1); (Gn): There are no more than n days subsequent to G. 
(2); (Vn): There are more than n days subsequent to G. 


(3)¢ (VG#worlds) (dn): There are no more than n days subsequent 
to G. 

(4); (AG#-worlds) (Vn): There are more than n days subsequent 
to G. 

(5)¢ (Vn) (AG#worlds): There are more than n days subsequent 
to G. 


If one claims that the past must be finite but that the future is poten- 
tially infinite, then I take it that one is committed to (3), and (5)», and 
either to (5), or to both (4),and (5), Of course, one might prefer 
to couch these claims in terms of sentential operators for tense and 
modality, rather than in terms of quantification over worlds and times— 
but the translation is straightforward and left as an exercise for those 
who care. Moreover, while there is an ambiguity in the claim that the 
future is merely potentially infinite, it remains to be seen whether the 
ambiguity matters in the context of real philosophical debates. 


(b) Completed versus Potential 


There are occasions on which potential infinities are contrasted with 
completed infinities. I shall take it that completed infinities are a sub- 
case of actual infinities in which the members of the actually infinite 
collection have a special kind of linear ordering. I shall call the kind 
of ordering in question a C-ordering. Candidates to be C-orderings 
include certain kinds of generative and ancestral relations: x is the 
cause of y, x is the father of y, x is the day before y, and so forth. We 
shall come back at the end of our discussion to the question of whether 
we can give a more complete specification of C-orderings. 


Some Philosophical Considerations 237 


To keep things simple, let’s just focus on cases in which a collec- 
tion has a complete linear order, so that it is isomorphic — under the 
ordering — to a (perhaps improper) segment of the integers. 

Ifwe considera collection of this kind that hasa first element (under 
the relevant ordering), then, if the collection is a completed infinity, 
there is no subsequent element of the collection at which the collection 
can be said to be completed or by which the collection can be said to 
be completed. If, for example, we are considering a possible world in 
which there is a first day, then there is no day in that world at which 
the collection of days form a completed infinity. Nonetheless, it may 
be that, from a standpoint external to the possible world, we can say 
of its days that they form a completed infinity, for it contains infinitely 
many days that are ordered by the “is the next day after” relation. 

If we consider an arbitrary element in a collection of the kind under 
consideration, then there are two directions in which we might look 
to seek a subcollection that constitutes a completed infinity: one that 
follows the sense of the relevant ordering, and hence that has the 
element in question as its first element; and one that opposes the 
sense of the relevant ordering, and hence that has the element in 
question as its last element. Suppose, for example, we are considering 
a possible world in which there is an infinite series of generations. 
Then, on the one hand, we can consider whether a particular man X} 
is the first member of a C-series* whose members are related by the 
“x begets y” relation: X; begets X9; X begets X3;..., and, hence, we 
can also consider whether that man is the last member of a C-series 
whose members are related by the “x is begotten by y” relation: ...; X3 
is begotten by X9; Xe is begotten by X;. And, on the other hand, we 
can consider whether that man is the last member of a C-series whose 
members are related by the “x begets y” relation: ...X_ begets Xo; Xo 
begets X;; and, hence, we can also consider whether that man is the 
first member of a C-series whose members are related by the “x is 
begotten by y” relation: Xj is begotten by Xo; Xo is begotten by X_};.... 

It might be claimed that it is a constraint on the notion of C- 
orderings that it cannot be that both a relation and its converse are 
C-orderings. Plainly enough, if we suppose that there are cases in which 
the converse of a C-ordering is not a C-ordering, then there are cases 


9 — : , 
“ A C-series is a series whose members are ordered by a C-ordering. 
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in which an infinite collection can be completed only in one direc- 
tion. If, for example, we suppose that the “x is the day after y” relation 
is a C-ordering, whereas the “x is the day before y” relation is not a 
C-ordering, then we shall suppose that there cannot be a completed 
infinity of days in which there is a last member under the “x is the 
day after y” relation. If we suppose further that there are no stand- 
points suitably external to the “x is the day after y” relation, then we 
can say that there cannot be a completed infinity of days under this 
C-ordering. 

Of course, in actual cases, the main points of contention will be: 
(1) whether there are standpoints suitably external to an ordering 
that is a candidate to be a C-ordering; and (2) whether the candidate 
to be a C-ordering is, indeed, a C-ordering. I take it that, if we ask 
whether the “x is the day after y” relation is a C-ordering, the only way 
that we have of answering this question is to ask whether the number 
of past days could be infinite: This relation is a C-ordering iff the 
number of past days cannot be infinite. No further content has been 
given to the notion of a C-ordering than this. Consequently, while 
I think that we can take it to be an analytic truth that no Cordering 
generates a completed infinity — “no completed infinity can be formed 
by successive addition” — it would be plainly misguided to suppose that 
the following argument is compelling. 


1. No infinite collection can be complete under a C-ordering. 

2. Ifthe past were infinite, then the past would be complete under 
the C-ordering “x is the day after y.” 

3. Therefore, the past cannot be infinite. 


If the past can be infinite, then it is not true that the relation “x is 
the day after y” is a C-ordering: In order to have warrant to accept the 
second premise of this argument, one must already have warrant to 
accept its conclusion. 


(c) Addition versus Accretion 


At the beginning of our discussion of the distinction between actual 
infinities and merely potential infinities, we helped ourselves to the 
assumption that we could quantify over the natural numbers. Given 
the cases that we wish to consider, that assumption is insufficient; we 
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also need to consider cases that arise under the assumption that we 
can quantify over other collections of numbers such as the rational 
numbers and, in particular, the real numbers. 

If we have a collection that is ordered by the natural numbers, 
then the collection forms a series. Under the ordering, there is a first 
member of the series, second member of the series, third member of 
the series, and so on. In general, each member of the series but the 
first member — if there is one — is preceded by another member of 
the series; and each member of the series but the last member — if 
there is one — is succeeded by another member of the series. Thus, 
in the case of collections of this kind, it can make sense to say that 
the members of the series are related each to the next by a relation 
of “successive addition”. For example, one might say that the series of 
days is constituted by a relation of “successive addition”: Each day is 
“added” to the day that came immediately before it. 

However, matters are different ifwe have a collection that is ordered 
by the rational numbers or the real numbers. If we have a collection 
that is ordered by the rational numbers, then, under that ordering, 
that collection does not form a series. Since the ordering in question 
is dense, between any two distinct elements of the collection there is 
a third element distinct from each, under the ordering. So, in the 
case of a collection of this kind, it makes no sense to say that the 
members of the series are related each to the next by a relation of 
“successive addition”: Given any member of the collection, there is 
no next member for it to be related to in this way. Of course — as 
we learned from Cantor — it may be that there is some other relation 
under which the elements of our collection are ordered by the natural 
numbers, and so it may be that the elements of our collection stand in 
a relation of “successive addition” under that different ordering. But, 
equally, it may be that there is no plausible way in which the elements 
of our collection may be supposed to stand in a relation of “successive 
addition”. 

If we have a collection that is ordered by the real numbers, then 
matters are different again. In this case — again as we learned from 
Cantor — there is no way of ordering the collection so as to make 
them form a series. If we have a collection that is ordered by the real 
numbers, then there is no way of reordering the collection under 
which it makes sense to say that the elements of the collection stand in 
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a relation of “successive addition”. So, for example, if the collection of 
instants of time is ordered by the real numbers, then it makes no sense 
to say that instants of time are related by “successive addition”, even if 
it is true that seconds, days, hours, and years are so related. Moreover, 
If time is composed of instants, then it doesn’t make any sense to say 
that time itself is ordered by a relation of “successive addition”, despite 
the fact that there are temporal entities - weeks, months, decades — 
that are so ordered. 

Since there is a terminological hole that has arisen, I propose that 
we use the term “progressive accretion” to describe the case in which 
a collection has a dense ordering: If time is composed of instants, 
and if the ordering of those instants is dense, then the instants of time 
stand in a relation of “progressive accretion”. Given this terminological 
decision, it follows that, if one wants to deny that instants of time stand 
in a relation of “progressive accretion” — that is, if one wants to insist 
that the mereological atoms of time stand in a relation of “successive 
addition” — then one is obliged to maintain that the mereological 
atoms of time are discrete: There are only finitely many mereological 
atoms of time in any day, year, century, millennium, and so on. 


(d) Abstract versus Concrete 


The last distinction to which I wish to draw attention is one that we 
mentioned at the beginning of the first chapter of this book. When 
we worry about whether there can be infinite collections of entities, 
there are certain kinds of entities for which this question seems far 
more pressing than it does for other kinds of entities. If, for example, 
we suppose that there are natural numbers, then it seems that one 
might suppose that it is relatively unproblematic to suppose that there 
are infinitely many natural numbers, while nonetheless supposing that 
there is something deeply troubling about the thought that there is 
a one-one correspondence between the natural numbers and objects 
that occupy more than 1 cm? of space, or days that elapse in the course 
of history, or shortest distances in metres to points to which one might 
travel by spaceship. Of course, one might think that it is problematic to 
suppose that there are infinitely many numbers even if one supposes 
that there are numbers — more about this in the next section — but the 
point to be registered here is that it is not obviously unreasonable to 
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suppose that one might wish to distinguish between the numbers and 
such things as physical objects, days elapsed, and shortest traversable 
integral distances in the way indicated. 

If we suppose that numbers exist, then we should not suppose that 
an infinity of numbers would be a nonactual infinity — that is, we can- 
not suppose that we can use the distinction between actual and merely 
potential infinities in order to divide the cases currently under consid- 
eration. 

Perhaps we might think that, if numbers exist, then an infinity 
of numbers would be a not merely actual infinity; that is, we might 
suppose that what is crucial here is the existence of contingent — as 
opposed to necessary — infinite collections. However, it is not obvi- 
ous that all of the entities that belong on the “numbers” side of our 
divide are necessary existents. Consider, for example, propositions. If 
one supposes that there are singular propositions and that a singular 
proposition exists at a world only if the constituents of that proposi- 
tion exist at that world, then one will suppose that there are contin- 
gently existent propositions. Nonetheless, itseems that the existence of 
infinitely many propositions — and, indeed, the existence of infinitely 
many singular propositions — would be no more worrying than is the 
existence of infinitely many numbers. (Another example that might 
be considered here is sets. If we suppose that there are impure sets,” 
then, given the resources of standard set theory, there are plenty of infi- 
nite collections of contingently existing sets. For instance, consider the 
infinite series of sets that is generated by starting with a contingently 
existing object o, and forming singletons: {o}, {{o}}, {{{o}}}, etc.) 

A more plausible suggestion is that the distinction we seek discrim- 
inates between infinite collections of abstract entities and infinite col- 
lections of nonabstract — concrete — entities. If there are abstract enti- 
ties ofa certain kind —sets, functions, propositions, properties, possible 
worlds, and so forth — then it seems that the existence of an infinite 
collection of entities of that kind is no more worrying than the exis- 
tence of an infinite collection of numbers. Of course, this proposal 
immediately raises various questions: In particular, one would like to 
know more about how to draw the distinction between abstract entities 


3 Impure sets are sets of which it is not true that they, and their members, and the 
members of their members, and so forth, are all free of ur-elements or individuals. 
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and nonabstract entities. I offer no more than a tentative sufficient 
condition: If an object is neither an embedder of nor embedded in 
a network of causal relations, then that object is abstract. (I suppose 
that the physical universe is not an abstract object, even though — plau- 
sibly — it is not embedded in a network of causal relations. Hence, it 
would count as abstract unless we made the provision that something 
that embeds a network of causal relations need not be abstract.) While 
this formulation is obviously too crude and in need of refinement, it 
seems to divide most cases in a way that accords with intuition: If they 
exist, then numbers, sets, propositions, properties, and functions are 
all plausibly abstract according to this formulation. 

If possible worlds are given a Lewisian realist construal, then they 
are not abstract; else, I think, possible worlds are abstract. That, too, 
seems right: Opinion varies about whether possible worlds are abstract 
objects. However, an infinity of Lewisian possible worlds may still seem 
to be less problematic than an infinity of physical objects, days elapsed, 
or shortest traversable integral distances. In that case, one might sup- 
pose that the requisite distinction is not really between the abstract 
and the concrete, but rather between that which embeds or is embed- 
ded in the causal network to which we belong and that which neither 
embeds nor is embedded in the causal network to which we belong. 

As I have already mentioned, it is contentious whether we should 
suppose that there are numbers, sets, propositions, properties, and so 
forth. However, we don’t really need to explore this issue here. On the 
one hand, if there are numbers, sets, propositions, properties, and so 
forth, then it is fair to ask whether there can be infinite collections of 
these things; on the other hand, if there are no numbers, sets, prop- 
erties, propositions, or whatever, we can still ask questions about the 
infinitary nature of talk that appears to refer to things of these kinds. 
If there are natural numbers, then it is fair question of whether there 
are infinitely many natural numbers; if there are no natural numbers, 
it is still a fair question of whether we can understand theories that 
appear to assert that there are infinitely many natural numbers. 


8.2 PHILOSOPHIES OF PURE MATHEMATICS 


Given the fundamental role that mathematical concepts play in our 
understanding of the infinite, it is reasonable to think that the most 
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telling criticisms of theories that claim that there are actually infinite 
and/or potentially infinite domains of objects would be criticisms of 
the use of these concepts in mathematics. If we suppose that we can 
arrive at a coherent mathematical conception of infinite collections, 
then we ought to be able to constructa philosophy of mathematics that 
explains how we are able to do this. In the next few sections of this chap- 
ter, I review various considerations that are relevant to the question of 
whether we can construct a philosophy of mathematics that explains 
how we are able to arrive at a coherent mathematical conception of 
infinite collections. Since the best discussion that I know of these mat- 
ters is contained in Lavine (1994), I shall draw fairly extensively on 
Lavine’s work. 


(a) General Desiderata 


The first question to be addressed is what we want from a philosophy 
of mathematics in this area. I suppose that the answer is something 
like this. If we suppose that there is a certain domain of objects — or, 
if, more generally, we suppose that a certain kind of theory is true — 
then it seems reasonable to insist that we ought to be able to give some 
rough account of how it can be that it is reasonable for us to believe that 
there are those objects and that the theory in question is true. Some 
people might think that, if we suppose that there is a certain domain 
of objects — or if, more generally, we suppose that a certain kind of 
theory is true — then it is also reasonable to insist that we ought to be 
able to give some rough account of how it could be that we could know 
that there are those objects and that the theory in question is true. In 
order to prescind from an investigation into the connections between 
knowledge and certainty — and, more generally, in order to prescind 
from an investigation of the vexed topic of the analysis of knowledge — 
I shall suppose that it is enough to have a good enough account of 
how one can come by reasonable beliefin the area in question; I don’t 
think that anything of importance to the current project will turn on 
this assumption. 

If we suppose that we can come by reasonable belief about a certain 
domain of objects — or if, more generally, we suppose that we can 
come by reasonable belief that a particular theory is true — then it is 
reasonable to insist that we ought to be able to give some rough account 
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of how that reasonable belief is related to experiences that play a role in 
warranting our belief that there are those objects and that the theory 
in question is true. Again, there may be people who want to insist on 
a stronger constraint at this point. Perhaps, for example, one might 
think that one can have a reasonable belief that there is a mathematical 
object that possesses a certain kind of property only if one has an 
experience associated with the possession of an appropriate property 
by an appropriate object that makes it reasonable for you to believe 
that the mathematical object has the property in question. Since this 
stronger constraint seems defensible, we shall not suppose from the 
outset that it must be set aside; however, we shall see soon enough that 
there are many prima facie plausible philosophies of mathematics that 
do not meet this stronger constraint. 


(b) A Rough Taxonomy 


Against the background of our theoretical desiderata, we can dis- 
tinguish a number of broadly different approaches to the philoso- 
phy of mathematics. Since a philosophy of mathematics is required 
to coordinate a theory about experience, a theory about what it is 
reasonable to believe, and a theory about what there is (and what 
is true of what there is), there are distinctions that can be applied 
in each of these areas. In this taxonomy, when I talk about putative 
numbers, I’m talking about numbers that are postulated in classical 
mathematics: entities that would exist if all of classical mathematics 
were true and the quantifiers used in classical mathematics were onto- 
logically committing. 

1. Strict Finitism: A strict finitist in the realm of experience is some- 
one who is sceptical that we can make sense of the idea of experi- 
encing particular, sufficiently large numbers. A strict finitist in the 
realm of reasonable belief is someone who doubts that we can reason- 
ably believe that certain putative large numbers really are numbers. 
A strict finitist in the realm of ontology is someone who believes that 
certain putative large numbers are not numbers. While the three types 
of strict finitism are independent, we can certainly imagine a theorist 
who endorses all three; perhaps we can also imagine theorists who 
endorse, say, strict finitism in the realm of experience, but who do 
not endorse strict finitism in the other realms. There are instances of 
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theorists who have been strict finitists — or, at any rate, who have seri- 
ously countenanced a strict finitism — of one or another of these kinds. 
For example, van Dantzig (1955) asks whether 01"? is a finite number; 
and Isles (1992) asks whether there is any evidence that 955536 is a 
natural number. (Lavine uses ,o10!”” as his example of a putative num- 
ber that might be sufficiently large to serve the purposes of a strict 
finitist.) 

2. Liberal Finitism: A liberal finitist in the realm of experience is 
someone who thinks that we cannot make sense of the idea of experi- 
encing sufficiently large numbers but who refrains from nominating 
any particular sufficiently large numbers of this kind. A liberal finitist 
in the realm of reasonable belief is someone who thinks that there are 
putative sufficiently large numbers that cannot reasonably be believed 
to be numbers but who refrains from nominating any particular puta- 
tive sufficiently large numbers as a case in point. A liberal finitist in 
the realm of ontology is someone who thinks that there are puta- 
tive sufficiently large numbers that are not numbers but who refrains 
from nominating any particular putative sufficiently large numbers as 
a case in point. As in the previous case, while the three types of lib- 
eral finitism are independent, we can certainly imagine a theorist who 
endorses all three; moreover, we may also be able to imagine a theorist 
who endorses, say, liberal finitism in the realm of experience, while 
rejecting liberal finitism in the other realms. 

3. Potential Infinitism: A potential infinitist in the realm of experi- 
ence is someone who thinks that, while we can make sense of the idea 
of experiencing any number, no matter how large, we cannot make 
sense of the idea of experiencing all of the numbers: To any point in 
time, there are only finitely many experiences of numbers, but there 
is no upper bound to the experiences of numbers that there might be 
in the future. A potential infinitist in the realm of reasonable belief 
is someone who thinks that, while we can reasonably believe of any 
putative number, no matter how large, that it is a number, we can- 
not reasonably believe of all putative numbers, no matter how large, 
that they are numbers: To any point in time, there are only finitely 
many putative numbers that can reasonably be believed to be num- 
bers, but there is no upper bound to the putative numbers that might 
reasonably be believed to be numbers in the future. A potential infini- 
tist in the realm of ontology is someone who thinks that, while any 
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putative number is a number, it is not the case that all putative num- 
bers are numbers: To any point in time, there are only finitely many 
putative numbers that are numbers, but there is no upper bound to 
the putative numbers that are numbers in the future. Once again, 
while the three types of potential infinitism are independent, we can 
certainly imagine theorists who endorse all three; and we can also 
imagine theorists who endorse only one or two of these types of poten- 
tial infinitism, while rejecting the third. Two examples that involve 
potential infinitism of one or more of these kinds are intuationism and 
constructivism. Both of these views require the adoption of nonclassical 
logic and yield a version of mathematics that is very different from clas- 
sical mathematics. While intuitionistic mathematics and classical math- 
ematics are incomparable — neither is included in the other — there 
are versions of constructive mathematics that are properly contained 
in classical mathematics. Moreover, while an intuitionist is a potential 
infinitist in the realm of ontology, a constructivist can take almost any 
position in the realm of ontology, including that of an actual infinitist: 
Constructivism is a view about experience and reasonable belief, not 
a view about ontology. 

4, Actual Infinitism: An actual infinitist in the realm of experience is 
someone who thinks that we can make sense of the idea of experienc- 
ing all of the numbers. An actual infinitist in the realm of reasonable 
belief is someone who thinks that we can reasonably believe of all puta- 
tive numbers that they are numbers. An actual infinitist in the realm 
of ontology is someone who thinks that all putative numbers are num- 
bers. Those who accept classical mathematics — that is, those who hold 
that all of the (uncontroversial) theorems of classical mathematics are 
true — are plausibly taken to be actual infinitists in at least the latter 
two of these three senses. 

As Lavine emphasises — and as we have, in effect, already noted — it 
should not be supposed that strict finitism, liberal finitism, potential 
infinitism, and actual infinitism in the realm of ontology are a linearly 
ordered series of views. While strict finitism, liberal finitism and actual 
infinitism are all developed with classical logic, potential infinitism is 
developed within a nonclassical logic. In consequence, it is not true 
that each of these views delivers a successively larger part of classical 
mathematics: Potential infinitism merely overlaps classical mathemat- 
ics; it is not properly contained within it. 
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8.3 KNOWING THE INFINITE 


Ifwe suppose that we can tell a story according to which it is reasonable 
to believe all of classical mathematics, then, plausibly, we need to be 
able to tell a story about how we can make sense of the idea of experi- 
encing all of the numbers. More generally, we need to be able to tella 
story about how it is that our mathematical experience is adequate for 
the classical mathematical theory that we have developed. There have 
been various theories that have been developed to try to explain how 
it is that we can have reasonable beliefs about infinite mathematical 
objects on the basis of our — undeniably — finite experiences. In this 
section, we shall briefly survey some of the theories of this kind. 

1. Via Negativa: One might take the view that all reasonable beliefs 
about the properties of the infinite are based on reasonable beliefs 
about the general properties of the finite and infinite and the further, 
evidently reasonable, claim that the infinite is that which is not finite. 
As Lavine (1994: 181) encapsulates it: You understand ‘finite’. You 
understand ‘not’. So you understand ‘Not finite’. So you understand 
‘Infinite’. What’s the problem? Well, the difficulty is that there are 
axioms in Classical set theory that cannot be obtained in this way. In 
particular, neither the Axiom of Choice nor the Axiom of Replacement 
can be justified by the via negativa. Since we want a theory that will just- 
ify all of classical mathematics, we cannot rest content with this one. 

2. Formalism: There are various different formalist approaches to the 
philosophy of mathematics. The core idea is that what we might mis- 
takenly take to be reasonable belief about the properties of the infinite 
is actually reasonable belief about (finite) descriptions of the infinite. 
We shall briefly mention a few of the varieties of formalism, and then 
indicate some of the general weaknesses of this kind of approach to 
philosophy of mathematics. 

According to game formalism, mathematics is just a series of manip- 
ulations of objects — numerals, sentences of a formal language, and 
so on — according to arbitrary stipulated rules. According to meta-game 
formalism, mathematics is the theory of formal games (in the game for- 
malism sense). According to deductivism, mathematics is the deduction 
of consequences from axioms. 

One obvious difficulty with all of these formalist views is that they 
are plainly unable to explain the ways in which mathematicians select 
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axioms (and, more generally, subject matters). In set theory, for exam- 
ple, there are various questionable assumptions — Choice, Replace- 
ment, Power Set — that have been selected by mathematicians and that 
have been argued for by mathematicians. But if any of the formalist 
theories is correct, then it seems quite mysterious how we could make 
sense of this selection and justification of axioms. 

Another obvious difficulty with all of these formalist views is that 
they lack the resources to explain the application of mathematics to 
nonmathematical domains. There are many mathematical results that 
have numerous different practical applications. Lavine’s example is 
group theory: The same theorems from group theory find application 
to the solution of polynomial equations, the characterisation of the 
interactions of elementary physical particles, the devising and cracking 
of codes, the manipulation of Rubik’s cube and related games, and so 
forth. But, of course, the same point can be made about almost any 
branch of pure mathematics. Yet if any of the formalist theories is 
correct, it seems quite mysterious how mathematical theories could 
have application to anything outside mathematics: Games are not the 
right category of thing to have applications. 

A third difficulty that faces formalist views is that they lack the 
resources to explain why we suppose that some mathematical theo- 
ries are more fundamental than others, and why we are confident that 
our most fundamental theories — for example, set theory — are consis- 
tent. Any satisfactory philosophy of mathematics needs to be able to 
account for the fact that we treat mathematics as a single corpus: The 
results from one mathematical theory can be freely applied in other 
mathematical domains. Furthermore, any satisfactory philosophy of 
mathematics needs to be able to make sense of the suggestion that set 
theory is a foundational mathematical theory and to explain how it is 
that mathematicians have come to believe that set theory and arith- 
metic are consistent theories. At the very least, it is highly doubtful 
that there is any formalist theory that can do all of these things. 

While the discussion to this point is hardly conclusive, I am inclined 
to think that there is not much prospect that a formalist philosophy 
of mathematics can be developed that will meet these difficulties (and 
others that have not been mentioned here). If we are interested in 
explaining and justifying the practice of classical mathematicians, then 
we shall need to look elsewhere. 
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3. Hilbert’s Finitism: While the details of Hilbert’s finitism are subject 
to dispute, the broad outline of Hilbert’s program is relatively clear. 
There are two parts to the program. In the first part, we construct a fini- 
tary mathematics that is incontestable in every respect; in the second, 
we build the rest of classical mathematics on top of the incontestable 
finitary base, using methods that are themselves incontestable. The 
details of the construction of finitary mathematics need not concern 
us here; however, we need to say a little more about the way in which 
Hilbert proposed to found all of the classical mathematics on a fini- 
tary mathematical base. The basic idea is simple: A piece of classical 
(infinitary) mathematics is justified in Hilbert’s eyes if it has an axiom- 
atization that can be proven to be consistent using a finitary proof, 
that is, a proof that is sanctioned by finitary mathematics and finitary 
logic. 

It is almost universally accepted that Hilbert’s program cannot be 
carried through. The stumbling block is Gédel’s second incomplete- 
ness result: No theory that meets certain mild conditions can prove 
its own consistency. If Hilbert’s program were successfully carried out, 
then set theory — a theory that meets the mild conditions of Géddel’s 
second incompleteness result — would have proven its own consistency. 
(As Detlefsen (1986) argues, there is enough wiggle room to ensure 
that there is not here a proof of the impossibility of the carrying out 
of Hilbert’s program. However, the kinds of considerations to which 
Detlefsen appeals do not provide good reasons for supposing that 
Hilbert’s program is feasible after all.) 

It should not be supposed that this is the only major problem that 
faces Hilbert’s proposal. Even if it were possible to show, using finitary 
means, that all of classical mathematics is consistent relative to finitary 
mathematics, it is not clear that that provides enough justification 
for classical mathematics. As we noted in connection with formalism, 
classical mathematics requires the selection and justification of certain 
axioms; but there is nothing in the carrying out of Hilbert’s program 
that can explain or justify the selection of axioms. If we want to meet 
the general desiderata set out above for a philosophy of mathematics, 
then it seems that Hilbert’s program will not give us what we want. 

In sum, our examination of attempts to explain how we can have 
reasonable beliefs about infinite mathematical objects on the basis of 
our finite experiences has so far ended in disappointment: The kinds 
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of philosophies of mathematics that were prominent in the early part 
of the twentieth century are not adequate to the task. While we shall 
return to this quest, we first make a detour to consider approaches to 
the problem of the justification of acceptance of infinitary mathemat- 
ics that have a very different rationale. 


8.4 PUTTING CLASSICAL MATHEMATICS FIRST 


If we think of the theories mentioned in the previous section as 
attempts to figure out what we can reasonably believe in mathematics 
on the basis of uncontroversial doxastic assumptions — for example, 
the assumption that we can perform finite series of operations with 
finite strings of symbols — then we can think of the theories to be men- 
tioned in the current section as attempts to justify the claim that we can 
reasonably believe all of classical mathematics on the basis of rather 
more tendentious doxastic assumptions. We shall consider three ways 
in which one might try to argue that our doxastic capacities unprob- 
lematically equip us for reasonable belief in all of the fundamental 
axioms and rules of classical mathematics. 

1. Gédelian Intuition: It is a remarkable fact that the vast majority 
of working mathematicians, in all cultures, and from diverse back- 
grounds, find themselves in agreement about the naturalness — and, 
indeed, the self-evident correctness — of accepting certain mathemat- 
ical axioms. As Gédel put it, “the axioms force themselves upon us 
as being true”. Now, of course, there are various ways in which one 
might try to deflate the apparent importance of this observation — for 
example, by appealing to sociological theories about the way in which 
mathematical intuition is collusive, or the product of accidental social 
and historical forces, and so forth. Nonetheless, there is at least some 
reason to suppose that the way in which the axioms of classical math- 
ematics “force themselves upon us” is evidence that we do have a kind 
of intuitive grasp of the objects of classical mathematics. 

The most obvious difficulty with approaches of this kind is that it 
is remarkably difficult to give any intelligible account of the link or 
connection between the domain of objects in which the alleged rea- 
sonable belief is held, and the cognitive faculties and abilities that we 
can confidently suppose human mathematicians to possess. Certainly, 
Godel himself gave no more than the scantest hints about how it is 
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that he supposed classical mathematicians secure reliable access to 
the objects of classical mathematics. 

It might also be objected that there has always been an at least siz- 
able minority of mathematicians who have rejected the claim that the 
axioms and procedures of classical mathematics are self-evidently cor- 
rect. There have been many mathematicians who have been happy 
to allow that the axioms and methods of classical mathematics have 
proven to be fruitful, while nonetheless insisting that there is no good 
reason to suppose that the axioms are true and the methods con- 
ducive to the attainment of truth. Moreover, if it turns out — as it may — 
that most mathematicians can be trained to judge in advance whether 
results are classically acceptable or whether they are acceptable only 
on finitist, intuitionist, or constructivist principles, then it might be 
said that what we really have firm intuitions about is what follows from 
what according to selected rules and principles. 

Finally, it must be noted that there is less agreementat the ‘frontiers’ 
of mathematics. In particular, there are many places where the infinite 
seems to be a locus of disagreement — for example, in disputes about 
the axiom of choice. 

2. Indispensability. We might suppose that there is no way in which 
our mathematical beliefs can be neatly partitioned from our beliefs in 
other areas, and, in particular, from our beliefs in the natural sciences. 
Given that so many of our beliefs — in, say, all of the various areas of 
physics and chemistry — require classical mathematics both for their 
very formulation and for their justification, we can then insist that 
acceptance of classical mathematics is justified in the very same way 
that acceptance of the natural sciences is justified in general — however 
that might be. There is no special mathematical intuition that must 
be invented in order to justify acceptance of the axioms and proce- 
dures of classical mathematics; rather, acceptance of the axioms and 
procedures of classical mathematics is justified because we are justi- 
fied in accepting the results and claims of natural science, and those 
results and claims require classical mathematics for their formulation 
and justification. 

There are at least two kinds of difficulties with this kind of sugges- 
tion. First — and perhaps most important — it seems that there is no way 
that the Quine-Putnam indispensability arguments can licence accep- 
tance of the parts of set theory in which we are most interested. Quine 
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himself admitted that his indispensability argument provided no rea- 
son for accepting the Axiom of Replacement. It is not very controver- 
sial that there are various axioms of set theory — Choice, Replacement, 
Power Set — whose ready acceptance by mathematicians is not well 
explained by the role that these principles play in mathematics that 
is required for — or that is a natural extension of mathematics that is 
required for — natural science. 

Second, one might suspect that the amount of mathematics that is 
ineliminably required for physics and chemistry is actually much less 
than many have supposed: A case can be made that almost all of the 
mathematics that is required for physics and chemistry can be found 
in Peano arithmetic (and, indeed, in a tiny fragment thereof). It is 
not just that physics and chemistry have no use for the inaccessible 
cardinals — and neither is it just that hypotheses about inaccessible 
cardinals cannot be justified as the natural extensions of principles 
that are foundational for familiar physics and chemistry; rather, the 
worry here is that there is really only a small fragment of classical 
mathematics that is genuinely required for the purposes of the natural 
sciences.4 

3. Structuralism and Second-Order Theories: We might suppose that the 
difficulties that we encounter when we ask about the justification of 
the acceptance of classical mathematics stems from the misguided 
thought that we should interpret classical mathematical theories as 
first-order theories, that is, as theories that can be formulated in a 
first-order language in which one quantifies only over objects but not 
over predicates. If this assumption is set aside, then there are various 
alternative views that arise for consideration. We might suppose, for 
example, that mathematics is actually concerned with the investigation 
of structures— domains of properties and relations — rather than with the 
investigation of domains of objects. Relatedly, we might suppose that, 
contrary to what was long received opinion, classical mathematical 
practice is actually founded in classical second-order logic — or, at 
least, some restricted version of classical second-order logic — and not 
in classical first-order logic. 

One difficulty with any approach of this kind is that the doxastic 
credentials of second-order logic are hardly any more secure than 


4 For a forceful statement of a worry of this kind, see Feferman (1989). 
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the doxastic credentials of classical mathematics. While there may be 
something appealing in the suggestion that the foundations of math- 
ematics are just more mathematics — second-order logic is not, after 
all, free of controversial mathematical commitments — it is hard to see 
how any approach of this kind could lend support to the conclusion 
that our doxastic capacities unproblematically equip us for reasonable 
belief in all of the fundamental axioms and rules of classical mathe- 
matics. It may well be true that we do better to suppose that some kind 
of second-order theory — for example, the schematic second-order set 
theory that is described in Lavine (1994: 226ff.) — provides foundations 
for classical mathematics; but it is not at all clear what kind of contri- 
bution this supposition can make to the task of understanding how 
it can be reasonable to accept the axioms and procedures of classical 
mathematics. 

In sum, our examination of ways in which one might try to argue 
that our doxastic capacities unproblematically equip us for reasonable 
belief in all of the fundamental axioms and rules of classical mathe- 
matics appears to end in disappointment. While it seems to me that 
there is something right in each of the approaches that I have men- 
tioned, it also seems to me that none of them provides a compelling 
argument for the conclusion that our doxastic capacities unproblem- 
atically equip us for reasonable belief in all of the fundamental axioms 
and rules of classical mathematics. Of course, a more extensive discus- 
sion might overturn this tentative conclusion — there is, after all, much 
more to be said about each of the kinds of views that has been men- 
tioned here; nonetheless, I think that there is good enough reason to 
turn our attention elsewhere. 


8.5 EXTRAPOLATION FROM FINITE MATHEMATICS 


The question that we have been considering — the question of how 
it is that our doxastic capacities equip us for reasonable belief in the 
axioms and rules of classical mathematics — is one of the main topics 
of investigation in Lavine (1994). After canvassing the various options 
that we have mentioned in the previous two sections of this chapter, 
Lavine presents an alternative proposal: He claims that the concept 
of the infinite in classical mathematics arises as an extrapolation from 
experience of the indefinitely large. 


254 Philosophical Perspectives on Infinity 


As Lavine notes, the idea of an indefinitely large collection — a col- 
lection that is too large to count using specified resources in specified 
ways, a collection of a zillion things — is not problematic in the same way 
as the idea of an infinitely large collection. We certainly understand 
the idea of a collection that is indefinitely large, relative to certain 
kinds of interests and purposes: It is easy to specify contexts in which 
we are happy to allow that we simply cannot count the number of stars 
in the sky, the number of refugees who would like political asylum in 
our country, the number of books that we wish that we had time to 
read, the number of grains of sand on a beach, the number of hours 
that we have wasted watching reality television, or the like. Of course, 
when we say that we “cannot” count these things, our claim relies on an 
implicit qualification: Setting aside whatever worries about vagueness 
might arise, we could commit resources to the task of, say, accurately 
recording hours spent watching television sufficient to allow us to say 
with considerable confidence how many hours have been spent watch- 
ing reality television. Moreover, in each of these cases, we can easily 
estimate upper bounds that we can be quite sure the cardinalities of 
the collections in question do not exceed: The number of stars visible 
to any one of us on a given cloudless night at a particular time of that 
night is not particularly large — not more than a few thousand — even 
though the practical difficulties that confront a naked-eye count are 
considerable. 

Given that we do understand the idea of a collection whose cardi- 
nality cannot be determined using the techniques and methods that 
are readily available to us — the idea of a collection that is too large for 
us to count given our current abilities, interests, and so forth — it seems 
that we can also understand the idea of a collection that is simply too 
large to count, fout court — the idea of a collection that is too large 
for anyone to count, regardless of his or her abilities, interests, and 
so forth. But according to Lavine, that just is the idea of an infinite 
collection: We arrive at the idea of the infinite by extrapolation from 
the idea of the indefinitely large, abstracting away from contextual 
dependence on abilities, interests, and the like. 

Of course, even if this is plausible as an account of the content 
of the idea of the infinite, there are various questions that must be 
addressed before we have even the beginnings of a satisfactory account 
of how it can be reasonable to accept the axioms and rules of classical 
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mathematics. First, we need to be convinced that there is a process of 
extrapolation from a theory that it is reasonable for us to accept to, say, 
classical set theory. Second, we need to be convinced that something 
like this process of extrapolation actually played a role in the develop- 
ment and widespread acceptance of classical set theory. Third, we need 
to be convinced that the theory from which we extrapolate in order 
to get to classical set theory is, indeed, a codification of reasonable 
beliefs about indefinitely large collections. 

Lavine claims that Mycielski’s finite mathematics provides a codi- 
fication of reasonable beliefs about indefinitely large collections that 
can satisfy at least the first and the third of the above demands. We 
have already seen — in chapter 2 above — that finite mathematics is a 
natural theory for indefinitely large collections and that any theory T 
can be obtained from Fin(7) by a process of “decontextualisation”. 
Of course, in practice, we mostly go in the other direction: We already 
have the axiomatization for 7; and then construct the axiomatization 
for Fin( 7). However, the relationship between the axiomatization for 
Fin(T) and the axiomatization for T is as described: If we remove 
the restrictions to indefinitely large collections on the quantifiers in 
Fin(T), we obtain the theory T. 

Given this much, it seems that we have the materials to understand 
all of the axioms and methods of classical mathematics. There is noth- 
ing in talk about infinite collections that cannot be understood as 
a decontextualising generalisation from talk about indefinitely large 
collections. So, if we wish to insist that there is some serious concep- 
tual difficulty involved in the understanding of classical mathematics, 
then we need to insist that there is some serious conceptual difficulty 
involved in the decontextualising generalisation of talk about indefi- 
nitely large collections. 

Of course, even if we accept that the above considerations establish 
that we are able to understand classical mathematics, it can hardly be 
supposed that they establish that it is reasonable to believe that classi- 
cal mathematics is all acceptable. Since every theory has an equivalent 
in finite mathematics, one might suppose that what Mycielskian con- 
siderations establish is that there is no reason to accept any parts of 
classical mathematics that are not also parts of finite mathematics. Far 
from vindicating the infinite in mathematics, Mycielskian considera- 
tions lead to the final overthrow of the infinite in mathematics! 
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As Lavine notes, it is clear that this is a possible response to the 
results presented at the end of chapter 2. However, other responses 
are possible. In particular, considerations about the absence of prin- 
ciples in finite theory that do not extrapolate to infinite set theory, 
when combined with observations about the vastly greater complexity 
of Fin(ZFC) when compared with ZFC, can surely be taken to pro- 
vide one kind of reason for preferring classical mathematics to finite 
mathematics. Moreover, if we are inclined to attribute some kind of 
objectivity — some independence of epistemic limitation — to the the- 
orems of mathematics, then it seems that we should prefer classical 
mathematical theories to their finite mathematical counterparts on 
the grounds that the latter embed a kind of epistemic restriction — 
“relative to current projects, interests, abilities, and so forth” — that 
is removed in the counterpart classical theories. Those with realist 
and/or objectivist tendencies are unlikely to feel at home in Myciel- 
skian finite mathematics. 

Perhaps even more than in other parts of this book, it must 
be emphasised here that the above discussion barely begins to dis- 
close the richness and complexity of recent discussions of the infi- 
nite in pure mathematics. Liberal finitism, potential infinitism, and 
actual infinitism all have very distinguished contemporary defenders. 
Godelian intuition, Quine-Putnam indispensability, structuralism, and 
second-order strategies have all been given serious and demanding 
defences by proponents of actual infinitism. We are very far from 
achieving any kind of consensus about infinity in the philosophy of 
mathematics. Nonetheless, the above summary may have some value 
as an indication of where major controversies lie. 


8.6 SOME NOTES ABOUT SET THEORY 


Before we move on to a discussion of philosophies of applied mathe- 
matics, it is worth taking a brief detour to consider how matters cur- 
rently stand with classical set theory. There are three matters that I 
wish to discuss. The first concerns the way in which the notion of 
“collection” is understood in set theory; the second concerns some 
issues that are not particularly well understood; and the third con- 
cerns those axioms that introduce the actual infinite into set theory. 
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1. Logical versus combinatorial conceptions of sets: One of the major 
themes of Lavine (1994) is the contrast between two different concep- 
tions of sets. On the one hand, there is the logical conception of set, 
according to which sets obey a principle of comprehension: Each set 
is associated with a definition or rule that characterises the members 
of the set. On the other hand, there is the combinatorial conception 
of set, according to which sets are arbitrary collections that need only 
be defined by the enumeration of their terms. On the combinatorial 
conception of set, some sets are associated with definitions or rules 
that characterise the members of the set, but these are special cases: 
It is left open by the combinatorial conception of set that there are 
collections whose members cannot be characterised by any definition 
or rule (in anything that we would recognise as a language). 

It is well known that early logical conceptions of set — for example, 
in the work of Frege — gave rise to paradoxes. Moreover, it is also well 
known that attempts to avoid these paradoxes while holding on to 
principles of comprehension gave rise to baroque complexities — for 
example, in Russell’s ramified theory of types. On the other hand, 
it is also well known that the combinatorial conception of set faces 
no similar difficulty: If the combinatorial conception of set leads to 
paradox, then so too does basic arithmetic. It is plausible to sup- 
pose that, from Cantor onwards, working mathematicians have almost 
all adopted a combinatorial conception of sets; it has largely been 
philosophers interested in the philosophical foundations of mathe- 
matics who have been tempted to adopt a logical conception of sets. 
Consequently — as Lavine emphasises — it is plausible to claim that there 
has never really been a “crisis” in the foundations of mathematics gen- 
erated by the so-called set-theoretical paradoxes: There has never been 
occasion for working mathematicians to feel threatened by the exis- 
tence of the paradoxes that are generated by naive comprehension 
principles. 

2. Open Questions: There are problems that arise in obtaining a satis- 
factory collection of axioms for set theory on either of the approaches 
mentioned in the previous subsection. 

On the one hand, as Lavine emphasises, it is very hard to see 
how Choice, Replacement, and Infinity are to be justified on logi- 
cal approaches to set theory. For instance, why should we suppose 
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that, just because there is a definition or rule that characterises each 
of the sets S,,..., S;,..., there is a definition or rule that charac- 
terises any choice set that is formed by taking one of the members 
from each of the S;? Of course, it is clear that Choice is not similarly 
problematic for the combinatorial conception of sets: Given the sets 
S,,..., S,,..., the combinatorial conception demands that there be 
choice sets that are formed by taking one of the members from each of 
the §;. 

On the other hand, it is rather hard to see how the Power Set axiom 
is to be integrated into the combinatorial conception of sets. While 
Choice, Infinity, and Replacement are obvious principles to govern 
combinatorial collections, it is not at all clear why we should think that, 
for any combinatorial collection a, there is another collection whose 
members are all of the subcollections of a. Indeed, many have followed 
von Neumann in supposing that there are classes — collections that are 
“too big” to be sets — that obey an axiom of limitation of size. Moreover, 
it is worth noting that Power Set is not similarly problematic for the 
logical conception of sets: Given that there is a definition or rule that 
characterises the set a, there is a definition or rule that characterises 
the power set of a. 

In the face of these — and other — difficulties, Lavine (1994: 153) 
is moved to observe that our understanding of the foundations of set 
theory is hardly better than was d’Alembert’s understanding of the 
foundations of analysis in the second half of the eighteenth century. 
Is set theory first-order or second-order? Does set theory have one 
intended domain or many? Are all collections sets? Can limitation of 
size — and limitation of comprehensiveness and the iterative concep- 
tion of set — be accommodated within a coherent conception of sets? 
Where does Power Set fit into a combinatorial conception of sets? How- 
ever, against this emphasis that we are nearly as confused about the 
foundations of set theory as analysts were confused about the founda- 
tions of analysis prior to Weierstrass, Lavine (1994: 162) also notes that, 
just as analysts prior to Weierstrass knew a lot about analysis despite 
their ignorance about some foundational questions, so, too, we know 
quite alot about set theory and about the mathematically infinite. The 
fact that set theory is not a finished theory should not mislead us into 
supposing that we don’t, in fact, know a very great deal about infinite 
sets. 
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3. Infinite Power. The last point to be noted in this section is short 
and simple. When, in chapter 2, we looked at the principles that are 
used in set theory in the generation of infinite sets, we found a role 
for Infinity — in moving from the finite to the countably infinite — and 
Power Set — in moving from the countably infinite through the acces- 
sible cardinals. Of course, we also find a role for Choice and Replace- 
ment in generating new sets of any given cardinality, once we have sets 
of those cardinalities. But, quite apart from this latter consideration, 
we see that we don’t yet have a conception of set on which both of 
the fundamental principles that are used to generate infinite sets in 
the lower reaches of infinite set theory are unproblematic: Infinity is 
not an obviously natural component of the logical conception, and 
Power Set is not an obviously natural component of the combinatorial 
conception. So there may be some reason to withhold assent from the 
claim that we do, in fact, know a very great deal about infinite sets: It 
may not have been all that comfortable to have been an analyst in the 
latter half of the eighteenth century. 


8.7 PHILOSOPHIES OF APPLIED MATHEMATICS 


Corresponding to the range of available philosophies of pure math- 
ematics, there is a similar range of available philosophies of applied 
mathematics, that is, of views about domains to which mathematical 
theories can be properly applied. On the plausible assumption that 
mathematics can be used to accurately describe contingent processes 
and/or structures — and, in particular, on the plausible assumption 
that mathematics can be used to accurately describe physical processes 
and/or structures — there is a range of views that one can take about 
the kinds of mathematical theories that can have this kind of applica- 
tion. In this section, we consider the range of views that are available 
and provide some general desiderata that any philosophy of applied 
mathematics ought to meet. 


(a) General Desiderata 


We begin, then, with the question of what we want from a philosophical 
theory of the application of pure mathematics to contingent physical 
processes and/or structures. I suppose that the answer to this question 


260 Philosophical Perspectives on Infinity 


is something like this. If we suppose that there is a true theory of some 
domain of objects according to which those objects have properties 
that are accurately characterised by the application of a particular 
piece of pure mathematics, then it seems reasonable to insist that we 
ought to be able to give some rough account of how it can be that it 
is reasonable for us to believe that those objects — processes, structures — 
have the properties that are attributed to them by the mathematical 
theory in question. As before, there may be people who think that it 
is not sufficient to talk of reasonable belief here and that we should 
instead insist on a constraint that is formulated in terms of knowledge; 
but, as before, I claim that nothing of any importance for the current 
project turns on the decision to focus on the case of reasonable belief. 

Moreover, if we suppose that we can come by reasonable belief 
about a certain domain of objects — or if, more generally, we suppose 
that we can come by reasonable belief that a particular theory is true -— 
then it is reasonable to insist that we ought to be able to give some 
rough account of how that reasonable belief is related to experiences 
that play a role in warranting our belief that there are those objects 
and that the theory in question is true. Again, there may be people 
who want to insist on a stronger constraint at this point: Perhaps, for 
example, one might think that it is reasonable to insist that one can 
have a reasonable belief that there are objects that possesses a certain 
kind of property only if one has an experience associated with the 
possession of an appropriate property by an appropriate object that 
makes it reasonable for one to believe that the objects have the prop- 
erty in question. However, I shall not assume that we need to impose 
any stronger constraint of this kind. 


(b) A Rough Taxonomy 


Against the background of our theoretical desiderata, we can distin- 
guish a number of broadly different philosophical approaches that 
it is possible to take towards the question of contingently instanti- 
ated infinities. Since a comprehensive theory in any domain can be 
expected to coordinate a theory about experience, a theory about what 
it is reasonable to believe, and a theory about what there is (and what 
is true of what there is), there are distinctions that can be applied to 
each of these kinds of subtheories. The taxonomy that we produce will 
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be written in a language that assumes actual infinitism in the domain 
of pure mathematics: We allow ourselves to quantify unrestrictedly 
over all of the natural numbers. However, this fact is merely the prod- 
uct of expedience: We could formulate the distinctions in terms that 
are acceptable to any of the views under discussion (using fictionalist 
operators and the like). 

1. Finitism: A finitist in the realm of experience is someone who 
is sceptical that we can make sense of the idea of encountering in 
experience domains, processes, and structures that are properly char- 
acterised by sufficiently large or by sufficiently small yet nonzero num- 
bers. Roughly, the finitist in the realm of experience supposes that 
there is — and must be — a finite upper limit to the number of objects 
that can be presented to a subject in experience and that there is — 
and must be — a finite upper limit and a finite nonzero lower limit to 
magnitudes that can be presented to a subject in experience. Finitism 
in the realm of experience is not a particularly contentious doctrine: 
There are many people who are prepared to suppose that there is — 
and can be — no way in which either the potentially infinite or the 
actually infinite is presented to a subject in either a single experience 
or a finite course of experiences. 

A finitist in the realm of reasonable belief is someone who doubts 
that we can reasonably believe that there is no finite upper limit to the 
number of objects in some particular domain; who doubts that we can 
reasonably believe that there is no finite upper limit to the magnitudes 
of properties and relations that are true of objects in some domain; 
and who doubts that we can reasonably believe that there is no finite 
nonzero lower limit to magnitudes of properties and relations that are 
true of objects in some domain. Roughly, the finitist in the realm of 
reasonable belief doubts that it can ever be reasonable to hold a belief 


of the Va-form or a belief of the VOI-form. Clearly, there is a range of 
attitudes that might be mentioned here: Instead of doubting that one 
can hold reasonable beliefs of the kind in question, one might hold 
that it is simply unreasonable ever to hold one of these beliefs. I shall 
not fuss about the range of attitudes in what follows. 

A finitist in the realm of ontology is someone who believes that 
there is, and must be, a finite upper limit to the number of objects 
in any particular domain; who believes that there is, and must be, a 
finite upper limit to the magnitudes of properties and relations true 
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of objects in any domain; and who believes that there is, and must 
be, a finite nonzero lower limit to the magnitudes of properties and 
relations true of objects in any domain. Roughly speaking, according 
to the finitist in the realm of ontology, the contingently existing world 
is —and must be — everywhere finite. Strictly speaking, there are several 
different components to the view of the finitist in the realm of ontology 
that ought to be distinguished. First, this finitist holds the actual world 
is finite in the ways specified. Second, this finitist holds that every 
possible world is finite in the ways specified. Third, this finitist holds 
that there are only finitely many possible worlds. A similar point can be 
made to clarify the view that I have attributed to finitists in the realm of 
reasonable belief: The view is that one cannot reasonably believe that 
there are nonfinite possible worlds, and neither can one reasonably 
believe that there are infinitely many possible worlds. 

Itis perhaps worth noting that the distinction between strict finitism 
and liberal finitism in the philosophy of pure mathematics is not 
echoed in our taxonomy of views that can be adopted in the phi- 
losophy of applied mathematics. The point of that distinction in the 
philosophy of pure mathematics is to discriminate between those who 
are prepared to use extramathematical grounds to give examples of 
putative numbers that are not numbers and those who are prepared to 
endorse only the existentially generalised claim that there are putative 
numbers that are not numbers. Consequently, there is no reason to 
expect to find this distinction echoed in a philosophy of applied math- 
ematics, since there can be no interesting dispute over whether it is 
appropriate to use extramathematical grounds to make estimations of 
extramathematical quantities. 

It is perhaps also worth noting that a finitist in the realm of ontol- 
ogy hasa thoroughly digital conception of reality: There are minimum 
and maximum possible amounts of absolutely everything, and there 
are only finitely many distinct possible components that can be recom- 
bined in the constitution of a possible world. While finitism in the 
realm of experience is relatively uncontroversial, finitism in the realm 
of ontology is far more controversial — though perhaps defensible if 
one is a finitist in the realm of pure mathematics. 

Actual Infinitism: An actual infinitist in the realm of experience is 
someone who thinks that at least one infinite domain of objects is 
given in experience, who thinks that at least one infinite magnitude 
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is given in experience, or who thinks that at least one infinitesimal 
magnitude is given in experience. Amongst actual infinitists in the 
realm of experience, there will be those who suppose that there are 


encounters of the infinite in experience of the JV-form and those who 
suppose that there are encounters of the infinite in experience of the 


VA -form but that there are no encounters of the infinite in experience 
of the 4V-form. 
An actual infinitist in the realm of reasonable belief is someone 


who thinks that one can reasonably believe that there is an infinite 
domain of objects, that there is an infinite magnitude, or that there 
is an infinitesimal magnitude. Thus, an actual infinitist in the realm 
of reasonable belief will allow either that one can reasonably hold 


beliefs of the SV-form or that one can hold reasonable beliefs of the 


Va-form. Amongst actual infinitists in the realm of reasonable belief, 
we thus distinguish between those who allow that one can also hold 


reasonable beliefs of the JV-form and those who deny that one can 


hold any reasonable beliefs of the 3V-form. 

An actual infinitist in the realm of ontology is someone who holds 
that there is an infinite domain of objects, that there is an infinite 
magnitude, or that there is an infinitesimal magnitude. Thus, roughly, 
an actual infinitist in the realm of ontology holds either that there are 


true claims of the 4V-form or that there are true claims of the Vi-form. 
Amongst actual infinitists in the realm of ontology, we can distinguish 


between those who hold that there are true claims of the 4V-form and 


those who deny that there are any true claims of the 3V-form. 
Potential Infinitism: A potential infinitist in the realm of experience 
is someone who is neither a strict finitist nor an actual infinitist in 
the realm of experience. There are several different kinds of potential 
infinitists in the realm of experience. Some potential infinitists in the 
realm of experience hold that the strongest claims that can be given in 


experience have the Vi-form: It can be given in experience that, for 
any natural number 1, it is possible that there be a function on some 
things that takes a value greater than n. Other potential infinitists in 
the realm of experience hold that the strongest claims that can be 


given in experience have the }Vi-form: It can be given in experience 
that it is possible that, for any natural number n, there be a function 
on some things that takes a value greater than n. Yet other potential 
infinitists in the realm of experience hold that the strongest claims 
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that can be given in experience have the }iV-form: It can be given 
in experience that it is possible that there are some things that are 
such that, for any n, a function on those things takes a value greater 
than n. 

A potential infinitist in the realm of reasonable belief is someone 
who is neither a strict finitist nor an actual infinitist in the realm of 
reasonable belief. There are several different kinds of potential infini- 
tists in the realm of reasonable belief. Some potential infinitists in the 
realm of reasonable belief hold that the strongest view that one can 


have about any domain has the Vi-form: One can reasonably believe 
that, for any natural number 1, it is possible that there be a function on 
some things that takes a value greater than n. Other potential infini- 
tists in the realm of reasonable belief hold that the strongest view that 


one can have about any domain has the }Vi-form: One can reason- 
ably believe that it is possible that, for any natural number n, there 
be a function on some things that takes a value greater than n. Yet 
other potential infinitists in the realm of reasonable belief hold that 


the strongest view that one can have about any domain has the <>V- 
form: One can reasonably believe that it is possible that there are some 
things which are such that, for any n, a function on those things takes 
a value greater than n. 

A potential infinitist in the realm of ontology is someone who holds 


that, while there are true claims of the VOi-form, there are no true 


claims of the >V2-form. It is important to remember that we are talk- 
ing only about domains of contingently existing objects and contin- 
gently instantiated magnitudes at this point — for, otherwise, there is 
some danger that our characterisation of potential infinitism will lapse 
into incoherence. On the assumption that possible worlds are, them- 
selves, necessary existents, there is no difficulty in allowing the poten- 
tial infinitist to hold that there are at least as many possible worlds 
as there are natural numbers; if, on the other hand, what is possible 
depends on what is actual, then there is at least some reason to sup- 
pose that the potential infinitist in the realm of ontology will need to 


accept at least one claim of the Vi-form. 

It is worth noting that the way that we have chosen to use the labels 
“actual infinitism” and “potential infinitism” in our characterisation 
of approaches to the philosophies of applied mathematics may not fit 
neatly with all of the uses of these terms in the literature. While I think 
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that the application of these terms in the domain of philosophy of 
pure mathematics is relatively unproblematic — at least for purposes of 
taxonomy -— there may be genuine difficulties involved in the extension 
of this vocabulary to other domains. At least part of the uncertainty 
here lies in the fact that one of the major topics of debate concerns 
“the possibility of actual infinities” or — perhaps better — “the possibil- 
ity of contingently instantiated infinities”. Given that standard uses of 
the expression “potential infinity” are bound up with modal consid- 
erations, and in particular, with modalised conceptions of the future, 
there is typically considerable scope for clarification of the claim that 
the future is only “potentially infinite”. 


(c) An Example Reconsidered 


In Chapter 4, we considered various questions that arise when one 
thinks about spacetime in the context of the distinction between the 
finite and the infinite. Given the distinctions that we have just drawn 
between different philosophies of applied mathematics, we can add a 
little more precision to that earlier discussion. 

An ontological finitist about the compositional structure of space- 
time supposes that there are natural numbers n and msuch that there 
can be no more than n mereological temporal atoms and there can 
be no more than m mereological spatial atoms. 

An ontological actual infinitist about the compositional structure 
of spacetime either supposes that, in the actual world, for all n, there 
are more than n mereological temporal atoms and/or there are more 
than n mereological spatial atoms or supposes that, in the actual world, 
there are no mereological temporal atoms and/or mereological spatial 
atoms. 

An ontological potential infinitist about the compositional struc- 
ture of spacetime is neither an ontological finitist about the composi- 
tional structure of spacetime nor an ontological actual infinitist about 
the compositional structure of spacetime. Thus, an ontological poten- 
tial infinitist about the compositional structure of spacetime supposes 
that, for all n, there are possible worlds in which there are more than n 
mereological temporal atoms and n mereological spatial atoms — and 
some ontological potential infinitists about the compositional struc- 
ture of spacetime also suppose that there are possible worlds in which, 
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for all n, there are more than n mereological temporal atoms and n 
mereological spatial atoms — while denying both of the claims that are 
characteristically endorsed by ontological actual infinitists about the 
compositional structure of spacetime. 

Of course, it is easy enough to apply these distinctions — and the 
other distinctions that have been drawn in this chapter — to any of the 
other subject matters that have been discussed in this book. Since this 
is straightforward, it can be left as an exercise for the reader. We turn 
our attention, instead, to two important philosophical questions about 
the infinite that have not yet been addressed in our discussion. 


8.8 SKOLEM’S PARADOX 


As we noted in chapter 2, section 5 (a), it is one of the fundamental 
results of modern logic— the downward Lowenheim-Skolem theorem — 
that, if a set of sentences in first-order predicate calculus has a model, 
with a domain of any infinite cardinality, then it has a model with a 
denumerable domain. This result is sometimes thought to cast doubt 
on the idea that we could have good reason to suppose that there are 
nondenumerable infinities and, more generally, to create a “paradox” 
in the foundations of logic and set theory. 

Roughly, the “Skolem paradox” runs as follows. Suppose that we 
construct a theory of the natural numbers that includes a sentence that 
is naturally interpreted to say that there are nondenumerably many 
sets of natural numbers. Then, by the downward Lowenheim-Skolem 
theorem, there will be a model for our theory with a countable domain, 
that is, there will be an interpretation of the theory in a domain that 
consists of only denumerably many sets of natural numbers in which 
our sentence comes out true. But how can a sentence that says that 
there are nondenumerably many sets of natural numbers be true in 
a domain in which there are only denumerably many sets of natural 
numbers? Doesn’t this result show that we can’t so much as succeed in 
making the claim that there are nondenumerably many sets of natural 
numbers? 

Before we discuss Skolem’s paradox, it will help to have a more 
precise statement of the impressionistic argument that we just gave. 
We shall follow Boolos and Jeffrey (1980: 153) in the construction of 


this more precise statement. 
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Say that one ordered pair (x, y) of natural numbers precedes an- 
other ordered pair (7, 7) of natural numbers in the order O iff either 
x+y<it+j or x+y=7+ 7 and x<i. Define the pairing function 
J(%, 9) = ziff (x, y) is the z+ 1th pair in the order O. Note that /(x, y) isa 
one-one function from pairs of natural numbers to natural numbers. 
A set w of natural numbers is an enumerator of a set E of sets of natural 


numbers iff (Vz: zis a set of natural numbers) {z is in E> (Ax: xis a 
natural number) (Vy: yis a natural number) [yisin z<> J(x, y) isin w] }. 
Note that a set E of sets of natural numbers is denumerable iff E has 
an enumerator. 

Consider a language that contains the names 0, 1, 2,..., the two- 
place function symbol J, the one-place predicate letters N and S, and 
the two-place predicate letter €. We shall consider interpretations in 
which the elements of the domain are nothing other than natural 
numbers and sets of natural numbers, in which J is assigned the pairing 
function (extended to take the value 17 if either x or y is a set), N is 
true of any number, S is true of any set (of numbers), and € is true of 
y, ziff the number yis in the set z. On the standard interpretation, the 
domain contains all of the sets of natural numbers; on nonstandard 
interpretations, this need not be so. 


In every interpretation, the sentence ~(dw:Sw) (VzSz) (dxNx) 
(Vy:Ny) {y € z <> J(x,y) ew) is true iff there is no enumerator of the 
set of all sets of numbers in the domain of the interpretation that 
is itself in the domain of the interpretation. In particular, then, this 
sentence is true in the standard interpretation, since — as we learned 
from Cantor — there is no enumerator of the set of all sets of natural 
numbers. However, by the downward Lowenheim-Skolem theorem, 
there is an elementarily equivalent subinterpretation of the standard 
interpretation that contains only denumerably many elements, and 
hence in which the sentence ~ (Aw: Sw) (Vz:Sz) (Ax:Nx) (Vy:Ny) {y € 2< 
J(x, 9) € w) is true, even though what it seems to say is that there is no 


enumerator of the sets in that denumerable domain. 

What to say? Well, the most important point to make is surely that 
what a sentence can be understood to mean or to say depends on the 
domain over which it is interpreted. There is no difficulty in suppos- 
ing that the sentence in questions says that there are nondenumerably 
many sets when its quantifiers are taken to range over all of the nat- 
ural numbers and all of the sets of natural numbers. However, if we 
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interpret the sentence in a restricted domain so that the quantifiers 
range over only some of the natural numbers and/or some of the sets 
of natural numbers, then that sentence need not say that there are non- 
denumerably many sets; rather, what it will say is that the domain of the 
interpretation contains no enumerator of the set of sets of numbers 
in the interpretation — and, of course, ¢hat is true in any elementarily 
equivalent subinterpretation of the standard interpretation. 

While this may seem to be a satisfactory resolution of “Skolem’s 
paradox”, it can hardly be supposed that these considerations bring 
discussion to an end. As Wright (1985) argues, there is a question of 
whether the notion of ‘intended interpretation’ can bear the weight 
that it is required to carry in this response. On the one hand, there is 
a whole battery of sceptical arguments — to be found in the writings 
of Quine, Putnam, Kripke, and others — that seem to undermine the 
very idea of determinacy of meaning and interpretation. If those argu- 
ments can be sustained, then we should be wary of any claims about 
determinate intended interpretations. On the other hand, there are 
worries that are specific to the question of the existence of nonde- 
numerable infinities. Wright claims that, unless we are prepared to 
suppose that the Cantorian diagonalisation proofs are unrestrictedly 
applicable pieces of informal mathematical reasoning, then we are not 
justified in supposing that the intended interpretation of arithmetic 
commits us to the existence of nondenumerably many sets of natural 
numbers. If there is some independent reason for supposing that we 
do not really understand talk about noneffectively enumerable denu- 
merably infinite sets of natural numbers, then there is independent 
reason for supposing that the Cantorian diagonalisation proofs are not 
unrestrictedly applicable pieces of informal mathematical reasoning. 

Setting aside the sceptical arguments about determinacy of mean- 
ing — which we do not have the resources to explore here — it seems 
plausible to suggest that the worry that Wright gives voice to is a ver- 
sion of the main worry that arises in the case of Lavine’s explanation 
of how it is that we really do understand the infinite: Can we make 
sense of the idea that we can extrapolate from our idea of collections 
that are indefinitely large (relative to given contexts, purposes, and 
interests) to the idea of collections that are infinitely large tout court, 
that is, regardless of contexts, purposes, and interests? It seems to me 
that Skolem’s paradox can be taken to pose a genuine challenge to our 
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understanding of the infinite iff there are grounds for supposing that 
there is something wrong with extrapolation from our idea of collec- 
tions that are indefinitely large (relative to given contexts, purposes, 
and interests) to the idea of collections that are infinitely large tout 
court, that is, regardless of contexts, purposes, and interests. This takes 
in Wright’s concern as a special case: Skolem’s paradox can be taken 
to pose a genuine challenge to our understanding of the infinite if 
there is independent reason for supposing that the Cantorian diago- 
nalisation proofs are not unrestrictedly applicable pieces of informal 
mathematical reasoning, but rather proofs that are applicable only in 
certain contexts for certain purposes. 

Wright allows that there are just two ways in which the Cantorian 
might meet the challenge of explaining talk about noneffectively enu- 
merable denumerably infinite sets of natural numbers. On the one 
hand, if one espouses a logical conception of sets, then one has to 
sever the bond between property and possible predication: One has to allow 
that there are properties that cannot even possibly be claimed to be 
exemplified by particular objects, and one has to allow that there are 
uncountably many possible languages that are pairwise only partially 
intertranslatable. On the other hand, if one espouses a combinatorial 
conception of sets, then one has to be able to understand what it would 
be actually to complete an infinite but arbitrary selection from the set 
of natural numbers; but the literature on supertasks surely suggests 
that we do not actually have this understanding. 

As Wright himself allows, neither of these considerations amounts to 
a knockdown argument: If we do suppose that we have an understand- 
ing of the infinite, then there is nothing in what he says that should 
undermine our confidence that our supposition is correct. On the 
one hand, even if one espouses a linguistic conception of properties, 
it is not clear why one should not suppose that there are properties 
of which no human agent — nor any substantially idealised human 
agent — is ever able to form a clear conception; and if one adopts a 
more metaphysical conception of properties — for example, as univer- 
sals or tropes — then it is hard to see why one should suppose that there 
is even prima facie difficulty in the suggestion that there are properties 
of which we cannot possibly form any conception. Moreover, even 
if we allow that the logical conception of sets really does force the 
Cantorian in the direction of accepting that there are uncountably 
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many possible languages that are pairwise only partially intertranslat- 
able, it is not at all clear why the Cantorian cannot just outsmart his 
interlocutor at this point: Why shouldn’t we suppose that there are 
many more possibilities than Wright is prepared to countenance? On 
the other hand — as the discussion in chapter 3 above suggests — the 
literature on supertasks hardly has the dialectical teeth that Wright is 
willing to attribute to it: There is no obvious reason why the literature 
on supertasks should cause Cantorians to review their occupation of 
paradise. However, if we happen to share Wright’s understanding of 
these matters, then it seems to me that we might reasonably suppose 
that Skolem’s paradox provides additional confirmation of our suspi- 
cion that understanding of the infinite eludes our grasp. While the 
practice of classical mathematicians — that is, the practice of the vast 
majority of working mathematicians — strongly suggests widespread 
confidence that we have a secure understanding of the infinite, it can- 
not be denied that there are some mathematicians and philosophers 
who are prepared to dissent from this tacit majority view. 


8.9 INFINITESIMALS 


There are scattered remarks about infinitesimals throughout the pre- 
ceding pages, but there are various questions from the recent litera- 
ture on infinitesimals that have not yet been addressed. The purpose 
of this section is to develop a slightly more concentrated discussion of 
infinitesimal magnitudes. 

There are various areas in mathematics in which an intuitive concep- 
tion of infinitesimal magnitudes played an important historical role: in 
particular, and most famously, in the development of the differential 
and integral calculi. Both Newton and Leibniz worked with infinites- 
imal quantities in their introductions of the differential and integral 
calculi; both were vulnerable to the criticism — deployed by Berkeley, 
among others — that they inconsistently required that infinitesimal 
quantities are both zero and nonzero.’ There is a question whether 
Leibniz thought of infinitesimals as anything more than convenient fic- 
tions; however, as Earman (1975) argues, it seems plausible to suppose 
that Leibniz thought that magnitudes that are incomparably small with 


5 For further discussion, see, e.g., Priest (1987; 1995). 
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respect to ordinary magnitudes are indispensable for the differential 
and integral calculi, even if there is a rigorous metaphysical sense in 
which magnitudes that are incomparably small with respect to ordinary 
magnitudes are not real. 

With the development of classical analysis, infinitesimals fell into 
disrepute. It was eventually acknowledged on all hands that the con- 
ception of infinitesimal that had figured in the early development of 
the differential and integral calculi is inconsistent,®° and subsequent 
developments of more rigorous foundations for these calculi had no 
need of magnitudes that are incomparably small with respect to ordi- 
nary magnitudes. Moreover, while one might have thought that the 
notions of the infinite and the infinitesimal ought to stand or fall 
together — since, intuitively, an infinitesimal magnitude is merely the 
multiplicative inverse of an infinite magnitude — the development of 
the Cantorian theory of the transfinite did nothing to rehabilitate 
the standing of infinitesimals.’? On the contrary, Cantor was a vocal 
opponent of infinitesimal and provided various arguments against the 
existence of infinitesimals. 

The return of a notion of the infinitesimal to something like 
respectability did not occur until the development of nonstandard 
analysis by Robinson in the early 1960s. As we noted in chapter 2, it 
is possible to use techniques from mathematical logic that were devel- 
oped in the first half of the twentieth century to show that there are 
nonstandard models of the natural numbers — containing infinite ele- 
ments, that is, elements that are larger than all standard natural num- 
bers — and nonstandard models of the real numbers — containing not 
only infinite elements but also infinitesimal elements, that is, elements 
that are nonzero, positive, and yet smaller than all standard positive 
real numbers. This work — and the subsequent development of inter 
nal set theory — certainly shows that one can have a consistent theory 


§ See Cleve (1971) and Cutland et al. (1988) for an interesting discussion of Cauchy’s 
conception of infinitesimals. 

7 From the standpoint of Conway’s theory, we might observe that the Cantorian infinite 
cardinals do not have multiplicative inverses, since they correspond to what Conway 
calls “gaps” in his number field. I take it that this fact helps to explain why development 
of the Cantorian theory of the transfinite did nothing to rehabilitate the standing of 
infinitesimals, even though it is true that, in many cases, infinitesimal magnitudes are 
just the multiplicative inverses of infinite magnitudes. 
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in which there are infinitesimal elements: One can, indeed, construct 
models in which there are magnitudes that are incomparably small 
with respect to ordinary magnitudes. Moreover, as we also noted in 
chapter 2, this work shows that it is possible to develop the differential 
and integral calculi in a context in which one makes use of nonstan- 
dard models for familiar theories of numbers. 

Despite this “rehabilitation” of the infinitesimal, there are ques- 
tions that one can ask about the significance that can be attributed 
to the existence of infinitesimals in nonstandard models of the real 
numbers. Perhaps the most significant questions arise as a result of 
the fact that there are no canonical systems of nonstandard numbers: 
Whereas, up to isomorphism, there is a canonical system of natural 
numbers and a canonical system of real numbers, there is not, even 
up to isomorphism, a canonical system of nonstandard natural num- 
bers or nonstandard real numbers. For any standard number system, 
there are many enlargements to correlative nonstandard systems, but 
none of those enlargements has any distinctive features that might 
plausibly be taken as grounds for claiming that it is canonical. 

There are various morals that might be drawn from these observa- 
tions. For example, Machover (1993) argues that, while nonstandard 
analysis is a powerful tool that can be used to supplement familiar clas- 
sical techniques, it would be a mistake to suppose that students could 
be trained exclusively in the techniques of nonstandard analysis, with- 
out any mention of the corresponding classical theories. Secure ped- 
agogical foundations require canonical theories, and these are not to 
be found in the work of Robinson and Nelson. For another example, 
Earman (1975) argues that it is a mistake to suppose that mod- 
ern nonstandard analysis somehow vindicates Leibniz’s views about 
infinitesimals: The motives and procedures that Leibniz had for the 
introduction of infinitesimals are not supported in the absence of 
canonical theories. More generally — as prefigured in some of the 
discussion in chapter 3 — there is a worry about the application of non- 
canonical theories to real-world problems, if one wishes to treat one’s 
models with full ontological seriousness: There is nothing left of the 
idea that there is a fact of the matter as to which is the right model (at 
least up to isomorphism) if the theories with which one is dealing are 


not canonical. 
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Despite this kind of worry, there are people who have claimed that 
recent developments in the theory of infinitesimals allow us to make 
progress on long-standing philosophical problems. So, for example, 
McLaughlin and Miller (1992) argue that one obtains a more satisfac- 
tory analysis of Zeno’s paradoxes if one makes use of the resources of 
internal set theory than if one appeals simply to the resources of classi- 
cal mathematics. I think that McLaughlin and Miller are wrong about 
the particular case — their arguments rely on a confusion of epistemo- 
logical considerations with ontological considerations — and wrong in 
general: Given both the conservative nature of nonstandard analysis 
and the absence of canonical nonstandard models, it is very hard to 
believe that this kind of theory of infinitesimals has any significance 
for fundamental metaphysics. While we can agree with Segel (1991) 
that it may often be advantageous to use the techniques of nonstan- 
dard analysis in solving real world problems, this is always merely a 
matter of computational tractability: The use of nonstandard analysis 
may yield numerical answers, but it does not yield insight into philo- 
sophical problems such as those that are raised by Zeno’s paradoxes.® 

There is at least one respect in which the above discussion may 
require further refinement. Parallel to the rehabilitation of arithmetic 
infinitesimals — via the work of Robinson and Nelson — there has 
also been a rehabilitation of geometric infinitesimals in the category- 
theoretic work of Lawvere, Kock, and others. As observed by Bell 
(1988), it seems that rigorous “seventeenth century” style proofs of the 
basic principles of the differential and integral calculi can be devel- 
oped within topoi, that is, within one of the general types of categories. 
In this part of category theory, we can make rigorous sense of the idea 
that a curve is composed of infinitesimal straight lines — linear infinites- 
imals— and of the idea that a volume is composed of infinitesimal lines 
or planes — indivisibles. Moreover, and more generally, in this part of 
category theory, we can formulate differential geometry more or less in 
its entirety without resorting to classical analytical methods. However, 
there is at least one catch: The ‘internal logic’ of topoi is intuition- 
istic rather than classical; linear infinitesimals are infinitesimals in a 
strongly nonconservative sense. (To note just two points: Algebraic 


8 Fora contrary opinion, see Fenstad (1985). 
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systems that contain linear infinitesimals cannot form a field; and if 
there are linear infinitesimals, then it is not true that every pair of 
distinct points determines a unique line.)® 

In conclusion, it is perhaps worth remarking that the worries about 
the noncanonical nature of nonstandard number systems applies 
no less to nonstandard infinite numbers than it does to nonstan- 
dard infinitesimals. Given recent developments in mathematics — for 
example, Conway’s description of No — it is very hard to believe that 
infinitesimals are not in all respects on equal footing with infinite num- 
bers. Consequently, we should have similar misgivings about claims — 
such as the one advanced by Ehrlich that was discussed in chapter 4, 
section 3 — that there are contingent magnitudes or domains that are 
properly characterised using nonstandard numbers. Perhaps, though, 
these misgivings can be assuaged by the thought that the difficul- 
ties here are principally epistemological, so that arbitrary selection 
of nonstandard models can be justified, at least in some cases. 


8.10 CONCLUDING REMARKS 


As with much of the preceding discussion, the remarks in this chapter 
have covered a vast terrain in a mostly superficial way. 

While I shall not add any more to the direct discussion of the infi- 
nite, there is one final topic — or family of topics — about which we 
need to make some general remarks This topic is, roughly speaking, 
connections between the ideas of infinite regress and sufficient reason. 


® Given the nonconservative nature of the theory, it is not so obviously wrong to claim — 
as Bell (1988: 290) does — that we obtain a more satisfactory response to Zeno’s 
puzzles if we adopt a conception of motion that makes use of the notion of geometric 
infinitesimals. Nonetheless, Bell’s proposal seems to involve a suspicious equivocation 
on the question of whether motion is, or is merely represented by, a smoothly varying 
infinitesimal velocity vector. 


Infinite Regress and Sufficient Reason 


The main topic of this chapter is infinite regress. There are many types 
of things — arguments, explanations, theories, beliefs, and so forth — 
that some say are vitiated by infinite regress in particular cases. I would 
like to have some clarity about what the charge of infinite regress 
amounts to, and what can be said for and against it, in these various 
different domains. However, before we turn to our investigation of 
infinite regress, there are some questions about principles of sufficient 
reason that it will be useful to examine: For, at least prima facie, there is 
good reason to think that allegations about the malign consequences 
of infinite regresses are typically tied to claims about the violation of 
nonnegotiable principles of sufficient reason. 


9.1 STRONG PRINCIPLES OF SUFFICIENT REASON 


One sometimes hears or reads about “the principle of sufficient rea- 
son”. The definite article here is a mistake: There are many different 
principles of sufficient reason, and there is good reason to think about 
which of these principles most deserves attention. At any rate, that’s 
my main excuse for starting this discussion with the following template 
for constructing strong principles of sufficient reason: 


1. O (for every FG there is a DE why that GFs rather than Q possible 


alternatives). 
O is an operator, or a string of operators, for example: it is 


necessarily the case that..., itis knowable a priori that... , it 
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is arequirement of right reason to believe that... , itis a claim 
that should not be given up without an overwhelmingly good 
argument that..., and the like. 

G is an ontological category: proposition, state of affairs, fact, 
feature of the world, and the like. 

F is a restriction, or string of restrictions, on the ontological 
category: true, obtaining, contingent, empirical, and the like. 

E is an ontological kind: reason, explanation, and the like. 

Dis a qualification of the ontological kind: sufficient, complete, 
necessary, full, or the like. 

Q is a quantifier: any, every, each, and the like. 


The following is an example of a principle that fits the template. 


2. Necessarily for each contingent feature of the world there is a 
complete explanation why the world has that contingent fea- 
ture rather than each other alternative contingent feature that 
it might have had. 


This is a particularly interesting instance: If complete explana- 
tion is cashed out in terms of necessitation or entailment, then it 
is very tempting to suppose that (2) entails that there are no con- 
tingent features of the world. There may well be other instances of 
our schema that are trivially true because there are no FGs — and for 
this reason, one might be tempted to amend the template to read as 
follows. 


3. If there are FGs, then O (for every FG, there is a DE why that 
GFs rather than Q possible alternatives). 


However, I doubt that there are any interesting cases in which this 
amendment is required. Moreover, of course, there is no point in 
amending (2) in this way; the problem for it — at least given the further 
assumptions about explanation — is not that there are no contingent 
features of the world, but rather that it appears to entail that there are 
none. 

Despite the evident flexibility of my formulation, one might still 
have reasons for thinking that the template is insufficiently general. In 
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particular, there is one familiar class of principles of sufficient reason 
that fails evidently to fit the template. Using the same vocabulary as 
before, there are claims of the following form. 


(1*) O (for every FG there is a (distinct) F’G’ that is a DE why that 
GFs rather than Q possible alternatives). 


These claims clearly ought to count as principles of sufficient reason. 
To accommodate this — and similar — cases, I propose to count (1) as 
the basic template and to count (1*) as a natural extension of the basic 
template. 

Even if it turns out that there are other reasons why my template is 
insufficiently general, it is plain that there are many different strong 
principles of sufficient reason that might be constructed according to 
it. Moreover, it seems to me that there are many interesting general 
features of strong principles of sufficient reason that can be discussed 
without filling in more details. 


9.2 SELF-EXPLANATION AND SUFFICIENT REASON 


In the template (1*), I have used parentheses to hedge on the ques- 
tion of whether something can explain itself. I don’t believe that any 
hedge is needed here; however, no doubt there are other philoso- 
phers who are prepared to contest the need for the qualification 
‘distinct’. 

It seems to me to be plainly true that no true proposition, fact, 
obtaining state of affairs, or feature of the world can be explained in 
terms of itself. If one asks “Why S?”, one can never be satisfied with 
the alleged explanation “Because S!”, though I think one might be 
perfectly well satisfied with the claim that S has no explanation (or 
that no explanation is known, or the like). It is true that in colloquial 
language it is common for people to say that something or other is 
“self-explanatory”; but what they mean when they say this is usually 
that the thing in question is obvious, not that it literally provides its own 
explanation. (If I say that certain instructions are “self-explanatory”, 
what I mean is that you will need no further assistance in order to be 
able to follow them; I do not mean, for example that there could not 
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be a competent speaker of the language who is unable to follow them 
without some further assistance.!) 

Although this point seems plain to me, I recognise that it is not 
plain to others. Indeed, there are apparently many philosophers who 
hold that there are some true propositions, obtaining states of affairs, 
facts, or features of the world that, quite literally, explain themselves. In 
particular, there are many philosophers who appear to hold that there 
is something about God’s existence that is self-explanatory. However, 
it seems to me that any insistence on God’s aseity — that is, on the 
radical independence of God and God’s attributes — is bound to lead, 
instead, to the conclusion that those aspects of God’s existence have no 
explanation. As intimated above, ‘A because A’ is always an explanatory 
solecism; hence ‘A explains A’ can never be true. 


9.3 NECESSITATION AND SUFFICIENT REASON 


In constructing the template, I was tempted to hedge on the ques- 
tion of whether principles of sufficient reason must be formulated in 
terms of ‘full’ explanation, or the like. Again, I don’t believe that any 
hedge is needed here; however, it is possible that there may be some 
philosophers who question the need for — or perhaps the intelligibil- 
ity of — qualifications such as ‘full’ when applied to explanations and 
reasons. 

It seems to me to be fairly uncontroversial to claim that the single 
most important feature of strong principles of sufficient reason is that, 
whatever else it requires, the relation of ‘being a full explanation for’ — 
or ‘being a sufficient reason for’, or the like — imposes a strong modal 
demand on its terms. IfA is a full explanation for B, then A necessitates B; 
if A is a sufficient reason for B, then A necessitates B; and so forth. If 
it is possible to have A and not B, then A alone can be neither a full 
explanation for nor a sufficient reason for B. If one asks “Why Be”, 
then one will not suppose that “Because A” is a satisfactory response, 


| See Champlin (1988: 187-9) for a more detailed discussion of this kind of approach 
to the understanding of self-explanation. Champlin denies that the claim that some- 
thing is ‘self-explanatory’ amounts to the claim that it is ‘obvious’. While this sounds 
right in the case of, say, written instructions — which, as Champlin claims, can be ‘self- 
explanatory’ only if they have a certain kind of complexity that is arguably incompat- 
ible with being ‘obvious’ — it is not so clear that it is right in other cases. 
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if one is seeking a sufficient reason for B, and yet there is nothing that 
rules out having A and not B. 

Of course, the above considerations are not intended to conflict 
with the evident truth that answers to why-questions very often are not 
intended to provide sufficient reasons in this sense. It is a well-attested 
part of the pragmatics of explanation that very often it is acceptable to 
respond to a why-question by adverting to a contextually salient part of 
a sufficient reason: The lighting of a match may be sufficient to burn 
down a forest, given the laws and background conditions that obtain, 
but one is not required to enumerate those laws and background con- 
ditions when one explains why the forest burned down. 

Furthermore, the above considerations are not intended to conflict 
with the evident truth that there may be cases in which we are in no 
position to give any informative answer to why-questions. Why did the 
fair dice that I rolled come up six? If there is a sufficient reason why 
the dice came up six, then there is some detailed story about the laws 
of nature, the motion that I imparted to the dice, and other physical 
background conditions at the time that I rolled the dice that jointly 
entail the dice’s coming up six — but there may be no interesting or 
salient detail in this story to which we can advert in explaining why the 
dice came up six. Our strong principles of sufficient reason are onto- 
logical principles that are fully consistent with the acknowledgment 
that sufficient reasons may be forever beyond our ken. 

Finally, there is but one alternative to the acceptance of strong 
principles of sufficient reason. If there is nothing else that necessi- 
tates B, and if — as we have already suggested — it cannot be that B 
provides a sufficient reason for itself — then the only remaining pos- 
sibility is that B is brutely contingent, perhaps as the result of objec- 
tive chance: There is no sufficient reason for B. This is not to say 
that there cannot be probabilistic explanations of B — perhaps B was 
very likely indeed given A — and neither is it to say that there can- 
not be causal explanations of B, provided that causal explanations 
can be probabilistic. However, it is to insist that there is no possibil- 
ity of holding that there are explanations that provide sufficient rea- 
sons and yet do not necessitate. In particular, it is to insist that one 
cannot suppose that personal explanations — explanations couched in 
terms of agent causation — provide sufficient reasons for actions unless 
the factors appealed to in those explanations necessitate the actions. 
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If, for example, agents are supposed to have libertarian freedom, and 
to exercise this freedom when they decide what to do, then — since 
libertarian freedom is, by definition, inconsistent with necessitation — 
it follows that the free actions of free agents are objectively chancy 
or brutely contingent, and hence lack sufficient reasons for their 
occurrence. 


9.4 PROBLEMS FOR STRONG PRINCIPLES 
OF SUFFICIENT REASON 


We have already noted one of the most important objections to strong 
principles of sufficient reason, in the special case of the principle that, 
necessarily, for each contingent feature of the world there is a complete 
explanation of why it is that way rather than each other way thatit might 
have been. If this prima facie plausible objection can be substantiated, 
then it seems plausible to suppose that it will generalise: All of the 
strong principles of sufficient reason are vulnerable to the suspicion 
that they are susceptible of trivialisation. 

Let’s start with our special case. If we suppose that there are contin- 
gent features of the world, then it seems very reasonable to suppose 
that there is a maximal contingent feature of the world: the way that 
the entire world — the world in sum — contingently is. But if there is 
a way that the entire sum of contingency contingently is, and if com- 
plete explanation rules out self-explanation, then the only way that 
our principle can be satisfied is if there are no contingent features of 
the world. If there are contingent features of the world, then there 
can be no complete explanation of why the sum of all of the contin- 
gent features of the world is the way that it is: If there are contingent 
features of the world, then there must be brutely contingent features 
of the world. 

Consider a different case. Suppose we hold that itis knowable a prion 
that, for every true proposition that p, there is a distinct true propo- 
sition that q that fully explains why pis true. If we suppose that there 
are propositions that are contingently true, then it seems reasonable 
to suppose that there is a maximal contingently true proposition: that 
contingently true proposition that is the conjunction of all of the con- 
tingently true propositions. If there is a true proposition that provides 
a complete explanation for the truth of p, then it cannot be a contin- 
gently true proposition, since no proposition can (completely) explain 
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its own truth. But no necessary proposition can completely explain 
the truth of a contingently true proposition: Propositions entailed by 
a necessarily true proposition are themselves necessarily true. So, on 
the assumption that there is a maximal contingently true proposition, 
it follows that there are contingently true propositions whose truth 
has no explanation: There are contingently true propositions that are 
brutely true. 

The general structure of the argument here is clear. If we can sup- 
pose that there is a maximal FG, then — under plausible assumptions — 
we cannot also suppose that, for each FG, there is a distinct FG - 
F’G’, say — that provides a complete explanation for FG. Consequently, 
unless the plausible assumptions can be denied, those who wish to 
defend strong principles of sufficient reason are required to main- 
tain that there are no maximal entities of the kinds that are quanti- 
fied over — or schematically represented — in those principles. That is, 
proponents of strong principles of sufficient reason are required to 
maintain that there is no maximal contingently true proposition, no 
maximal contingent feature or property, no maximal contingent fact 
or state of affairs, and so forth. 

Of course, there are many other kinds of reasons that one might 
have for refusing to accept strong principles of sufficient reason. Those 
who claim that there is no maximal contingently true proposition, no 
maximal contingent feature or property, no maximal contingent fact 
or state of affairs, and so forth, may nonetheless claim that there are 
brutely contingently true propositions, brutely contingent features or 
properties, brutely contingent facts or states of affairs, and so on. If, for 
example, quantum mechanics provides us with reasons for supposing 
that there are objectively chancy events, then we have reasons to reject 
strong principles of sufficient reason quite apart from the general dif 
ficulty that we have been examining here. But, quite apart from these 
further considerations, the general difficulty that we have considered 
is already sufficient to prompt us to consider whether there are ways 
that we can weaken principles of sufficient reason to arrive at more 
acceptable claims. 


9.5 WEAKER PRINCIPLES OF SUFFICIENT REASON 


There are many ways in which one might try to weaken the schema with 
which we began. One suggestion — advocated, for example, by Gale and 
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Preuss (1999) — is to replace the demand for full explanation with a 
demand for the possibility of full explanation: 


4. O (for every FG, it is possible that there is a DE why that GFs 
rather than Q possible alternatives) . 


However — as Fitch (1955) argues — it is a perhaps surprising truth 
that (4) is logically equivalent to (1): We do notactually obtain a weaker 
principle under this proposal, and hence the same objections that we 
lodged against (1) can be lodged with equal efficacy against (4) (see 
Oppy (2000b) for further details). 

Another suggestion — advocated, for example, by Koons (1997) — is 
to replace the demand for full explanation with the demand to seek 
full explanation except when one has reason to suppose that there is 
no full explanation to be had. 


5. O (for every FG, one should suppose that there is a DE why that 
GFs rather than Q possible alternatives, unless one has good 
reason to suppose that there is no such explanation to be had). 


While one might quibble about the details of the formulation of this 
principle — perhaps, for example, one should seek full explanation only 
in circumstances in which one has good reason to suppose that there 
is full explanation to be had, rather than in circumstances in which 
one lacks good reason to suppose that there is no full explanation to 
be had — it seems that some methodological principles of this kind are 
unexceptionable. However — despite Koons’s claims to the contrary — 
I think that it is hard to believe that a principle of this kind has any 
metaphysical bite: It is consistent with this methodological principle 
that the world is replete with objective chance and brute contingency. 

A third suggestion — perhaps implicitly suggested by Craig (1979a) 
and many others — is to restrict the domain or subject matter in which 
it is appropriate to impose the demand for full explanation. So, for 
example, rather than suppose that every contingently true proposition 
has a complete explanation for its truth, we might suppose, instead, 
that every contingently true proposition of some particular kind has a 
complete explanation for its truth. In general: 


6. O (for every FG of kind K, there is a DE why that GFs rather 
than Q possible alternatives). 
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Of course, if we were to suppose that 


7. O (for every FG of kind K, there is a (distinct) FG of kind K that 
(fully) explains why that GFs rather than Q possible alternatives) 


then we would be vulnerable to the same general objection that we 
mentioned in the previous section: If there is a maximal FG of kind K, 
then there must be FGs of kind K that do not have a complete expla- 
nation of the required type. But in (6), there is no assumption that the 
complete explanation of why GFs, when an FG is of kind K, adverts to a 
distinct FG of that same kind K. So, for example, if we suppose that the 
coming into existence of any object requires a complete explanation, 
(6) does not require us also to suppose that the coming into existence 
of any object requires a complete explanation in terms of the coming 
into existence of some other object. 

While it seems plausible to suppose that (6) avoids difficulties that 
might be raised by maximal FGs of the relevant kinds K, there are other 
worries that one might have about endorsing particular instantiations 
of (6). In particular, depending on the range of possible alternatives 
that is under consideration, the demand for full explanation may still 
force us into the position of requiring that it is a necessary truth that 
GFs. If, for example, we want a full explanation for the coming into 
existence of a given object, and if that full explanation is required to 
rule out all possible alternatives to the existence of that object, then 
it must be the case that the coming into existence of the given object 
is necessary: If there are possible alternatives that are not ruled out by 
the offered explanation, then we do not have a complete explanation of 
the coming into existence of the given object, since we do not have an 
explanation of why this happened rather than one of the alternatives 
that has not been ruled out. 

In view of these difficulties, it might be suggested that we move to a 
fourth proposal — perhaps even more plausibly supposed to be implicit 
in Craig (1979a) and others — which gives up the insistence on full or 
complete explanation. 


8. O (for every FG of kind K, there is an F’G’ that partly explains 
why that GFs rather than Q possible alternatives). 


Of course, the notion of partial explanation at work here might 
be provided with further clarification; however, let us suppose that we 
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have a good enough grasp of the idea of explanations that are consis- 
tent with the contingency of that which is explained (as, plausibly, for 
example, in the case of probabilistic causal explanations). Moreover, 
let’s ignore the worry that, in moving to (8), we have given up on the 
search for a plausible principle of sufficient reason: In the light of our 
earlier discussion in section 9.3, at best, (8) yields various principles 
of partially sufficient reason. 

Given the assumption that we do have a good enough grasp of the 
notion ofa partially sufficient reason, we might also revisit some of the 
stronger principles that were considered previously and discarded. 
Consider, for example, the following. 


9. O (for every FG there is a (distinct) FG that partly explains why 
that GFs rather than Q possible alternatives). 


Can we suppose, for instance, that, necessarily, for each contingent 
feature of the world there is a partial explanation of why it is that 
way rather than each other way that it might have been? No; here we 
have the same difficulty as before: If there is a maximal contingent 
feature, then there is nothing that is available to explain why it is as 
it is except for whatever noncontingent features there may be. But 
how could noncontingent features figure in any kind of explanation 
of what contingent features of the world are as they are (rather than 
any other way that they might have been)? 

In view of these considerations, it seems that remaining plausible 
candidate principles of sufficient reason can be no stronger than (8), 
that is, roughly, no stronger than the claim that there is a partial expla- 
nation for everything that belongs to some privileged domains, but that 
there are also domains in which there is not even a partial explanation 
for some of the members of those domains. If that’s right, then there 
is clearly a demand that proponents of (8) need to meet before they 
are entitled to rely on instances of (8): They must have some reason 
for supposing that the instances of (8) that they accept are true. Since 
they tacitly accept that there are brute contingencies of one kind or 
another — that is, contingencies that do not have even a partial expla- 
nation — they need to have reasons for endorsing those instances of (8) 
that they happen to endorse, and reasons for rejecting those instances 
of (8) that they happen to reject. 
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Consider, again, the claim that the coming into existence of any 
object requires an explanation of why that object comes into existence 
rather than not coming into existence. In the present context, we are 
directed to consider the claim that the coming into existence of any 
object requires a partial explanation of why that object comes into 
existence rather than not coming into existence. If we suppose that 
there is an initial state of the universe, then, while the objects that exist 
in that initial state may be contingently existent, there is no obvious 
sense in which they come into existence: There is no previous time at 
which they did not exist. So there is nothing in our claim that requires 
us to suppose that the existence of objects in the initial state requires 
even partial explanation. On the other hand, if we suppose that there 
is no initial state of the universe, then, for each object that comes into 
existence, there is a partial explanation of its coming into existence 
in terms of the earlier coming into existence of objects — and so our 
principle is satisfied, even if there is not even a partial explanation of 
the existence of the infinite chains of objects, each of which is such 
that its existence is partially explained by the existence of prior objects 
in that chain. 

While it is very plausible to suppose that there are acceptable 
instances of (8), it is not at all clear that there are acceptable instances 
of (8) that can be used to rule out some of the scenarios that were 
discussed in chapter 3, and of which it was suggested that they might 
be in violation of plausible principles of sufficient reason. (See, e.g., 
the conclusions of the discussions of Tristram Shandy and Counting 
to Infinity.) More generally, the constraints that we have found it nec- 
essary to place on (8) make it seem rather implausible that (8) will 
have important consequences for the kinds of metaphysical questions 
that we are most concerned to pursue. 


9.6 INFINITE REGRESSES 


I think that the preceding discussion makes it plausible to suppose 
that it is not going to be easy to object to infinite regresses on the 
grounds that they violate plausible principles of sufficient reason. True 
enough, in particular cases, one may be able to find an instance of (8) 
that plausibly conflicts with the claim that there is an infinite regress 
of a given kind — but, at the very least, it is hard to suppose that the 
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fact that there are acceptable instances of (8) gives us some reason to 
suppose that there cannot be infinite regresses. However, in order to 
make the nature of this claim clear, we need to say more about exactly 
what infinite regresses are supposed to be. Once we have done this, 
we shall be in a better position to examine the question of why they 
might be supposed to be a bad thing. 

We start with the idea of a linearly ordered infinite sequence, and, 
for simplicity, we focus on the case in which the linear order is complete 
(so that for any elements xand y, either x < y, or x = y, or x > y 
under this order). It is not the case that every linearly ordered infinite 
sequence constitutes an infinite regress: There is a further constraint 
that needs to be satisfied before a linearly ordered infinite sequence 
is an infinite regress. 

In section 8.1 (b), I introduced the idea of a C-ordering, that is, ofa 
linear ordering under which it is impossible for there to be an infinite 
sequence that instantiates that linear ordering and in which there is 
no first element under that linear ordering. That idea seems to come 
close to capturing the formal structure of an infinite regress: At least 
roughly, an infinite regress is a C-ordering in which there is no first 
element under that C-ordering.” This way of thinking about infinite 
regresses entails that infinite regresses are, ipso facto, objectionable: As 
a matter of definition, there cannot be a C-ordering in which there 
is no first element under that C-ordering. Hence, if this proposal 
is right, then, ipso facto, there cannot be an infinite regress. But, of 
course, the mere fact that there cannot be an infinite regress does not 
entail that there is no use for the definition that has just been made: 


* Clark (1988) provides an interesting — and apparently distinct — account of infinite 
regress arguments. On this account, an infinite regress argument is an indirect deriva- 
tion with the following structure. First, it is noted that it is uncontroversial — uncon- 
ditionally and categorically true - that a predicate ‘F’ is instantiated. Second, a target 
thesis TF — to be reduced to absurdity — is introduced. It is then shown that TF entails 
that nothing instantiates the predicate ‘F’ unless there is an infinite succession of 
elements, which stand in an upward F-preserving relation RF and yet which are down- 
ward dependent on the R-heredity of the relation RF. Finally, it is concluded that the 
existence of an infinite succession of elements, which stand in an upward F-preserving 
relation RF and yet which are downward dependent on the R-heredity of the relation 
RF, is inconsistent with the claim that any of these elements is unconditionally and 
categorically F. If Clark is right about this, then perhaps we can take his account to 
spell out in more detail what it is for an ordering to be a C-ordering. 
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For example, any theory, explanation, definition, or argument that 
entails that there is an infinite regress is thereby reduced to absurdity, 
if, as a matter of definition, it is impossible for there to be an infinite 
regress. 

Of course, this terminological decision is unimportant: We could 
equally well say that an infinite regress is any linear ordering that lacksa 
first element under that ordering, and then insist that infinite regresses 
are acceptable iff they are not C-orderings. But whether or not we 
choose this route, we are left with the substantive task of determining 
which orderings are C-orderings. And, as I argued in section 8.1 (b), 
it is hard to see that we have any way of determining whether a given 
ordering is a C-ordering other than by asking whether it is possible for 
there to be an infinite sequence under that ordering that has no first 
element under that ordering. 

There are many cases — of many different kinds — in which philoso- 
phers have alleged that there is an infinite regress. Moreover, there are 
many cases in which philosophers have alleged that we have evidence 
that a particular case does involve an infinite regress because it is a 
case in which there is a violation of a plausible principle of sufficient 
reason. However, as we have just noted, it is actually hard to discover 
any uncontroversial principle of sufficient reason — or partial sufficient 
reason — that can play the role of identifying cases in which one has 
an infinite regress. 

Perhaps we might try proposing something like the following. 


10. O (for every FG that belongs to a C-ordering GC, either there 
is a distinct FG that belongs to C that partly explains why that 
GFs rather than Q possible alternatives, or else FG is the first 
member of the C-ordering and there is an F’G’ that does not 
belong to C that partly explains why that GFs rather than Q 
possible alternatives). 


However, it is not obvious why we should suppose that every C- 
ordering must be such that the first element under the Cordering 
has even a partial explanation. After all, we have already noted that — 
under plausible assumptions — partial explanation cannot be universal. 
So we ought to restrict (10) to C*-orderings, that is, to C-orderings for 
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which partial explanation does extend to the first element of the C- 
ordering. 


11. O (for every FG that belongs to a C*-ordering C, either there is 
a distinct FG that belongs to C that partly explains why that GFs 
rather than Q possible alternatives or FG is the first member 
of the C*-ordering and there is an F’G’ that does not belong 
to C that partly explains why that GFs rather than Q possible 
alternatives). 


I take it that this principle is not controversial: Given the way that 
we have defined the notion of a C*-ordering, we can be sure that (11) 
is true. But, of course, in actual cases, almost all of the important 
philosophical work will remain to be done: For what will be contro- 
versial in any given case is whether a particular ordering is, indeed, a 
C*-ordering. While we can connect together the notions of completed 
infinity, infinite regress, and partial sufficient reason, the establishment of 
those connections provides us with no assistance when we ask how we 
are to break into the circle of connections to sort particular cases. If, 
for example, we suppose that events are related by a causal relation — 
a kind of partial sufficient reason — then the question of whether (11) 
applies to that causal relation cannot be answered in independence 
from the question of whether that causal relation is a C*-ordering on 
events. Those who suppose either that there are no initial events or 
that there are initial events whose occurring lacks partial sufficient 
reason will suppose that the causal relation is not a C*-ordering on 
events, and hence will reject the relevant version of (11). 

As we noted at the beginning of this chapter, there are various dif- 
ferent areas in which allegations of infinite regress may be imputed. 
In the example that we just considered, the charge is that a theory 
or system of belief allows that there is an ordering relation that is 
instantiated in the world under which there are infinitely many enti- 
ties related by the ordering, but in which there is no first (or last) 
element under that ordering. So, for example, theories or systems of 
belief that allow that there is an infinite past — that is, an infinite series 
of past times and/or past events, such that each time of event is pre- 
ceded by earlier times and/or events — are alleged to involve an infinite 
regress. And, of course — given our earlier terminological stipulation — 
in this case, whether or not an infinite series of past times and/or past 
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events does involve an infinite regress depends on whether or not these 
series form C*-orderings under the relevant ordering relations. (As we 
noted, we might have made an alternative stipulation according to 
which these series automatically do involve infinite regress, but under 
which it is a substantive question of whether these infinite regresses are 
problematic.) 

Another area where allegations of infinite regress may be imputed 
is in the domain of explanation. If I undertake to answer a question of 
a certain kind, and if the answer that I give prompts another question 
of exactly the same kind, then there is some temptation to allege that 
my initial answer involves an infinite regress. So, for example, if you 
assert that time flows, and, in response to my question about what it is 
with respect to which time flows, you respond that there is a hypertime 
with respect to which time flows, then there is a clear sense in which 
you question invites the charge that it involves an infinite regress: For 
the same questions — about whether hypertime flows, and, if so, what it 
flows with respect to — will just arise again in the case of hypertime. In 
this case, it seems to me that the right way to understand this exchange 
is as follows. The proponent of hypertime is committed to the claim 
that there is an infinite hierarchy of times, each of which flows with 
respect to the next order of time in the hierarchy. The allegation of the 
opponentis that this hierarchy of hypertimes constitutes a C*-ordering. 
It is quite unclear how we are to decide whether an infinite hierarchy of 
hypertimes does constitute a C*-ordering (though perhaps, in this case, 
we can suppose that the metaphysical extravagance involved in this 
supposition is sufficient to render it inferior to alternative hypotheses). 

Tam inclined to think that this example generalises. Often enough, 
the initial point of an allegation of infinite regress against a purported 
explanation is to draw attention to the fact that there is an infinite 
series of some kind that is at least implicitly required by the explana- 
tion; but whether or not this allegation has any genuine force turns 
on the further question of whether the infinite series in question 
constitutes a C*-ordering. Sometimes, it may be that an allegation of 
infinite regress against a purported explanation is intended to draw 
attention to the fact that an explanation fails to provide a complete 
sufficient reason; however, in these cases, our earlier discussion sug- 
gests that the allegation should be treated with considerable suspicion. 
If — as I have claimed — there are no acceptable strong principles of 
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sufficient reason, then it is never a good objection to a purported 
explanation that it fails to provide a complete sufficient reason (of the 
kind that is required by strong principles of sufficient reason): Since an 
acceptable explanation must leave some things unexplained, it is never 
a good objection to a purported explanation that it is ‘regressive’ in 
this sense. Of course, there are many ways in which explanations can 
be inadequate, including ways in which explanations can be objec- 
tionably incomplete — but the mere fact that an explanation leaves 
something unexplained is not a serious difficulty for that explanation. 


9.7 CONCLUDING REMARKS 


I have argued that one ought not to accept principles of sufficient 
reason that are stronger than instances of the following. 


8. O (for every FG of kind K, there is an F’G’ that partly explains 
why that GFs rather than Q possible alternatives). 


Moreover, I have noted that there are quite fundamental disputes 
about instances of: 


11. O (for every FG that belongs to a C*-ordering G, either there is 
a distinct FG that belongs to C that partly explains why that GFs 
rather than Q possible alternatives or FG is the first member 
of the C*-ordering and there is an F’G’ that does not belong 
to C that partly explains why that GFs rather than Q possible 
alternatives). 


For future purposes, the main point that I want to insist on here is 
that we should not forget that we cannot suppose that the instances of 
(8) and/or (11) that we wish to accept — if, indeed, there are instances 
of (8) and/or (11) that we wish to accept — are supported by stronger 
principles ofa similar kind unless we are prepared to commit ourselves 
to principles that seem utterly implausibly strong. If we suppose that 
there is contingency in the world — as we must, for example, if we 
suppose that there is libertarian freedom of action and libertarian 
freedom of choice — then we cannot consistently suppose that the 
instances of (8) and/or (11) that we accept are supported by instances 
of similar principles that are stronger than (8) and (11). 


Conclusion 


Since the primary purpose of this book has been to achieve a view of 
the range of positions that might be taken concerning the concept of 
the infinite, it is appropriate to conclude with a reasonably full account 
of the positions that we have identified. If the following taxonomy is 
adequate, then any view about the concept of the infinite will fall into 
one of these categories. 

First, there is a strict finitism that maintains that we have no proper 
use of the concept of the infinite: The kind of extrapolation from 
the finite to the infinite that one might suppose furnishes us with an 
understanding of the infinite is simply not up to the task, and there 
is no plausible substitute. On this approach, classical mathematics is 
rejected; the only mathematics that is countenanced is finite mathe- 
matics. Moreover, the only theories in other domains that are accept- 
able are those that posit none but finite domains and finite magni- 
tudes. There are only finitely many possible worlds, each with a finite 
“frame”, and composed of finitely many mereological atoms. 

Second, there is a range of weak potential infinitisms, each of which 
supposes, roughly, that we have proper use for some claims of the 
V}a-form, but no proper use for claims of the Vi-form: While we 


can understand the idea that, for each (putative) natural number, it 
is possible that some things are characterised by that (putative) num- 
ber, we cannot understand the idea that it is possible that, for each 
(putative) number, there are some things that are characterised by 
that (putative) number. On this approach, classical mathematics is 
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rejected, and some kind of intuitionism or constructivism is embraced. 
Moreover, on this approach, all actual and possible domains and mag- 
nitudes are taken to be finite: There is no sense to be made of the 
suggestion that there are — or could be — infinite totalities of any kind. 
However, this kind of view does allow that the domain of possibilities 
itself constitutes an infinite totality: There are infinitely many ways 
that things could be. Typically, this kind of view is wedded to a modal 
account of time and the future: While the past constitutes a kind of 
“realised” totality, the future does not. 

Third, there is a range of moderate potential infinitisms, each of 
which supposes, roughly, that we have proper use for some claims 
of the Vi-form, but no use for claims of the }3V-form: While we 
understand the idea that it is possible that, for each number, there 


are some things that are characterised by that number, we cannot 
understand the idea that it is possible that there are functions on 
some things whose magnitude along some dimension exceeds every 
number. I take it that this kind of view accepts classical mathematics in 
general but rejects the suggestion that we need the infinite branches 
of classical mathematics in order to provide an accurate description of 
any of the features of any possible world. On this view, while there are 
infinite magnitudes, these magnitudes are all abstract in nature: There 
are not — and cannot be — infinite magnitudes of concrete entities. 
Fourth, there is a range of strong potential infinitisms, each of which 


supposes, roughly, that we have proper use for some claims of the >3V- 


form, but no proper use for claims of the Va-form. On these views, we 
understand perfectly well the claim that it is possible that there are 
functions on some things whose magnitude along some dimension 
exceeds every number, but we deny that there are any things for which 
it is true that there is no upper bound to the magnitude of some func- 
tion on those things. On these views, we accept classical mathematics, 
and we allow that we need the infinite branches of classical mathemat- 
ics in order to provide an accurate description of the features of some 
possible worlds — but we deny that there are any features of the actual 
world that require this kind of description. 

Fifth, there is a range of weak actual infinitisms, each of which 
supposes, roughly, that we have a proper use for some claims of the 


Va-form, but no proper use for claims of the 4V-form. Plainly, any view 
of this kind is committed to classical mathematics and to the claim 
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that we need the infinite branches of classical mathematics in order to 
provide an accurate description of some features of the actual world. 

Sixth, there is a range of strong actual infinitisms, each of which 
supposes, roughly, that we have a proper use for some claims of the 


4v-form. For example, a view that maintains that, for each n, there 
are objects that are more than n metres apart but that also insists 
there are no objects that, for each n, are more than n metres apart, 
is a strong actual infinitism: Under the given assumptions, there is a 
domain of objects that is such that, for each n, there are more than n 
objects in that domain. This example shows that weak actual infinitisms 


may be rather odd views: For, given the second-order nature of the 4- 
quantifier in our characteristic claims, one may need to work hard to 


avoid commitment to a claim of the 4V-form when one accepts a claim 


of the Va-form. Of course, if this point is correct, then it also shows 
that moderate potential infinitisms are odd views, for more or less the 
same reason. 

Given the point noted at the end of the previous paragraph, it seems 
reasonable to claim that there are four contending views about the 
concept of the infinite that have not yet been ruled out: strict finitism, 
weak potential infinitism, strong potential infinitism, and strong actual 
infinitism. If we suppose that we understand classical mathematics, 
then either we shall be strong potential infinitists or we shall be strong 
actual infinitists: Either way, plausibly, we shall suppose that it is a con- 
tingent matter whether classical conceptions of infinity find applica- 
tion to the actual world. To reject the suggestion that it is a contingent 
matter whether classical conceptions of infinity find application to the 
extramathematical world, either we shall be intuitionists or construc- 
tivists — hence rejecting classical mathematics and, very likely, classical 
logic — or we shall be strict finitists. 

If we suppose that the kinds of arguments that were presented in 
chapter | and discussed in chapter 3 are cogent, then it seems that we 
are required to be either weak potential infinitists or strict finitists: We 
can only suppose that there is some serious general conceptual problem 
involved in the application of classical mathematics to the extramath- 
ematical world if we suppose that there is some serious conceptual 
problem with classical mathematics itself. 

As we noted in our earlier discussion, the general classification of 
views is largely silent on the positions that can be taken on individual 
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questions. Consider, for example, the question about the magnitude 
of the future. There is no obvious reason why a strong actual infinitist — 
for example, someone who holds that there are, now, infinitely many 
objects in the universe — cannot hold that the future is finite and, 
indeed, that the future is necessarily finite. If, for example, you hold 
that every possible universe is a big bang universe and that every possi- 
ble big bang universe is closed, then, a fortiori, you hold that the future 
is necessarily finite. While this combination of views is not widespread, 
itis not obvious that it is immediately dismissible out of hand. The gen- 
eral point to be made here is that, within each of the general views — 
except for strict finitism — there are decisions to be made about par- 
ticular subject matters that can be settled only by considerations that 
pertain to that particular subject matter. What a strong actual infinitist 
believes about the status of the future is not determined by features of 
strong actual infinitism; rather, it depends on particular beliefs about 
the nature of the future. 

Perhaps there is one important exception to the observation that 
has just been made. Given the way in which the modal conception 
of time enters into the justification of intuitionistic and constructivist 
accounts of mathematics, it is plausible to claim that weak potential 
infinitists cannot be finitists about time: This is an area in which they 
are required to be weak potential infinitists. However, for strong poten- 
tial infinitists, questions about the infinite aspects of time are not to 
be settled other than by considerations about the nature of time dis- 
tinct from the kinds of considerations that are supposed to provide 
the foundations for intuitionism and constructivism. 

Before closing, it is perhaps worth emphasising once more that 
there seem to be evident costs to every stance that one might take on 
questions about the infinite. 

On the one hand, a blanket ban on the infinite seems to bring crip- 
pling difficulties. Infinity is everywhere in classical mathematics. In 
particular, real analysis provides foundations for everything from the 
calculus to the mathematical theory of probability. Moreover, infinity 
is found everywhere in the foundations of science and our ordinary 
thought about the world: Consider, for example, familiar conceptions 
of the divisibility of space and time. Because the infinite lurks every- 
where both in our ordinary thought about the world and in science, 
it is very hard to see how we could live without it. 
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On the other hand, involvement with the infinite brings with it a 
huge range of difficulties. In particular, there are the many puzzles 
and paradoxes that have been outlined in the pages of this book. 
Moreover, there are the many quite fundamental problems that arise 
for such apparently simple notions as counting, adding, maximising, 
and so forth. Because we are so firmly wedded to limit notions — “best”, 
“first”, “greatest”, “maximum”, and so forth — that do not sit easily with 
the infinite, it is very hard to see how we can make our peace with the 


infinite. 
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